V3BEKHUCTOH ME/IJIJIHIX YHUBEPCUTETHU XY3YPUJIATU ®AH
JOKTOPHU NJIIMHNHU JAPA’KACHUHU BEPYBYM 16.07.2013.FM.01.01
PAKAMJIM MMM KEHT AL

V3BEKNCTOH MUWIJIMA YHUBEPCUTETHU

PAXUMOB JABPAH TAHUEBHUY

KY3FATHITAH XOC COHJIAP MACAJIAJIAPUHA
PEI'YJAPUBALIMAJIAIII YCYJIN BUJIAH EYAII

01.01.02 — Indpepenunas TeHrjiaMmaiap Ba MaTeMaTHK (PU3HKa

(pusuka-maremaTuka panaapm)

JOKTOPJIMK JMCCEPTALIUACU ABTOPE®EPATHU

Tomxkent — 2014



VIIK: 517.988

JlokTOpJINK IuccepTanusicu aBTopedepaTu MyHIaAPUAKACH
OruasjieHne apropedepara J0KTOPCKOM AUCCePTALMHA
Content of the abstract of doctoral dissertation

Paxumos /laBpan I'anueBu4

Ky3ratuiran xoc coHiap MacajajlapuHH peryispu3anusiiall yeyiau OuiaH

Paxumos /laBpaun I'anueBu4

Pemenue BoO3MyIIIEHHBIX 33/1a4 HAa COOCTBEHHBIE 3HAYEHUSI METOI0M
PETYIISIPHBALIMI .« .« o v o ovov e e et e e e e et e e et e e et e e e e 29

Rakhimov Davran Ganievich

Solution of perturbed eigenvalue problems by the regularization method ... 55

OBJIOH KUJIMHIaH UIUIap pynxaTtu
Crrcok onmyOJUKOBaHHBIX paboT
Listof published works . . ........ ... ... .. .. . . . . 78



V3BEKHUCTOH MUJLJINH YHUBEPCUTETH XY3YPUJIATHU ®AH

JTOKTOPU NWJIMHUMI JAAPAKACHUHU BEPYBYH 16.07.2013.FM.01.01
PAKAMJIN NJIMHUHU KEHI'ALL

V3BEKUCTOH MUWLUIMA YHUBEPCUTETHU

PAXUMOB JABPAH TAHUEBHUY

KV3FATUJITAH XOC COHJAP MACAJIAJIAPUHUA
PET'YJAPUBAIIUAJIAII YCYJIM BUJIAH EYHUI

01.01.02 — Iuddepenunan TeHraiaMajap Ba MaTeMaTUK pusnka

(¢pu3nka-maremaTuka gpaniaapmn)

JOKTOPJIMK JUCCEPTAIUACHU ABTOPE®EPATH

Tomxkenr — 2014



JIOKTOpJIMK ~ JAHMccepTamMsich  MaB3ycH  Y3Gekucron Pecnmybaumkacm  Basupiap
Maxkamacn xy3ypuaarun Ouumii  arrecranmsa komuccusicuga 30.09.2014/B2014.5.FM130
pakaM OMJIaH pyHXaTra OJMHIaH.

JIOKTOPIIMK UCCEPTAIHsICH Y36eKuCTOH MILIHiA YHEBEPCUTETHIA GaKapHIITaH.

JIOKTOPIMK JMCCEpPTALMACHHUHT TYIMK MATHH Y30eKHCTOH MULIMH yHHBEPCHTETH
xy3ypunaru 16.07.2013.FM.01.01 pakamnu ¢gan JOKTOPU WIMUN Japa)kaCUHU OepyBUYM WIMUN
KeHram BeO-caxudacuaa nauka@nu.uz MaH3WINTA KOWITAIITHPHIITAH.

Huccepramnus aBropedepatu yu tuiaa (¥30ek, pyc, uHrim3) Bed-caxudana nauka@nu.uz
mam3mwmra xamga «ZIYONET» AxOopoT-TabiauM mOpTamuaa www.ziyonet.uz MaH3WINTa
KOWITAIITUPUIITAH.

Namuit Aaumos IllaBkat ApudaxaHoBuy

MacjaaxaTim: ¢du3uka-maremaTrka (haHIapu JOKTOPH, aKaJIEMHUK
Pacmnii I'annxomxaes Pacys HaOneBuu

ONIOHEHTJIap: ¢du3uka-maremaTrka (paninapu J0KTopH, mpodeccop

Xoamyxamenos Oaum PaxumoBu4
¢dusnka-mMareMaTuka (aHIapu JOKTOpH, Ipodeccop

Kapauuk Bauepuii BajeHTHHOBHY
¢buznka-mMareMaTuka (aHiapu J0KTOpH, podeccop

Etaxun Yprenu gaBjaT yHUBepCUTETH
TALIKHJIOT:

Jluccepramust ~ XUMOACH  Y30eKMCTOH ~ Mummii  yHHBEPCHTETH  Xy3ypUIaru
16.07.2013.FM.01.01 pakamnu MiaMuil KEHralHUHT « _ » 2014 #i. coar
naru Maxaucuga 6ynmu6 yraau. (Mansun: 100202, Tomkent, Onma3op TyMaHH, YHUBEPCUTET
kyuacH, 4-yit. Temn.: (99871) 227-12-24, daxc: (99871) 246-53-21, e-mail: nauka@nu.uz

JIOKTOPIHK JHCCEpPTALMACH Y30eKHCTOH MMM YHHBEPCHTETHHHHT AXGOpOT-pecypc
MapkKazuaa pakamu OujlaH pyixaTra OJIMHTaH, auccepramus OunaH APMpa TaHummmm

myMkuH (Manswmn: 100202, TomkeHt mi., Oama3zop TyMaHu, Y HUBEpCUTeT kydacu, 4-yid. Tein.:
(99871) 246-02-24.

Huccepranus aBropedeparu 2014 iimm «_ » TapKATHIIIU.
(2014 ¥inm «__ » naru No pakamui peectp 0aéHHOMACH)

b.A.llloumkyJ10B
®daH JOKTOPH WIMHHA JapakaCMHH OepyBUYH
wiMuid  KeHram paucu  (.-m.¢p.a., mpodeccop

M.TyxTacuHoB
®daH JOKTOPH WIMHHA JapakaCUHU OepyBUYH
WIMHA KEHram WIMHNA KOTHou ¢.-M..1., JOLeHT

M.C.Ca1axuTauHOB

®daH JOKTOPH WIMHHA JapakaCMHH OepyBUYH
WJIMUN KeHral Xy3ypuJaru WiMUNA CEMUHApP PAUCH
¢b.-M.b 1., akaTeMuK



JOKTOPJIMK JUCCEPTAIMACHUHHUHI' AHHOTAIUACHU

JAuccepranus MaB3yCHHMHI J0J3ap0juru Ba 3apypusaTu. Houusuxiu
Macajajap Ha3zapusacu OwjiaH OOFiauMK Oapya TaAKUKOTIAp 3aMOHABHUU
MaTeMaTUKAaHUHT JoJ3apd HyHanunuiapujgan Oupw xXucobimanaau. byHnai
MacaJlaJJapHUHT KYHWJIWIINTa aMajduii MaTeMaTHhKa, OWOJIOTHsl, HWKTHCOIUET,
TUIPOIMHAMUKA, STHIYBUAHJIWK HAa3apusCH, Ha3apwii Ba MaTeMaTUK (u3MKana
BY)XKyJra KeJlaguraH MaTeMaTUK Mojeuiap cababd Oymamu. TenrmamanuHT
OoImIKapyB mapameTpiapy KpPUTHK KUHMaTIapjaaH YyTaéTraHiga SHTH eduMiiap
naigo Oynummra cabad OynyBuum Oudypkauus Ba TapMOKIaHUII (HEHOMEHU
HOUYM3HKJIA MacajalapHH edniga MyxuM (aktop caHanaau. by eanmmnap opacuna
TYpPFYH €4uMJiap Xamza JapXoJ CYHYBYM €KUM amMajvdi BasusTiapia YMyMaH pyu
OepMaiiuran euumiap MaBxkyA. HouM3ukium MacallaJapHUHT TapMOKJIaHYBYU
HyKTaJIapJia Tai10 OYJIyBUM SIHTU €UUMIIAPUHM YPraHyBYW WYHAIUII “‘TypFyHIIUK
Ba Oudypkauus Hazapuscu” Ae0 arTajaiu. budypkanron (KpUTHK)
XOJIMCATAPHUHT SKKOJ MUCONIM cudaTuaa nuBepreHius (CTaTuk oudypkarms) Ba
ra3 €ku cyroKmmkaaru ¢riarrep (MIaTuHA Ba KOOMKIAPHHUHT, XyCyCaH, CamMoOJIET
KAHOTJIAPUHHUHT JAWHAMUK TEOpaHyBUM TYPFYHJIUKHM WYKOTHUIIHM) XOJIWCACUHU
KeNTUpHUII MyMKHH. DiaTrep MyaMMOCH, alHHMKCA, TOBYIIJIaH T€3 OKHUMIIAP
a’pOJMHAMMKACHIA Y3 TAaTOMKMHM TOINM. YTraH AacpHHHT ypranapuia
a’poAMHAMUKa MacajaJlapuHU €YMIl YyuyH (pakaT BapwalioH Ba TYp YCyJUIapu
kywtanrad. ®akat XXI acpra kemmb, Oy coxamapma Oudypkamus Hazapuscu
YKOPUW KWJIMHA OOLLIaaHN.

Tyruna€Tran CTaTWK Ba JUHAMUK €YMMIIAPHUHT TYPFYHJIMKIAPU KYy3FaJIHIII
HA3apUACHHHUHT yCyJUlapu OwjaH ypraHwiagd. AHHKPOK KWiHO —aiTcak,
HOYM3UKJIM TEHIVIaMa (TEHIJamalap CHUCTEMACH)HUHI YU3UKJIM KUCMHU, SbHU
@pele XOCUIACUHUHT TPUBUAIL €UUMJIard KUWUMATUHUHT XOC COHJIAPU MabllyM
ne6 xucobmanu6, @perie XOCHIACMHUHT TapMOKJAHTaH e€4YuMAaru KuiMatu
CIEKTPU YM3UKIW ONEPATOPJAPHUHT CIEKTpal  Ha3apUsICHUIAru Ky3FaJlUII
Ha3apusACH yCyJiapu épaamMuaa Kuaupuiiaau.

ly cababmm, Ky3Faiauin Ha3apusacH yCyJulapu OWjlaH €uujIaJuraH coxajiap
Owran OOFIMK TaIKUKOTIApP OKHMH YTraH acpHUHT YprajmapujaH Oorwnial,
OKCMOHEHIIMAN Te3NMuK OmimaH opTuO OOpMOKIa Ba Ky3FajuIl Ha3apusIcHia
ONIMHAIUTAH Xap KaHJal dYyKyp HaTmwka HadakaT Ky3Faliuil Ha3apuscH,
IIYHUHTACK, HOYM3WKJIA MacajajlapHd €YUIl YJYyH KyJulamjga Xam JoJ3ap0
XUCOOJIaHaIN.

Ymby nuccepranuss MaB3ycu OWIaH OOFJIMK TAaJKUKOTIAPHUHT 3apypUSITH
oudypkarus xkapaCHIApUHUHT YU3UKJIM OIMepaTopiiap JUCKPET CIEKTPUHHUHT
Ky3raaumuHay ~ udoaa dTyBYM  Macajaiap OwiaH sSKMH —~ MyHoca0atia
sKaHnuruaaaup. Kappaiu xoc COHJApHUHT KY3FalMIll XOJUIAPUHU TaJAKUK KUJIHIII
y3ura Xxoc Maxcyc XoJIJIapHH ¥3 WYUra OJIAJIUKU, YIapHHU Xap JOUM XaM Xall Kuiuo
Oynmaiiaun. Macanan, QpearoibM XOC COHJIAPUHU KY3FaTUI Macajlacuja
ymymiamrad okopaad  Tymiamiapu  (YXKT) tyma ne6 xwimnran dapasna
KYy3FaTWITaH ONEPaTOPHUHT OyHAal HyKramap arpoduja TapMOKJIAHYBYH XOC
COHJIApH MHUKJOPH OINEPATOPHUHT Kappayii COHHM KaHda Oyica, mryH4a OYymurmm



anuknanrad. Arap VYXT rTtyna Oynamaca, TapMOKJIAHUII TEHIJIAMACHHHUHT
MaxCyclalraln XoJlaTH 103 Oepaau. ByHHHr ydyH Maxcyc anroputm Oyiinua
YXTHu TYAaupuIIHM Ha3apjaa TYyTyBUM KylluM4a XHcOOJalUIapHU Oa)kapuill
Takind sTuiarad. byHaaH Tamkapy, TApMOKJIAHUII TEHIJIAMACUHHUHI Oapya
ko3 puieHTIapy n-TapTHOIU IeTepMUHAHTIAp OYIraHu Y4yH yJapHU aHHUKJIAlll
KyJla KYT xucoOanuiapHu Tanad Kuiiaau. by xonaT kappaiu Xoc COHJIApHU OJJIUN
xoc connapra €ku YXKT tyna Oynaran kappaii XOC COHJIapra aiJlaHTHUPYyBUYU
Maxcyc ONEpaTopiiapHU  KypuIl 3apypustura onu0d kenaau. bynnai
orepaTropiiapHM  Kypull >kapaéHu  OepwiraH  YM3UKJIM  ONEpaTopiiapHU
peryispuzanusiian aed atauaau.

Uu3ukiau omnepaTopilapHU peryJisipu3alusuiall >kapaéHu HETep HyKTaJlapHU
bpearosbM  HyKTajapra aiJaHTUpranu Oowuc, OyHAall HyKTajap y4yH
TapMOKJIaHUII TEHIJIAMAaCUHU KypPHIL Ba YHJAH Ky3FaTWJIraH ONEpaTOPHUHI Oapua
XO0C COHJIApMHH TOMUII XaMa Kappaiu PpearoiabM HyKTajlap oW XOC COHIapra
ailllaHraHn  ca0a0bnau, TAapMOKJIAHMII  TEHIJlamacuaa maijgo  Oymajnuran
MAaXCYCJIMKHU NYKOTHUII UMKOHUATH ¥03ara Kejaaau.

Kyn xaxmpmaru xucoOnanuiapHu KaMaTUpyBuM OyHIai ycyiap yuioy
JUCCepTalMsl MaB3yCUla aloKaJop TaJAKUKOT HaTKalapuaaH (oiganaHuii
3apypUSATUHH TAKO30 ATaH.

TanknkoTHHHT Y36exucron PecnmyOimkacm ¢aH Ba TeXHOJOTHsLIAp
TAPAKKUETHUHUHI  YCTYBOp HMyHajJguuuiapura Mocauru. Jlucceprauus
V36ekucron PecryGnukacu (aH Ba TEXHONOTHANAp TapakKMETHHHHT D4
«Maremarnka, MexaHuKa Ba MH(GOPMATHKA» YCTYBOP HYHAIMIIUTA MOC PaBHIIA
OaxxapuIras.

Juccepranuss MaB3ycu Oyilnya XajaKapo MJIMHHA TAAKUKOTJIAP IIAPXHU

Houmsukmu wmacamanapam euwmmn OwjiaH OOFIMK EHIANIYBIAp Opacuia,
OvprvHYM HaBOaTIa, BAapUALMOH YCYJUIApHH, KYy3faJiMac HYKTa XaKuJaru
TeopeManapHu, KaTactpodanap Ba Oudypkauusiap Ha3apUsACHHHU, TOMOJOTHUK
KypWIMaJlapHU KYJUIOBYM Ba OWIKOpMac (yHKUUSJIAP XAKUZAru TeopeMalapHu
MUCOJI KWIHO KEeJIITUPUII MyMKHH.

AKII  (Komugopuus yuuBepcutetn), bytok bBpuranus (OaunOypr
yuuBepcuteTn), SAnonus  (Toxkwmo  yHuBepcutetru), Kanama  (Kanrapu
yuuBepcuteTH), Poccus (MJ1Y, bayman nHomuaaru MOTY), Crnosenus (JIxoOmsu
yHuBepcuteTH) Ba OnmMonus (bepiauH yHUBEpCUTETH)HUHT WIMHUNA MapKaszjiapu Ba
OJIM{ TabJIUM Myaccacajapujia HOYM3HKIM TEHIJIaMaJapHU €YHIl Oyiinya KEeHT
KyJaMiIM  TaAKUKOT Hnulapu onud OopwiMokma. byHaa  eyumiapHHUHT
OudypKausIaHUIl  XO0JdaTH Ba YM3UKIW ONEpPATOPIAPHUHT JIMCKPET Xamja
Y3JIIYKCHA3 CHEKTPJIAPUHU  Ky3FaTUII XOJUIlapyd YpPraHwiMoKzaa. TapKaauin
Ha3apusACH Ba KBAaHT MaWJOHJApH Ha3apuscuAa KEHI KYJUIaHWIAJWTaH Y3JIYKCHU3
CHEKTPHUHT KYy3fanuml mMyammonapu Owmnan Toxuo (Smonums) Ba Kommdopuus
(AKIII) ynuBepcutetaapuaa MyryiaHMOKIaIap.

bayman nomumaru MockBa (Poccusi) pusuka Ba TeXHHMKAa YHUBEPCUTETH]IA
abcTpakT napaboJIUK TEHIJIaMaJapHUHI TapMOKJIAHYBYHM €UUMIIAPUHU HOUYMU3UKIU
xapa€Hiapra Kyuiad TYpFYHJMKKA TEKIIMPUIMOKIA. TeKmupuiaran xap Oup
Macajgaja  KY3FaTUIIHUHT  PEOyKIMOH  YCyJUJIapuaaH  OYJIMUII  COHJIU



MOJICJUTAIITHPUII OPKAJTM MOC €YUMIIap OWJIAaCH TYpFyH OynmaauraH OOolIKapyBuUu
(¢u3uk) mapaMeTpiapHUHr KuiMaTiap coxacu anukianrad. Iy sxymmanaw,
[IMuar crnekTpuaard CcTalMoHap Ba JUHAMUK Macajajap TapMOKJIAHMIL
TEHIVIaMaJlapy  Ba  WiIau3  (Pa300CcTH  TAPMOKJIAHUII  TEHIJIAMaJapUHUHT
NOTEHIMAJJIMK Ba ICEBAONOTEHIMAIIIMK IAPTIApU YpraHUIraH.

Hpkyrck (Poccust) naBnat ynuBepcuteTuga bayman Homumarn MockBa
¢u3nKa Ba TEXHUKAa YHHMBEPCUTETH OWJIaH XaMKOPJMKIA TeCKapHJIaHMalIuraH
orepaTopiap Y4yH OIepaTop TEHIJIaMallapHU TaKpUOWM euuiga KEHT HIILIaTHO
KEJIMHAETraH TapMOKJIAHMWII Ha3apusch Macajajapuja peryJisspu3alysuiall
MyaMMOJIapy YpPraHWIraH.

bepnun (OnMoHUS) YHUBEPCUTETMHUHI WIMHUN Mapkasziapuaa HOYU3UKIN
XOC COHJIap Macajacu YYyH KY3Faluil Macajajgapu edniMokaa. Houusukiu
KY3FaJuIUIapHU KYJUlaraH XoJiJa TOMOJOTMK Ba KOHCTPYKTUB yCyJuiap €paaMuia
XOC BEKTOPJAPHUHI TYJaJIWrd Ba O0a3WC TAIIKWI STULUIMTYA AHUKJIAHMOKJA.
bynman Tamkapu Kym mapamMeTpid XOC COHJap Macajgacu OwiaH OOFJIHK
TAAKUKOTIIAP YTKA3UIMOK/IA.

Komupopuuss  yuusepcurern (AKLI), DmaunlOypr (byrox bpuranus)
yauBepcutetd, Kanrapu (Kanaga) ysuBepcuretu, JlwoOnsn (CroBeHus)
yHuBepcutetd, bepnmun (OnMoHusi) yHMBepcUTeTH Ba MockBa  JaBiar
yHuBepcutetuaa (Poccus) Ky napameTpiiv CrieKTpajl Macaialiap yuyH 3prairyBuu
XOC 2JIEMEHTJIap Ba CIEKTPHUHT >KOPAAH TY3WIMAJIApUHU YpraHuil OViuda KeHTr
wiMuil  usnanunuiap onmu®  Gopunmokna.  OnuHOypr (byrok  bpurtanus)
yauBepcutet Jlio6msH (CnoBenusi) ynuBepcutetd Ba Kanrapu (Kanaga)
YHUBEPCUTETH OWJIaH XaMKOPJIHMKIA Ky MapaMeTpiid CIEKTpaj macajiajap y4yH
WIAU3aBUN TapkuOuHu Yprauumuu Oonviamau. [y kyHIapga xoc BeKTOpiapra
JprairyB4Yd >JIEMEHTIAp TYHIyHYacH KUPUTWITaH. by u3nmanunuiap OoUUIaHFUY
xonatna Oynranu cabGabmm, Maxcyc EHpamryBilapHu Ttanad otagu. bynpai
Macayajapra KU3WKHUII XOC TeOpaHUILJIApHUHT YacToTajapu Oyinya TEXHUK
TU3UMIIAPHU TalIXWUC KWJIUII Ha3apusCcHAa Ba Xap XWJ TEXHHUK YCKyHaJapHUHT
YacTOTaJM XapaKTepUCTUKAIapMHU OOlIKapuil Oyiinya amaiuil macanajapaaru
w3nanuuuiap Tydaitnu  kywaiiaun. Koszon (Poccust) naBnmaT yHHBEpCcHTETH[A
VTKa3wiran TaAKUKoTiaap Oy Macananapia o3 OepaauraH Xxojamiap ATKHHCOH
TaJKUHUZArM KYI [apaMeTpiu CIEKTpal Ha3apusalard Ky3raTWIraH macajianap
Owad OOFIMK SKaHWHU KYpCaT/IH.

MyaMMOHMHI  yPraHWITaHJIMK Japaxacu. Yus3ukiu omneparopiiap
HazapusCcuJa Ba CHEKTPHUHI KY3FaITHUPWITaH XOC COHJIAp Macajlaliapuja KyIl
WIuiap KWIMHTaH Oyica-ia, Kappajlud XOC COHJIap Xojiatujaa pyi Oepaaurax
Maxcycnuk, kymnanan, Y)KTu Tyma OynmaraH omepaTtopiiapHUHT Ky3FaTHJITaH
XOC COHJIAQPUHM TOMNHUII Macajacu Xajaurada wmyamMMmo Oyiubd KeaMoKja.
Oneparopmapaunar Ttyna Oynamaran YKTunu tynaupum ycymwiapy Himiao
YUKWITaH Ba YHHM KY3FaTWJTaH ONEPATOPHUHI XOC COHJIAPMHHU TOIHUIITa KyJUTalll
taknud sTuiarad Oyica-ga, Oy ycysl Ky3raTwiMmaraH OINEpPaTOPHUHT (pearosibMm
TUIUJATH XOC COHM aTpoduia Ky3raTWIraH ONepaTOPHUHT XOC COHJIAPU MUKIOPU
KaH4a OVIMIIMHU aHuKi1a0 OepMmaiinu. XaTrTo TOMWITaH XOC COHJIAPHUHT
KY3FaTWIMII TlapamMeTpura Kal aapaxkaja OOFJIMK JKaHWHU KypcaTa OJIMAMIH.

7



Herep tunmparm Xoc COHJAp y4yH Ky3FaTWITaH ONEPATOPHMHI XOC COHJAp
Macayiacu 3ca OyTyHJail ypraHnuiamarad, YyHKH OyHJAa Ky3FalTHIMaran oneparop
wiau3  (a300CTUCUHUHT Yimyamu Ownad nedext (a3zoocTucu YiayaMd TEHT
OynMaranu ydyH Oy Macajgara OHJ TapMOKJIAHUII TEHIJIaMacuHU KypuoO
oOynmaiiaun. IyHUHr y4yyH UM3UMKIM  ONEPATOpPJAPHUHI  CIIEKTPJIAPUHU
KY3FJITHPUIL Macanajapujia Oy Xonariaap *axoH MUKECUAA HHUPUK MyaMMoO O0YiIu0
KEIMOKAa. MaBxXyJl HIUIAPHUHT TaxXJIMIMAAH KeJIUO 4MKUO alTUIl >KOU3KH,
KY3FaTWITaH XOC COHJIAp Macajlacuja KappaJd XOC COHJIAPHUHT Ky3FaJTHUPHIL
Macajajapyu XaHy3 Xal dTwiMaradH. by myammonapuu Oaprapad »Tuml yiaapra
SIHrM4Ya €HAAITYBHU Tajgad 3Taau.

JluccepTanMAHUHTI  WJIMHI-TAAKHKOT HILIAPH  pexanapu  OWJjaH
OOFIMKJIMIM Kylugaru:

dynmamentan wimuii jonnxanap: ®-1.1.12 «Xoc connap MacanamapuHu
€IFOH Ky3FaTUiIuI yCcyau €paamuia peryispusanusann (2003-2007 iit.); @ — 4
— 02 «Marematuk ¢usznka Ba ONTUMaNT OOUIKAPYB MacalajJapUHUHT SHTH
euruMIIapuHu U pepeHiran onepaTopJapHUHI CIHEKTpal Ha3apusiCh acocuja
unuiad yukun (2012-2016 iii.)aa 3 akCUHU TONTaH.

TaagKMKOTHUHT MaKcaau OUp MapaMeTpiid Ba Ky HapaMmeTpiu XOC COHJIAp
MacaJIaCHHUHI yMYyMJIAIIraH JKOpJaH TyIulamjaapu Tyjaa OyiMaraH Kappajd HeTep
Ba (ppeArosibM XOC COHJIApUHU peryJispu3auusiaiml ycyiau €praMuja TONWUIIAaH
nbopar.

Makcasra SpyIldIl y9yH KyHuaard TaAAKMKOT Ba3uganapu OelruaanraH:

perynspusanus ycyiu €paaMuia xKopJaH TyIamiaapu Tyia OyaMaraHia xoc
COHJIADHMHI AHUK MMKIOPMHM Ba Yyjapra MOC KEIyBYM XOC BEKTOpJIApHHU,
yJIApHUHT € TapaMeTpHUHI OyTyH Ba Kacp Japaxaiapu Oyiinua sIKWHJIALIYBYU
KaTopyiap KYpUHHUIIMJIArd HQoJaJapyuHU yMyMJIallraH >KOpAaH TYIUIaMJIApUHUA
(YKT) tynaupmacaan TONMILL, Ky3FraTHIMAarad ONEepaTOPHUHT JUCKPET CIEKTPUHU
HETep HyKTacu aTtpoduia TapMOKJIaHyBYM Oapya XOC COHJIAPUHU TOIIHIIL,
YIIAPHUHT KY3FaTHUII MapaMeTpura OOFIUKIIMK JapakKaCUHU aHUKJIAlll,

Oepuirad ONMepaTOpHU PEryJsapu3anusuiad Ba €IFOH KY3FaTUII YCYJUIAPUHU
Kyu1a0, ¢penrojsibM Ba HETEP XOC COHJIAPUMHU yJlapra OepuiraH erapiivya sXiiu
SKUHJIALIMIIIApUTa acoCIaHuO TONUII yUyH UTEPAIOH jKapaéH Kypulll,

KYI TapaMeTpiid XOC COHJIap MacajJlaCuHU Ypranuo, yJapHUHT OMp napaMmerp-
1M oneparop-QyHKUMSIAPHUHT CIIEKTpJIapura OYIMHUIL MIapTIapUHU aHUKJIALI;

Kyl IIapaMeTpiii XOC COHJIAp MacajJlaCcura peryispu3anusaial  yCyJIuHU
kynam. Kappanu XomHu oauii XxomaTra KeITuprO, Ky3raTUiIraH MacaJlaHMHT X0C
COHJIADMHM Ba YyJlapra MOC KEJIyBUM XOC 3JIEMEHTJIADHU TOIMII AJTOPUTMHUHU
Kypuwl. OnMHraH HaTWKaJapHUHT TaTOMKM cudaruia €IIFOH  Ky3FaTHII
yCYJUIapUHH KYIad, KYI mapamMeTpiu CIEeKTpal MacalajJapHUHT XOC COHJIAPUHU
TONUII UMKOHUHU O€pyBYM UTEPALIMOH KapaEHiap KypHIL.

TagkukoT 00bekTH cudaruaa yu Xui: Kiaccuk oup napamerpiu, J. llImuar
TaJKUHUJATY Ba KYTI IAPAMETPJIA XOC COHJIAP MACAIACH OJIMHTaH.

TaagkuMKOT MpeAMeTH — XOC COHJIap Macalajapuaa Kappaiu (Gpearoiabm Ba
HETEP XOC COHJIADUHUHT KY3FaTUJINLLI XOJIaTJIapUHHA YPraHMILL.



Tagkukor ycymaapu. Jluccepranus HaTWXXKaJIApUHU OJUII  JaBOMUJIA
HOYM3UKJIM TaxXJIWJ Ba HOYM3HUKIIM TEHIVIAMalap yCyJulapy, YM3UKJIU OlepaTropiap
HazapuscH, anreOpauk TEHIJIaMalapHU euuil YuyyH HbIOTOHHUHI nuarpammanap
yCyJM, TakpuOuil XucoOiam ycyiapujgaH MoaudukanusiamTupwirad HetoToHn
Ba CreddeHceH ycymiapu KyJIJIaHUITaH.

Juccepranms TAAKMKOTHHUHT WIMHI SHIWJINTH Kyinaaruiapiad noopar:

YXKT tyna Oyamaran Xoi ydyH Ky3FaTWITaH OIEPATOPHUHI Oapua XocC
COHJIADUHUHI MHKIOPWHM AHUKJIOBYM Ba YJAPHUHI Ky3FaTHUII IapaMeTpura
OOFJIMKJIMK JapakKaCHHU YpHATYBYU TeopeMasiap ucOoT KuiauHrad. by Teopemanap
ucOoTu TaANadrop TOMOHHWAAH WINUIA0 YHUKWITAH PEryJIsapuU3aTOpHU KyJulail
Tydaiinu 6akapuiras;

KypWwiral peryispu3arop €EplaMuaa  JUCKPET  CHEKTPHUHI  HETep
HyKTaJapuHu (PpearoapM HyKTajgapra ailanTupu®, HETep HYyKTaJTapHUHT
KY3FaTWINII Macajlacu Xajl KUJIUHTaH;

€IFOH KY3Faliull YCYJMHM KYyJUlaraH XOJJa XOC COHJIAPHU TOIMII YYyH
TaKkpuOUil Xxucoball ycyJjiapu uiiad YMKUIraH. n-Kappajid XOC COHJIapHU OJIUM
XOC COHJIapra aillIaHTUPYBYM PETYISIpU3aTOpP KypUinO, HaTHXaaa Oakapuiajauran
amasuiap conn 2" maporaba KaMaTHUPUIITaH;

OupuHun MapoTaba Herep Tunuaard Ba . llIMuaT TankuHUgarm Xoc
COHJIAPHHU TOIHII YUYH UTEPALUS KapacHIapyu Ty3UITaH;

@®. ATKMHCOH TaJIKWHHUJATU KYIT MapaMEeTPIIM XOC COHJIAp MacajlaCh YU4yH XOC
COHJIApHUHT Ky3rarwiuiura ouj; Pemmx-TpeHorun teopemacu ucOOT KUIJIMHTAH.
«Hetep xoc coHyapu» TYIIyHYACH KUPUTHIHNO, Tanabrop TOMOHHUAAH KypHJITaH
peryispuzaTtop €paamMuaa HETep HYKTAJIAPHUHI  KY3FaTWIMII — MacajlacH
VpraHnuiras;

@®. ATKMHCOH TaJKMHUAATW KYI MapaMeTpiu CIEKTpaJl macajga y4yH XOC
COHJIAPHU TaKpUOM1 XHucoOIamra oujl alropuTMiap Ty3UJraH.

TaagKMKOTHUHT amMaJIuii HATUKAJAPH Kyiuaaruiapian noopar:

Oup wuerapacu Kys3ratuiaran kecma yuyH [rypm-JInyBumib Xoc COH
MacajaCMHUHI  TapMOKJAHUII  TEHIJIaMacu  Kypwirad, CYHrpa  yHra
peryiaspusauusiam ycyiaud Ba HbloToH auarpamMmacuHu Kyiuiad, Oapua Xxoc
COHJIAPU TOIUJITAH;

Xal STWIMAraH Ky3raTWITaH KBaJpaT Ba JJUIMNTUK coxa yuyH Jlammac
ONEPATOPUHUHT Oapya XOC COHJIAPYM AaHUKJIAHTAH Ba YJIAPHUHT KY3FaITHPHUII
napameTpura OOFIHKINK Japa’kacu TOMWITaH;

Kappasid (ppearoabM XOC COHJIAPUHUHT XaMMAacHHU EIIFOH KY3FaTHI yCYJd
épraMuia aHUKJIAIl WMKOHHM OYJIMAaraHjiuru y4yH peryJisipu3aiusiamn ycyau
Ownan Oapua, HauHKH (GpeArosibM, OaJKU HETEP XOC COHJIAPUHU XaM TaKpuOuit
XMCOOJIAII YUyH UTEPAllMOH XKapaéHiaap KypHJraH.

OJMHran HATWKAJIAPDHUHT HWIIOHYWIMJIMIM YH3UKIW OIepaTopiiap Ba
Ky3FaTWIMII  HA3apUACHHUHI aCOCHM  TEOpEMAJlapUHU  KyJUlall, O KAJIUN
MaTeMaTUK MyJjoxazajgap Kuium xamjaa Mamxyp Hseioron Ba Creddencen
yCyJUlapuHM  KyJutamn  OwinaH — acocnaHanu.  Jlapakanum  KaTOpJIapHUHT
AKUHIaIyBYmiInru ~ Mamxyp  Ilromse  teopemacupgaH — keaud — YMKAM.



HatwxanapHuHr UWINOHWIMJIMTMHYA aHUKJIANl Makcaauga Oy XOC COHJIapHU
TaKpUOWi aHUKJIAI YUyH UTEPAlUOH KapaéHap KypuiraH.

TagkuKoT HATWKAJAPDUHMHI Ha3apuil Ba amajmid axamusaTu. OJuHTraH
HATWKAJIAPHUHT Ha3apuil axamMusiTH yJIapHU HOYM3UKIM TaxXJWJ Ba HOUYM3HUKIIU
TEHIVIamMallapAa oJau0 OopuiaauraH Macajajapra KyJulall Ba MaTeMaTHK
¢busukanuHr auddepeHiman Ba WHTErpajl TEeHIJIaMajJapUHUHT XOC COHJIAPUHU
OeBocHTa aHMKJIAITa TATOUK KUJIUIIIaH noopar.

NimHuHr amanuii axaMuaTH Kappaiaud XOC COHJIAPHU OJJUN XOC COHJapra
allmanTupui xucobura Oy XOC COHJIAPHU aHMKJIAII KapaéHuaa OakapuiaJuraH
amajulapHu Oup Heya MapoTaba KaMaWTUPUIITa YPUIIUITAHN OulaH OeNTHIIaHa !,

TagKuKOT HATHKAJAPUHUHI SKOpPUl KWIMHUIIM. OJUHTaH HaTWxaiap
MaTeMaTuK (U3MKa Macajajlapura Ba Kappalud XOC COHJIAPHU XHUCOOJall y4yH
UTEpaAllMOH >Kapa€Hjiap KypulllJja XucoOiall MaTeMaTHUKacura xXamjaa KyWhujaaru
XOpWXKUHU Jouxamapra TarOWK HTwiraH: Poccus dyHmaMeHTal TaaKAKOTIap
bonau-Pymunus ®annap akagemusicuaunr 07-01-91680 (2007-2009 i.) pakamiu
«AOCTpakT mMmapaboiMK TEHIJIAMAJIAPHUHT TAPMOKJIAHYBYM  EUUMJIIAPUHUHT
TypFyHauruau A.M. JlsnyHoB ycynu €paamuja TaAKUK ASTUII Ba HOYMU3UKJIH
Macajajapja KyJulall» XaMKOPJIMKIAru JoMuxacuaa AuccepTauusia Takiaud
STUWITAH KY3FaTWIMIIHUHT PEAyKUHOH YCYJIW €YUMJIAPHUHT TYPFYHJUTUHU
ucoboTnama Kymnanuiarad; Poccus wunvuit GoraumHuur 14-11-00640 paxamiu
«Hoxknaccuk 3BOJIOIMOH TEHIJamMajap, YJIApHUHT €4UMJapu MaBXKyJIWTW Ba
TYpPFYHIUTUHU Mopc-KOHIMHUHT TOMOJIOTMK MHAEKCH OpKajlu TEKIIUPUII Ba
omeparopiap SpuUM TPYNNACUHUHI  KY3FalMII  Ha3apuschu»  MaB3yWJaru
Jouxacuga KY3FaTWIMIIHUHT PEAyKIUMOH YyCylau €EpJaMHaa Kappalud XocC
COHJIAPHM TAJKUK ITUII OJJAUN XOC COHJIAPHU aHUKJIAIl XO0JIATUIa KeJITUPUIITaH. 1
Kappajiu XOC COHJIapHM TOMNMIIJAArd XucoOJjam kapa€Hiiapra KyJUIaHTaH
peryispu3zanysiiail ycyiau Oapya xucoOnamnuiapHu 2" wMaporada KaMaTHUpHII
UMKOHMHH Oepau. by XonaT 4eknu coHpard 3appaiap (U3NK CHCTEMAaCHHHHT
KyBBaT CaBUSICMHM aHUKJIAIl Macajajlapujaru xucoOjam >xkapaéHiapujia KEeHT
KYJUIaHUO KEeJIMOK/IA.

Nmauar anpobanusicn. Jlucceprauusyna 0aéH STWIraH acocui xoJatiap
ceMuHapiiapja Ba 8Ta WiIMHUI KOHPEpEeHIMs1a Mabpy3a KWIUHTaH, 11y *KyMJIaJlaH,
V3bekucron Mwmmmii  yuusepcuternHuar (cobuxk  Tomr[Y, 1985-2000it.)
«DyHKIMOHAN aHaNM3» Kadenpacu KolIUAaru maxap cemuHapuaa, PoccusHuHr
MockBa mnynat Ba Kydum wuHCTUTYTH «Onuid Marematwka» Kadeapacu
cemunapua (1985-1991 iiit.), V36ekncron Mummii yauBepeutern «MareMaTuk
dusuka» Kkadeapacu cemuHapua (2000-2013 ifit), Y36exucron Mummii
YHUBEPCUTETH Komujaaru Marematnka WHCTUTYTUHHHT  «Jluddepenmman
TEHIJJaMaJlapHUHT  HOKJAacCMK  Macananapuw» (2013 i)  cemuHapuia,
«Maxcycmamras Ba apajall  TUIAArd — TEHrjnamanapy  Xalkapo  WIMHUU
koH(pepennmsacuna (Tomkent, 1993 i1.), «TexHmka Ba TeXHOIOTHsIAPIA
MaTeMaTtuk metonanap» l6-xankapo uimuil koHgpepenuusicuga (C.-IlerepOypr,
2003 i), «TexHuka Ba TEXHOJOTHsIIapJla MaTeMaTHUK MeTomjapy 17-xajikapo
unmuil koupepenuusicuaa (Kocrtpoma, 2004 ii.), «Maremaruk usuka Ba ax00poT
TEXHOJIOTHUSJIADUHUHT 3aMoHaBuii Myammodiapu» (Tomxkent, 2005 i.) Xankapo
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wiMuii  koH(epenumsacuaa, «duddepennuman TeHrmamanap, omnepaTtopiap
Ha3apusCl Ba KOCMHUK TaJKUKOTIIADHUHI 3aMOHaBUN MyammoJiapu» (Anma-Arta,
2006 #.) Xankapo unmuii koHbepeHuusicuaa, «Juddepenuan TeHrnamanap,
dbyukiusinap Hazapusicu Ba amanuétu» (HoBocubupck, 2007 i1.) Xankapo uiamuit
KOH(epeHusacuaa, «3aMOHABUUA TOMOJOTUSHUHI MyaMMOJIapUd Ba  YHUHT
amanuéru» (Tomkenr, 2013 ii.) Xankapo WIIMHI KOH(pepeHusacuaa,
«nddepennnan TeHrnamamapHuUHr 3aMoHaBuil Myammosnapu» (Tomkent, 2013
i.) pecnybonuka nunmMuii koHdepenmusicuna, «CIAM — 2013» (byxapect, 2013 ii.)
Xankapo WIMHA KOHPEpEeHIMsICUAa Mabpy3a KUJIMHTaH.

HaTtukaapHUHT 3bJI0H KMIIMHTaHauru. Jluccepranus maB3ycu 6yiinya 30
Ta Makojia, Wy XymiaaaH, 22ta unmuil makona (ynapaan 1ltacu xopukuii
KypHaJJIapAa) Ba 8Ta TE€3UC YOI ITUIITAH.

JluccepTauMSHUHT TY3WIHIIM Ba Xa:XMHU. Jluccepranus KUPHUII KUCMHU,
TypTrTa 000, Xynocamap Ba QoilganaHuiaran amgaOuérnap pyixaTuaaH TaIIKWI
tonrad. Ummauar ymymuii xakmu 144 Getnan, anabuétnap pyiixatu 149ta HOMIaH
ubopar.

JUCCEPTAIIMSIHUHT ACOCUN MA3SMYHHA

Kupum xucmmaa guccepranus HIIMHUHT J0J3apOJIMTH  Ba 3apypiIuru
acociaHraH, Y36ekucToH Pecrny6nmkacH (aH Ba TEXHOJIOTHSUIADHM TapakKWii
ATTUPHULI HYHANUIUIAPUHUHT TAIKUKOTIApUra MOC paBUIIa TAAKUKOT MaKcaau Ba
Bazudanapu EputuO OepwiraH, HATWKAIAPHUHT WIMHUA SHTUAJIUTH Ba WIJIMHIA-
amManuii axamusATH OaéH OSTWITaH, OJIMHTAH HATIKAJAPHUHT WIIOHWIMIIATH
aCOCJIaHTaH, TAJKMKOT HATI)KAJIAPUHUHI aMajauérra KYJJIAHTaHWU, YOIl 3THJITaH
unuiap pyMxaTtd Ba JAUCCEpTalUs TApKUOU XaKUJa MabJIyMOT KEITHUPHIITaH.
Cyurpa  muccepramusi  MaB3ycu  Oyimua onu®  Oopwmaérran  WMIMUN
TQIKUKOTJAPHUHT XaJIKapo IIapXH, MYaMMOHHM YpraHTaHJIUK Japaxacu Ba
OJIMHTaH HATHXKaJIAPHUHT KUCKA IIapXy Oa€H 3TUJITaH.

Crnextpan Hazapust b.Teinopuunr 1713 iinnga TOpHUHT TeOpaHuIy Oyitnya
onu0 OopraH u3JIAHMIUIApUJAH CYHT MmIakuiaHa Oonwiarad. KelnHuanuk Oy
Hazapuga 19 acpma Irypm Ba JlmyBwines, I'.Beitns, B.BoasTep Ba M.Pucc,
H.I'mnpbepr, C.banax, Mazyp, Illaynep Ba 20 acp Oomka Kyn
MaTEeMaTUKJIAPUHUHT HIIapuaa puBoxianTupwirad. Oxupru 60 inn mobaitHua
Oy wummap cobuk wurrtudorma Ienbdann, M.I.Kpeitn Ba Halimapk, Snonusna
Kakyranu, Kato, Kypona Ba Mocuna, Pymunusna Konoxoap Ba @oitam, AKIllxa
Xumne Ba Ownunc, Opunpuxc, Gon Heiiman, [1onu Ba BunepHunr ummapuna
JaBOM OTTUpWiIraH. by nmaBp wmoOaiiHMzma ¥3-y3ura Kymima orepaTtopiap
Ha3apusICUra acoc CONMHUO, Oy Ha3apUSHUHT aCOCMN MyaMMOJapy eTapiuda Xai
KWIWHTaH 3. 3aMOHABUN (PU3UKAHUHT PUBOXKK Oy Ha3apUSHUHT aTOM (DU3HKACH,
TapKaJIMIIl HA3apUACH, Y4 XUCMHUHI KBAaHT MEXaHMKACHU Macajajapura, KBaHT
MaiJOHJIap HA3apHUsACH Ba MaTEMATUK (PU3MKa Macajajlapura TaIKUK KUJIMHUIINTa
cabab Oynau.

Huddepenuuan  omnepaTopiJapHUHI  TECKapuWjaHUII  Ba  4YerapaBuid
MacajaJapHUHT €UMJIUII MyamMmolapu nceBpoaudddepenman onepaTopiapHu,
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CUMMJIAPHUHT cUdaT y3rapuiuiapu macajanapu Oy OnepaTOpJapHUHT CHEKTPal
XOCCAJIAPUHU TaJAKUK 3TULI 3apYpPUATHUTA OJIUO KEIIH.

CnekTtpan EHWIMaHUHI Ba Kappajld TPUTOHOMETPUK  KATOPJIApHHUHT
SAKUHJIAIIMHA TAbMUHJIOBYM aHUK wwaptiap B.A. WinbuH TOMOHUAAH YpHATUITaH.
by TagkukoTnap keimH4yanuk yHuHr wmorupamapu LI.A. Amumo Ba E.N.
MouceeBiiap TOMOHMAAH YMYMHUWPOK ONEpATOpiap Y4YyH JaBOM OSTTUPHIITAH.
VYnap TOMOHMAAH HAWHKHU CIEKTpan EWmnmanapu, Oajnku yjaapHUHT Pucc ypra
KUIMAaTIapUHU XaM TEKUC SIKUHJIAIIUIINHY TaAbMUHJIOBYM LIAPTIAPU AHUKJIAHTaH.
III.A. AnumoB paxOapnauruaa yHUHr 1morupmiapu P.P.  Amypos, O.P.
XonmyxamenoB, b. TypmeroB, A.A. PaxumoB Ba III. Kacumommap Oy
HATHKAIAPHU M —TapTUONM SIUTMNTUK nuddepeHmnuan omnepaTopiaap Ba Kacp
TapTuoim uddepentuan oneparopnap yuyn Cobones W7 (Q), Huxombckuit
H¢(Q), JuyBuwuis L:(Q), beco B%(Q) Ba 3urmynn-I'énmep C*(Q) cundura
TEruNUIN QYHKIHSUIAP XO0IU YUyH PUBOXKITAHTHPHUIITAH.

Kysratum nazapusu Panent Ba Illpenunrep ToMoHunmaH spatwirad. Panen
TeOpaHUIJIAPDHUHT YacToTajapyd Ba MOJAJApUHU Tyna Hudoaa STYBUM COAJA
cuctemManapjiaH kaMm (apk  KWIYBYM CHUCTEMaJlapHUHI XOC 4YacToTajllapu Ba
MoJaapuHu xucobsam (popmynacunu 6epraH. MareMaTuk HyKTau-HazapiaH Oy
yciy0 XOC COHJIap Macajacd aBBaJIJaH XaJl OyJiraH COANapOK  YH3UKJIIU
oreparopiapaaH KaM ¢GapK KWIYBUM YHU3UKIU ONEPATOPIIAPHUHT XOC COHJIAPUHU
TaKkpuOui xucobam mMacanacura skBuBanieHTaup. [peaunrep Oy yciayOHU KBaHT
MEXaHHUKACHJIa BYKyAra KeJaauraH XoC COHJIap Macajlacu y4yH PUBOKJIAHTHUPIaH.

by mactnabku wnuiap maremaTuK HyKTau-Hazapaad (opman Tycma 0ymnuo,
Tyna amac 31u. byHaa Xoc COHIap Ba X0OC 3JIEMEHTIIAP KY3FaTUIraH ONEPAaTOPHHUHT
TYynFalaHMaran omeparopiaH Qapkuau udoAa OSTyBUM KHYUK [apaMmeTpra
HucOaTaH napaxanu kKaropra Eimnaau ae0 ¢apa3 KunuHraH. by Kartopiaphu
SKUHJIAIINIITA TeKIIUPUIITa ypuHUIIap Oynmarad. KatopaapHUHT SKUHITAIIUII
Macanacu @. PeqsTMXHUHT YOIl 3TUJITaH KaTop UIUIapUAaH CYHT Xall OyiraH.

Karopnapuunr sxunnammmuan @. Pemnux Maxopantinap ycyiau Ounad
ucOotnarad. KeluHru wmsnaHunuiap y Ky3faTWITaH OINEPATOPHUHI XaMMa XOC
COHJIApU Ba yjapra MOC KEIyBYM XOC BEKTOpPJIAPHU TOMNAa OJMAaraHjuruHU
KypcaTIu.

Keitunuanuk, yuHuHr Oy w3manunuiapy 1. Karo, M.W.Bummuk,
JLA.JIrocrepunk, H.H.Hazapo, K.T. Axwmenos, ILI. Aiizenrengiep, M.M.
Baitabepr, B.A. Tpenorun, b.B. Jlorunos Ba H.A. CunopoBiapHuHT UIIapua
¥3-y3ura Kymma OyaMaraH orneparopiiap yuayH gaBom sttupwirad. B.A. Tpenorun
Oy MacajlaHd TapMOKJAHUII Ha3apusacu ycyJuiapu €EpaaMmujaa yprairad. Y
A M.JlsanynoB Ba O.1IMuar ycynuHu Ba HBIOTOHHHMHI JuarpaMmaiiap yCyJWMHU
Kymad, Ky3FaTHIIraH ONEpaTOPHUHT XaMMa XOC COHJIApH Ba yJiapra MOC KeIyBYd
XO0C BEKTOpJIapuHH Tomuiira MmyBaddak Oynran Ba ynap & HHUHT OyTyH Ba Kacp
Japaxanapu — OyiiMua  SKMHJIAIIYBYM — Japakalyd  KaTopjap  KYpUHUIIMAA
udonanaHuiiiHu KypcatraH. byHga xoc coHyiap COHM OulaH KYy3FaTUiIMaraH
@penroabM ONEPATOPIAPHUHT KappaJldK COHU YpTacuaa MyHocabaT YpHATHIITaH.
Xamma Tacaukiap JKopjan 3aHxupiapu TYIUIAMUHU TYiia 1e0 KuiauHrad dapasia

12



ucbotnanrad. Xycycas, XKopaaH 3aHxupiaapy TYIUIaMH TYJa OyJaMaraH X0d y4yH
YHHU TYJIAUPUII yCynu KypcaTwirad. Keiimnuanuk yHuHr Oy roscu acocuaa b.B.
Jlorunos Ba }0.b. Pycak ymymuii Xxomtapau kampad o 4yKyp TaJKUK dTraHiap.
Kopman TynnamyiapuHu  TYJAQUPHUIL  TapMOKJAHWII TEHrjamacura Pennux-
TpeHorun TeopeMacuHM KyJJlalll MMKOHMHU Oepca-ma, y Vy3ura spamia
HOAHUKJIMKIIapra onub kemanu. Macanan, XKopnan Tyniuamiiapu XaxMHu OLIUIIN
MYMKUH, SbHM KYIIMMYa XOC COHJIAp Haiifno Oynuimm MyMkuH. ByHnaH Tamkapu
TYJIIUPHULI J)Kapa€HU KYT amaiiap 6akapuiira Maxx0yp 3Taju.

UM3uKiIM  TEHIVIaMaJapHU  YM3UKIM  KUYMK  KYIIWIyBUWIap  OwiiaH
KY3FITHPHIL Macaiajapujia Ba Ky3raTWwiral ¢pearoibM ornepaTopiapuHUHT XOC
conylapuHu Tonuin macamanapuaa Y XXTmapu Tyma Oynranma aHuk Ba JIYHIA
HaTwxkamap onuHran. Y XTmapu tyna Oynmaranga OyHIaid HaTwkamapra
KymmMua KypunManap épramuaa kenum MmymkuH. Ly cababnu, caBon Tyrunanu:
1) ynra yxmam Hatwkanapau Oepwiran Y)KTHu Tynaupmaciaan oM
MyMkuHMH? 2) Herep omeparopnapyu y4dyH ailHaH XyJQOu LIyHJAHd HaTuxkaiap
oIl MyMKMHMHU? Dby caBouiap edumMura AMCCePTANMSIHUHI OMpPUHYM 000m
Oarunutanrad. Y 5 ta naparpagra OyiauHraH.

bupunun OO0OHMHT OupuHYM mnaparpapuia YU3UKIM ONEpPaTOPIAPHUHT
CIEKTpaJl Ha3apHACUAAH HOYM3HKIM TEHIVIAMAJIAp €YMMIIAPUHUHT TapMOKJIAHUII
Ha3apusICHIa KEHI KyJUIaHWIaJuraH acocuil Tabpugiap KEATUPUITaH Ba YU3UKIN
TEHIJIaMaJIapHU YM3UKJIM KUYMK KYIMIMITyBUMIap OWJlaH KY3FaTHUII MacaJlaCHHUHT
€YMMHU Ba YHUHI KY3FITHPHILI NapaMeTrpura HucOaTaH OOFIMKIMK Japa’kacu
xakunaru reopema Y K Tnapu Tyna 6yamarad xonar y4yH ucOOT KWJIMHTaH.

[y O6oOHMHr WKKMHYM Tmaparpadguaa cCHekTpaid mnapameTpra HucOaTaH
QHATMUTUK OYNTaH YM3HKIM  omnepaTop-QyHKIMUIADHUHT  (PEAroibM — XOC
COHJIAPUHMHT KY3FaTHUJIMII MaCaJIaCH KypWJITaH.

E,,E,- Kanpaiiqup Ganax (asomapu, A(f)e L{E,,E,} oca teGc C chekrpan
napameTpra HucOaTaH aHAJIMTUK OYJIraH oneparop-QpyHKIuUs OYICUH.

dapa3 kunaitnik, A 6epuiarad onepaTop-GyHKIUSHUHT QpenroibM Xoc COHU
6ymu6, ynra moc kenyBuu xoc asooctucu N(A(1))={p )} Ba nedexr

dazooctucu N *(4(4))={y,| OYncun. Xan-BaHax TeOpeMaCHHUHI HATHXKACUTA

kypa {p,}', {w,}] cucremamapra Ouwoproroman Oymran {y,}' cE/, {z,| CcE,

cucTeMajap MaBxkyd. Y  Xouia P:an-,yim, Q:i<-,w[>zi IPOEKTOpIIAp
i=1

i=l1

Oepwiran asonapuu E, =E'®E"™", E,=E,, ®F TYFpU HUFUHAWIAPTA

2,00—n

aKpaTaju.

Tabpud 1.1.7. Arap 4(4,) Ba iAs(ﬂ—/io)s OIepaTopIapHUHT yMyMUH

s=1

HoJutTapu O¥ynmaca, OyHAal WIAPTHU «MAXCYCIMKHH WYKOTHII IHapTH» Ae0
aTauMH3.

MaxcyCnukHM WYKOTHII IIAPTH AMCCEPTALMANA KyPWIAETTaH Ky3FaTWIMILTA
oux Oapua Macajajapja KyJUIaHWIAJWraH peryaspu3auus - Kapa€HUHHUHT
OaKapUIMIIMHA TAabMUHIIANIN.
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dapas3 KUJIANITHK, ceC KUYUK napamerp, e < py Ba

Alt;e)= iA,k ue 'E,>E,, u=A-1, Ky3raTWwiral IOyHAall  OIepaTop-
k+1=0
Gynkmsaku, A(t0)= A(t) 6Yacun.
Xap 6up i=ln yuyH Ai(t)=A(t)+> (~7,)z,, ONMEPATOPIAPHH KHPHTHO,

J#l

Alt; &) onepaTOpHMHT &iiunmacuna A(r) omepatopHu  A:(¢r) omeparopra
aJIMaIITUpCaK, KyWuaarn "peryispusandsuianran”  OIepaTopiiapHd  XOCHII
KHJIAMU3:

Ai(t;g)EA(t;8)+z<',}/j0>2j0. (1)

J#i

Kyitnnaru teopemanap ypuHiu.
Teopema 1.2.1. Maxcyciukau WYKOTUII mapTH OGakapuiicuH. Arap A.(s) Ba

0.(¢), w.(e), i=L,n nap A(t;¢) ONEPATOPHUHI ONEPATOPHUHT XOC COHJIAPU Ba

yJlapra Moc KeiayB4YM XOc Ba Ae(eKT anemeHTaapu Oyiica, y Xonjaa xap oup i=1,n
Ba eTapiiMya KHYuK ¢ y4yH A (g) (1) onmepaTopHUHI Xam Xoc conmapu 0yiamo0,
yllapra MoC KeIyBUM XOC d3JEMEHTIap Ba JepeKT (yHKIMOHAIAp KyWHuaaru
KYpUHUIILIa OYnaau:

oe)=0,+ 2 e, We)=v, + Xdy,. (2)
pr per
Teopema 1.2.2. Arap Gapuya i=1,n nap yuayH dim N(4(4,))=dimN"(4(4,))=n
Ba (A4,¢,,y,)#0 Oyica, y XoIa eTapiuya KHYUK ¢ Jap y4yH & ra HucOaraH
aHanuTHK OYyarad porma-poca n ta A(s) (4,(0)=4,)xoc comnap mMaBxya. Yiapra
Moc KenyBuu @,() xoc anemenmiap Ba ,(¢) nedexT GpyHKIHMOHAIIAD XaM & Ta
HUCOATaH aHAIUTHUK OYIau.
[Taparpaduaunr acocuit Teopemacu Kyniuaarnya.
Teopema 1.2.3. Ky3ratunmaran ornepatop-QyHKUUSHUHT A, GPEATOIbM XOC
conura Moc keayBud YJOKT 4ekiu y3yHJIMKIM XKOPJAAH 3aHKUPIapUAAH Ty3HIraH

0ynmuO, N yHuHT Kappanu conu Oyncun. Arap L, =0,;j=1,00 Ba L, #0, Oyica, y
1

xomga A(s;e) omneparop-pyHKumsSHHHET N Ta £”" HHHT napaxamapu Gyiinda

SKUHJIAIIYBYM KAaTOp KYpuHHUIIKMJA M(oaaJaHyBUMd XOC COHJIApH Ba yjapra Moc
KEIyBYM XOC DJIEMEHTIApU MaBxyx. Arap L, =0,;=1¢q, -1, Ly, =0, L, #0

maptiap ypuniu Oyica, y xojijaa pornma-poca N Ta XOC COH MaBxXyj OViuo,
yllapiaH 7 Tacu ¥3 XOC dJIEMEHTJIapu OWJiaH & HHHT OyTyH Aapaxanapu Oyiuda

AKAHJIAITYBYM KAaTOp MIAKJIHWA4 I/I(l)O,Z[aJ'IaHC&, KOJIraH N-n TacHu 3’73 XO0C
1

JMEMEHTIIapu OwiaH &7~ HHUHT Japaxanapu Oyinua SKUHIIANIYBYM KAaTOP
KYpuHUIIKAA noganaHaiu.

§1.3 aHanuTUK  omeparop-pyHKUMsUIAp  HETep  XOC  COHJIAPUHMHT
KY3FaTUJIMIINIa OaruIlJIaHTaH.
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®dapa3 kunanuk, A, A(Y) oneparop-QPyHKIUSHUHT HETEP XOC COHU Ba

N(A(/lo )) = {(Dio }T , N* (A(/lo )) = {l//iO };n , h>m 6§’HCI/IH.
E, dazona z z z uaean osnemeHmiap  (E,  ¢dasona

m+1,0°“m+2,02°°°*2<n0

Woiros Wiingoes W DJIEMEHTIAP)  KHPUTHO, KyWWJaru  perysspu3aldsHu
Oakapamus:

A)=A0)+ Y 70)70 3)

i=m+l1
Teopema 1.3.1. A(t) oneparop-QyHKIUSHUHT OepuiiraH A, HETEP XOC COHU
(3) oneparop-pyHKIUSHUHT QPPEAroIbM XOC COHUAUP Ba aKCUHYA.
Arap UKKHHYM MapoTada perylsipusalusiacak:

Zi(t;S)EZ(l‘;E)‘FZ<',]/j0>Zj0, i=lm, 4)

J#i

Teopema 1.3.2. Xap Oup i=1,m Ba eTapiuya KH4UK & Jap yuyH A (g) xoc
COH (4) omepaTOpHHUHI OJJUI XOC COHU OYJIMO, yHra MOC KEIYBUM XOC JIEMEHT
7 (‘9) =0 (‘9) + Z a; P, (‘9) Ba He(beKT ®YHKHHOH3H v, (‘9) =V, (‘9) + Z by, (5) 6§’HaHH'

J# i
Ky#ingaru Teopema naparpadHUHT aCOCHI HaTHKACHIIUD.
Teopema 1.3.4. bepunran 4, yuyn Y)XKXT maexyn Ba 6apua i=1,m Jap y4yH

Di
<Z Akgofg“"‘,z,y[o>¢0 oyacuH. L, =0,j=1,0 Ba L, =0 Oyaca, y xomua A(t;e)
k=1
b
oneparop-QyHKIUSSHUHT N =p +---+ p Ta &7 HHHT Japaxarapu Oyinda
SKUHJIANIYBYU KATOp KYpUHUIIMAA H(OaaTaHyBYM XOC COHJIApU Ba yliapra Moc
KEJIYBYM XOC AJIEMEHTJIapu MaBXyd. Arap L, ;=0,/=1q,-1, L,, =0 Ba L, #0

mapTiiap ypuHiau Oyica, y Xojga pomma-poca N Ta XOC COH MaBxXyz OViuo,
ylapiaH m Tacu ¥3 XOC DJIEMEHTJIapu OWIaH & HUHT OyTyH Japaxanapu Oyitnda

AKAHJIAIIYBYM KaTOp MHaKJIxaa I/I(i)OILaJ'Icha, KOJIraH N-m TacHu 5’13 X0C
1

JNIeMEeHTIapu OwiaH &””' HHUHT Japaxkanapu Oyinya sSKHHJIAIIYBYH KaTOP
KYpuHUIIKMAA noaanaHaiu.
2-3cmarma. Arap Ly, =0,j=1,0 Ba L, =0 Oynca, Heroron auarpamMmmacu

yCyJu {LU} Koa(dpuIeHTIap KeTMa-KEeTIUTMHUHT OUPUHYH HOJIIAH (DapKiv Xaau

opkaii Oapya XOC COHJIAPHM & HHUHI Kacp Japaxkaigapu Oyinya sKUHJIAIIYBYU
Japakaiy Katopyiap KYpUHHIIN/IA TOMHUII KIMKOHUHU Oepau.

Amanuii TaTrouk cudatuga §4 na yura macana kypunrad: ltypm-JInyBusmib
muddepeHnman onepaTopu X0C COHMHUHT Ky3raTwiniiy, Jlaminac oneparopuHUHT
KY3FaTWIraH KBaJIpaT Ba 3JUIMIITUK coXajlap yuyH [[upuxie macanagapuHUHT XOC
coHJlapu. Ynapra §2HUHI HaTWXalapu KyinaHuO, ynapHunr  (4,,0) nman
TapMOKJIaHYBYM XOC COHJIaQpM Ba YyJiapra MOC KeIyBYM XOC (QyHKIMsIIapH
TOTMWJITaH.

20-acp Oonutapuaa J.1lmuar ¥3 unapuaa s -cCOHJap TYUIYHYACHUHU, SbHU
H cenapaben I'mnpbepr (dasocuHM Yy3ura akCIaHTUPYBYH B:H—>H
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OMEPAaTOPHUHT A  XOC COHM Ba YHUHT Bop=Aly, B*y=Ap TEHIIUKIAPHU
KAHOATJIAaHTUPYBYM ¢ Ba y XOC 3JEMEHTIapUHU KHUpuUTraH. by Ounan y y3-y3ura
KymmMa Oynmaran  omeparopiap yuyH [unebepr-IlImuar  HazapuscuHu
ymymnamtuprad. Keitmnuanuk, ynap b.B.JlorunoB Ba O.B.MakeeBanmapHHUHT
unutapuaa  O.Jlmuar xoc connmapu ae6 arama OommaradH. Yiaap ['mipbepr
dazonapuna uym3uKIM omneparopiapHuHr IMuar cmektpu Oyiinuya crekTpan
¢imnMacuHu Kypuinrad Ba Oy HaTwkamap J[MpakHUHT PETSITUBUCTUK KBAHT
Ha3apusacuJa Ba DJJIEKTPOMArHUT KApPAa€HIAPHUHT aUpuUM MyaMMOJApUHHU
Yypranuua y4pamvHyd TaAbKUIa0 YTUIITaH.

§5na §2 Harmxanapu acocuga O.IIIMUATHUHT XOC COHJIApU Ba MOC XOC
DJIEMEHTIIAPDUHUHT KY3FaJIUIIA YPraHWwirad. XoOC COHJIAPHUHI TapMOKJIAHUII
TEHIJIaMaJlapy Kypuin0, TApMOKJIaHYBYM XOC COHJIAp Ba yjapra MOC KeIyBYH XOC
AJIIEMEHTIIap MaBXYyIJIUrd HCOOTIaHUO, YJIApHUHT & napameTpra OOFIUKIMK
Japaxkajiapy aHUKJIAHTaH.

Kyiiunran wmacanamapHuHr Mypakkabauru ca6ad, Kym Xoc CcoHjap
MacajlaJJappyHid aHaJUTUK Tap3aa eunO Oynmaiinu. Iy Gowuc, ymapra TakpuOui
CUMINl YCYJUIAPUHU KyJjamra MmaxOyp Oynuuran. ByHuHr okubatuma coHu
yCyJuiap Haszapuscu Te3 puBoxiaHub® kerau. Cojna marpunaiapiaH TOpTud, TO
y3-y3ura KyliMa ONEPATOPJIAPHUHI XOC COHJIAPMHU TONMII YYYyH JKyJda KyI
TaKpuOuil Xxpcooaml ycyjuiapyu nuuiad YuKUIau.

Vrram acprunr 60-immmapuza M.K.TaBypHH Ky3FaNTHpHII Ha3apHsICH
FOsJIApUra acoCliaHraH, €IFOH KY3FalTupuml ycyiau ne0 aranran, [umpbept
dazonapuHu y3ura akCIAHTUPYBUM V3-y3ura KylIMa ONEPATOPIAPHUHT XOC
COHJIApU Ba XOC BEKTOPJAPUHU TOIMMII UMKOHUHU OepyBUM ycyia Takiud 3tau. by
yCyJI, XOC COH Ba XOC BEKTOpra Oepuiran OOUUIaHFUY MU(PAOPIAPHU KY3FalaHTraH
OIICPAaTOPHUHI AHUK XOC COHU Ba aHMK XOC BEKTOpUra aunantupazurad D,

OomepaTopHu Kypuil roscura acocinaHaav. M.K.I'aBypuHHUHT HaTwxamapu Vy3-
ysura KymMa OynMaraH ONEpPATOPIAPHUHI XOC COHIapu xomu yuyH @.Kyuepr
TOMOHM/IAH [aBOM OJTTUPMJITAH. LJIFOH KY3FaJaHWII YCYIH Y3HMHUHT KeHHMHTH
puBoxxnHu b.B.JlormnoB, H.A.Cunopos Ba /I.I'PaxumoBnap mmmna tonau. by
HaTWXajnap KyIl lapaMeTpiiv cuekTpan Macananap yuyH [[.I'.PaxumoB TomMmoHMIaH
TaJKUK KwinHrad. busnunr acp 6omuna b.B.Jloruno Ba O.B.MakeeBanap Oy
YCYJIHU SIHA JaBOM 3TTHUPULIIN.

JluccepTalMsTHUHT MKKHHYA 000M 1-000 HaTWXKAJIAPUHUHT TAaTOUKH
cupartuga O6aHax (azolapuHU AKCIAHTUPYBUM CIIEKTpaJl MapameTrpra HucOaTaH
aHAIMTUK OYJraH oneparop-(QpyHKIMUsIap XOC COHJIApU Ba yjapra MOC KelyBYd
XOC AJIEMEHTJIap Ba HprauryBuu dJeMEHTIapHUA XucoOamira OaruiiaHraH.

§2.1 cmekTpan mapaMmerpra HucOaTaH eTapiiiya CWJUIMK OYiraH omepaTop-
GYyHKUUSHUHT KappaJlurd OupAaH Karra Oynran  ¢pearoyibM XOC COHJIAPUHU
aHUKJIAIra OarvIUIaHraH.

®apa3 Kunainik, E,,E, - Kanpaiaup Oanax ¢aszonapu, A(t)e L{E, E,} ca
t € G c C cnekrtpan nmapameTpra HUCOAaTaH eTapinya CHUIMK OYJIraH orepaTop-
bynkuus OyncuH. A OepuiranH onepatop-QyHKUUSHUHT JAUCKPET CHEKTPHUHT
OollIKa KUCMUJIAaH aXpajraH n Kappaiu (pearojbM XOC COHM OYnu0, yHra Moc
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KemyBun  Xoc  ¢asooctucu N (A(/i))z {(0,- }f Ba gedexkr  QazoocTHcu
N*(4(A) =1, ], k=detl(4'(A)p,.v,)|#0 Gyncun. Papa3 KMIAKIMK, KHIUPHIAETTAH
A @,w,, i=12,...,n CHEKTpaJl MHUKIOpjapra erapjdya sXIIM SKUHJALIyBJap
@i Wi B A quj —q)‘/ouﬁg,

Kuaupuiaétran xoc coHra nactiaOku SKUHJIAIYB A9 cudaruaa Kyluaaru

v,V H <e¢,|1-A<e mabmym OYmcun.

TCHIIAMAaHHWHI CHUMIJIaApHUIaH 6I/IpHHI/I OJIaMU3:

F'(t—=A)=f"(t)= detH<A(t)(pi0,y/j0> =0.

Erapnyua xuumk &  ydyH Kk, :detH<A'(lo )¢ian_;o>

# (0. IllyHuHr y4yH

{gpio }, {Wm} AJIEMEHTJIapra OWOPTOTOHAN CHUCTEMAaJlapHM KyHujaruda KypHII

MYMKUH:

K;A*’(ﬂ'o)l//io > Zj0 =

1 n
ij = jo sj
kO s=1

1 n
k5
is

Oy epaa K. map k, =<A'(ﬂ,0 )(pso,y/l.o> 3JIEMEHTJIADHUHT  alreOpank

TynaupyBumwiapu. k, #0 Oynranu cababmu, mWyHgal i, HOMEp TOINWIAIUKH,

0

k' = <A'(/10 )901-00:‘)”10> # (0 TEHICH3IIUK YpUHIU OYIIaau.

igl
Kyiunaru Z(t) = A(t) + Z <-, 7 o >Z/o orepaTop-PyHKIIUSIHNA KUPUTAMU3.
=AML
Teopema 2.1.1. A(?#) omneparOpHUHT KHUIMPWIAETTaH A  XOC COHH Z(t)

ONEPATOPHUHT aXXpajiran (peArosibM XoC COHM OYyIuO, yHra MOC KEIyBUM XOC
AJIIEMEHTH Ba e(PEKT JIeMEHTH Kyluaaru KypuHuIia oynaau:

5 = ¢10 +chs¢30 ’ W = l//ioO + stl//so '

J#iy
bynna ?>¥, o ap (ﬁ Ba 1/7 Japra eTapiiiya SXIIy SKAHIAmunIiap 0ymnamu.
Enron Ky3FaTUII YCYJIUHU
Alt)x=0 (5)
TeHrjaamara Kyimaimu3. ByHUHT y4yH pacTiaOku sIKMHIAIyB Ao cudaruaa

KyHUJaru TeHIVIAMAaHUHT eYuMIIapuaad OUpUHHU ojlaMu3: f (t) = <Z (t)(p10 ,l//i00> =0.
@, Ba Y, , DIEMEHTIapra OMOpTOroHas Oyiran
~ 1 vy 0 * ~ 1 Y 0
Vo = A*'(ﬂ’ )Wioo ek, z,= A'(ﬂ“ )(plo €k,
kiOO k,‘no
DJIEMEHTJIAPHU aHUKJIAWNMHU3.
EnroH Ky3raTum oneparopy KyWuaaru KypuHHUIIAA KypWIAIN:

D,x = <x,70>2(/1° )¢10 +<x,Z*( 0)1//i00>2’0.
yxomta M) D)~ fouh M (2)- D) .
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JlsnynoB-llImuar ycynuau (5) TeHrmamara TaTOWMK JTCak, A KyHugarw
TApMOKJIAHUIII TEHTJIaMacH J1e0 aTaayBun

F)= (D, + 40)- A1+ T0,+ A0~ A o) =0 ©

TEHTJIAMaHUHT oI Tu i 17019103 637§ oymu6 KOJIa/IH, Oy epra
1

F =[A()-D, +(.7,)5].
Teopema 2.1.2. Arap OonulaHfu4 SKMHJIAIIMIIIAP €Tapinya XK Oyica, y
xomma — myHmpan G, C, L Ba K CcoHmap  TONWIAIWKH,

h=cCslk,,

Io

—Clg)fl(l—kL1 )K <1 mapr Oaxapwiragma, A xoc coHHu (6)

TECHIJIaMadaH
A = 200 _[F(A (AN F(A™), m=012,..,2%=2  (7)
OirtkeH-Ctedpencen  ycynu  €paamuja  TONUII  MYMKUH, Oy  epraa

o(0)=1-Fe) Fle,) =FO=FE)

Teopema 2.1.3. A(}L) OMEPAaTOPHUHT A XOC COHHMra MOC KeITyBud

@.,v.,i=12,...,n X0C 3IeMeHTJIap Kyi1aaru TeHrjiaMaiap e4uMy OyIaau:

|:A(/1)+ Z::<a Vio >Zi0 :|x =Zjo» |:A * (/1)+ ZII:<ZI'0 a'>7io :|y =7 o> J= 13_”

[laparpad oxupuga oluHTaH HaTHXalap TaTOMKU cudaTuia TYpTTa Macania:
Marpuna yuyH, [typm-JImyBwuie wmacamacu ydyH, Jlamuiac omneparOpuHHHT
Ky3FaTWITaH KBaJgpaT Ba JJUIMITHK COXAa Y4YyH KyMWITaH XOC COH Macajajlapy
KYpWJITaH.

2.2 maparpadga OUTTa 3aHXKUPJIA XOC COHHU XUCOOJaIl yCyIH Kypuiarad. Xoc
COHHMHI ajreOpauk KappajlurMHu Oupradya KaMauTHUPYBUH, SBHU Kappald XOC
COHHM pEeryJsipU3alMsUIaHraH OINEPATOPHUHI OJIUN XOC COHMIa alIaHTHPYyBYU
OIlepaTop KypHIIraH.

2.3 maparpadaa crekTpas napaMmerpra HucbataH YM3MKIM OyiaraH oneparop-
bynkuus yayn YKT 6ynran kappaiu X0C COHMHHM XUCOOJIaIll Macaiacu KYpuiraH.

Qapa3 kwialnuk, £; Ba E> - OanHax Qasomapu, 4, :E, DD(AO)—>E2,

A :E D D(Al)—> E, 3uu anumkimaHraH €MWK YHM3WKJIM omeparopiap OYymuo,
D(4,)c D(4,) Ba A; omepatop Ay ra Gyiicymysun (spHu D(4,) na
HAlx 5 S HAOx Ez +HxH51) éku  D(4)c D(4,) Ba Ay omepatop A; ra
OYICYHYBUH (SIbHU D(Al) na HAOx 5 S HAlx
Ky#unaru xoc coH MacajnacuHU Kypauiivk:
(4, —t4,)x =0.
Dapa3 Kunaitnuk, N(4, —4,)=spanlp,,....p,}, N(4, =24 )= spanfy,,....w, }
Ba yHraspramysuu Ai - Ba A1* -XopJaH 3aHXUpU y3yHIuru p, < p, <---<p ,
(4, - 24,)p" = A", (4 =24 W' = A", s=2,p,i=1n,
K =detl(4p",y\")| %0, L=detL, #0, L, =|(40"" ")

k

5t HxHEl ) OYCHH.

b

18



i(k)=1,n, j(l)=2.p,(p,)
OyJIcuH.

Homabnym A xoc con Ba YK3 3neMeHTnapHra eTapJn/Iqa AXIIH A»(P,o , y/l((j)

SKUHJIAMIMAIUIAP MabIyM OYIICHUH: H(P; —pV<e, " -l , M—A

<g .

Kylingaru peryispuzanusHu Oakapamus:

A(r)=(4,—14,)= 4, 14, +Z< PN £ 3T W)z (g)

i=2 k=2
Teopema 2.3.1. M3nanaétran A xoc coH (8) onepaTOpPHUHT OJAUI XOC COHHU
0Yn110, YHUHT XOC 3JIEMEHTHU Ba ACPEKT dJIEMEHTH Kyﬁm[amqa aHUKJTaHAU:

P =" +ZC,1<0 +ZZCH<0 +chs¢1 , 9)

i=2 s=2

W l)yl +Zd11l// +sz1vw (10)

i=l s=2

@ Ba |/ napra GOUUIAHFMY SKMHIAIANUIAP cupatuna @, = @'/ —p!"™" Ba

W, =y, TapHHU KaOyn Kumamu3. Y xonaa A, = <Al¢0,w0>% o~ > €0 OJIHIII
0 0

0°
MYMKHH.

bynnan k, = <A1509‘/70> = <A1¢1(§])’l/70> _<A1¢1((§]l_1)9‘/70> = <A1(01((f])’l/70> #0

~ 1 . ~ 1 .
DKaHJIMTMHU XucoOra ojcak, 7, =k—A1 Wi Z, =k—A1¢)O OeWHIl MyMKHUH. Y

0 0
X072, <50,;70> =1, <70,W0> =1 Oynagu.
EnroH Ky3FanaHuII onepaTOPUHY KyHUIard IaKIa KypaMu3:
Dox = <x’770>2(ﬂ“0)50 +<X,Z*(ﬂo) o>30’
D;y = <Z(}‘o)5’x>7o +<209Z*(}‘0)V/0>Z*(/10 )Wo‘
'V xomma D@, = A(4,)5,, Dy, = A*(2,)7,, semn N(4(#')-D,)
N(A*(2)-D;)=17,}
Tapmoxianuin TeHrIamMacu 0y X0 yuyH Kyhuaaruda 0ynaau:
F(e)=1-([1+T,(D, + 4()- 4(3,)] ,.7,) =0, (11)

1

6y cpaa To = [Z(ﬂ“o)_Do +<'970>’50]_ .
®apa3 Kuinanmk, S (/10;,0) - pamuycu p Mapkasu Ao HyKTaga Oynrax
oupop map OYiIcHH.
Teopema 2.3.2. Arap OomuiaHfuy SKUHJIAIIAIUIAD eTapiuya saximm Oyica, y
xomna mynmaii  S(A4,;p) map MaBXyAKH, Oy epra 7= ‘F '(ﬂO)HF (ﬂo)(,

@,
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r= 1-~1-4n v21h_4h’7 <p,h= ‘F’(ﬂ,o)(_lL‘F(/IO )< %, (11) Tenriama sroHa A e4uMmra
sra OYu0, yHU KyHujgaru
A.,=i —[F()]'F() m=012,... (12)

MoaudukanusamTapuirad HeioToH ycynu Oniad xucoOman MyMKHH.
Alituin 103uMKH, (12) utepanoH kapaéHHUHT Xap Oup KajgaMmuaa OuTTagaH
KyHUJard ornepaTop TEHTJIAMaHU €YUII KEpaK:

[Z(ﬂ’m )+ < 770>30]'X = 30'
Teopema 2.3.3. YKT snementnapu {(p(i ) };, {1// ® }l.p:l KyWUJarua peKyppeHT

CUCTCMAHUHI CHUMJIAPHUAND:

|:Ao _Ml +ZI:<'97 o>Zs0}x =Zy |:A; _Ml* +Z;<Zsoa'>7soi|y =7io>
|:A0 _Ml +Zl<"7/s0>zs0:|xj,i = Alxj—l,i TZgs Xy =@ X, = ¢i(j)9

|:Ag - ﬂ“Al* + Z<Zso 9'>7/s0 :|yj,i = Al*yj—l,i TVieo Vi =W Vi = l//i(j)’
s=1

j=2,p, i=Ln.

§ 2.3.2ma aHanuTUK onepaTop-QyHKUUSIIAD XOJaTH YpraHwirad. ByHUHT
YUYH FOKOPHJA KEATHUPUIIraH Xoccajgapra 3ra OMOPTOroHal CUCTEMajapHH KypHO
Oynmaciuru ca®abnu, JMHEapu3auusall yYCyiad €EpAaMHAa aHAIMTHK XOJIaT
YM3UKIM ~ omneparop-QyHKuusiiap  Xonarura —kentupwirad.  Cyarpa  2.3.1
naparpadHUHT HATWXKaJApU KYJIaHUO, Kepakyiv HaTHXanap OJUHTaH.

[Taparpad oxupuaa aHaAIUTUK OMEPATOP-PYHKUUSIAPHUHI XOC COHJIAPU Ba
ynapra Moc kenyBuu YKT aneMeHTIapuH KY3FaTUIIUII HAa3apusCUra acoCiIaHraH
yCyJ1 €plaMK/ia TOMHII Macajlacu KYpHJIraH.

§ 2.451a HEeTep XOC COHJIapHu OYJraH X0JI YpraHuIraH.

®dapaz kunannuk, A(#) te€ G < C ra HucOaraH eTapivya CWUIMK, E; OaHax
dazocunu FE> 0GaHax ¢azocura akCIaHTUPYBYM YM3UKJIU ONEpaTop-(QyHKIUS

O0ynu0, A YHUHT AUCKPET CIIEKTPUHU aXpajiraH HEeTep HyKTacH, {(p.(j )}FI—’F' Jca yHra

i i=l,n

moc keayur YOKT 6yncun. AifHal myHpaii {1// Y )}’ r

i i=l,m

yHra Kymma oynran A *(4)

onepatopHuHr Y XXTu OVicuH. AHUKIUK YYyH n > m Ba {gp.(j) }FE YKT m-

i i=l,n

Tyna  OyacuH  1ge6  XxucoOnmaiMmu3.  YMyMHMIUIMKHA ~— Oy3MaraH  XoJjjaa
p, >maxp,, j>m 1eb hapas Kuiamus, KaHIaHUp eTapinya sxum A, gofg ), y/i(g )

1<i<m

<g, M—A‘Ss i=m+1,n, s<maxp +1,

I<j<m

Hq)i(‘g) - (0,-(5) <ég, Hl//(s) _ wi(g)

i=1,m,s=1, p, nap y4dyH, SKUHJIAIIUILIAP MabIyM OYJICHH.
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Bepwiran  {p,| Ba {w,}" cucremanapra GuopToronan Gynram
cHCTeMasapHi Moc paBumiia {7, | Ba {z,}" ne6 Genrumaiimus.

E> (Xynmu myHnpait E2 ) ¢azonu 1-600HmHT §1.3 wmmarm kabu wupean
Z 109 Zmin0r 2200 (WoiosWoingse-sW,,) DJEMEHTIIAPrA TOPTHITAH (Ha300CTHCHIA
KEHIauTUpaMus3.

YMymuitinkau Oy3maras XoJjja, <A" (Z)gol ,w1> # 0 eI MyMKHH.

Kyitnnarn A (t) = A(t) + Zn: <., Vo >z[0 onepaTop-QyHKIUIHU KypamMus3.

i=2
Jemma 2.4.1. A(t) onepaTOpPHMHT HeTep TUNMAATH A XOC COHHM A (t)
OIIEPaTOPHUHI (PPEAroibM TUIUAATH XOC COHU Oynanu. byHna yHra Moc KeiayBuu

XOC DJIEMEHT & = @, + ick @, Ba NeQeKT QYHKIMOHAI 7 =y + Z d v, Oynany.
k=2 k=2
@.,,W,, dmementnap A(1) Ba A *(A) omepaTopmapHmHr $ Ba / HON
DJIEMEHTJIApUTa OONUTAHFUY SKUHIIAIIHII OYIIUITN MyMKHUHIUTH HCOOT KWJTMHAIM. .
n,d,, k= 2,n, KodhuIMeHTIap eTapauvya KUYMK OYiaranimuru cabadunu,
N

k = <A (1)45,1/7> =0 OYymaay.

/A XOC COHHM aHUKJIAIll MaKcaau1a Kynuaaru

A (t)x =0
Macayara €IFOH Ky3FaJaHHWIIl YCYJIMHHM KYynaiimMu3, OyHUHT Y4YyH OOLUIaHFHY
SKUHJIAIIUIL A9 cuarnga f (t)E<Z(t)(plo,l//10> =(0 TEeHIVIAMaHUHT WIIU3U
OJIMHAU.

N3nanaérran Xoc COH y4yH TapMOKJIAHUII TEHIJIaMacu Kyiuaaruia oynaau:
F(e)=((D, + 4()- A1+ T, (D, + 4()- A2))] o) =0. (13)
Teopema 2.4.1. Arap OolaHFUY SKUHJIANIUIILUIAP €Tapidya sXimu oyica, y
xonma myHmann  C, C;, L u K COHJIAp  MAaBXYIKH,
h= Cé‘Qk 0

i

—Clg)_l(leL1 )K <1 mapr Oaxapwiranga, A  xoc coHHH (13)

TEHTJIaMa/IaH
A = 20— [F(A, (A F(A™), m=0,1,2,..., A9 = 2
OntkeH-Credpdencen  ycynu  Epaamuaga Tomuml — MyMKWH, Oy  eprha

o(t)=t-F(t), F(e,m)=FE)-F (f"%_t,,).

bepunran A(Z) OTIEPATOPHUHT M3JaHAETraH A XOC COHUTA MOC KEITyBUd
@.,y.,i=12,...,0 XOc)3IeMeHTIapu KyWHnIaru

21



[A(ﬂ)+ i<-,%o>zm}x =z,, [A *(2)+ i(zm,)%o}y =V, J =10

i=1 i=l
TEHTJIAMAJIADHUHT €4nMU crudaTria aHuKJIaHATH.
Arap A(t):B—tA oneparop-pyukiuss m- Ttyna Y)XKTra osra 0Oyica,
Kylujgaruya

n

A1) = A()+ 2 (70)70

i=m+l
peryJsapuzanus 0axxapaMus.
Jlemma 2.4.2. M3znanaétran A XOC COH A(t) orepaTop-QyHKIUSHUHT,

HOJUIapU P, =@, + D.c,0, Ba nedext byHKIIMOHAIIIapU

k=m+1

v,=y,+ >dy,, i= 1I,m KypuHHIIAa OYnran GppeAarosbM Xoc COHM Oymaau.

k=m+1

Jlemma 2.4.3. Arap {(Z(’)}j:jp Tymnam A(1) omepaTopHHHT A XOc COHHTa

Moc kemyBun YT Oynca, y xomma Oepuiran gol.((‘j) SAKUAHJIAIIAIIIIAP

(51.(3), s=1,p., i =1,m snementiap yayH Xxam SAKHHJIAIIHII OYIIa IH.
Mynaait kuaub, 6us §2.3 ga kypunran xoura kenauk. §2.3 yciayOuHu Kyiiad
u3naHaérrad A xoc coH Ba yHra Moc kenyBun Y KT snemeHTiapu TOmuiIraH.

A MoJien MacajJlaCMHUHT Kappaldu XOC COHJIapH Ba yJlapra Moc KeIyBYH XOC
AJIIEMEHTJIAPUHU TOTHINTA UKKUHYW TaparpadHUHT OSIIMHYY OaHIu OaFvIIaHTaH.
bepuiran MacanaHu peryJspusaiusuiall X|ucoOura Kappaid XOC COH OJJIUN XOC
CoH xoymra kentupuiarad. CyHrpa, €EIFOH KY3Falull yYCYJIMHU KYIUiao,
u3JiaHa€Trad Xxoc coH Ba Moc kenrad Y KT anemeHTnapu XucoOaaHTaH.

Yuunuu 000 kyn mnapaMeTpiaM CIEKTpall Macajajlapra OarFuIlJIaHTaH.
YMyMHil CEKTp TYUIYHYACH YM3UKJINA OINEpaTopiiap KOMMYTATHB WUFMAcH y4yH
yJlap OpKalM aHUKJIAHYBYM OIEpPATOPJIAPHUHT anreOpacu OpKadu KUPUTUIAIH.
YMymuil ciekTp anreOpaHu TaHjamra OOFIUK OYJIraHd Y4yH y sroHa OYJIMaiiu.
§3.1ma A.T.[damHuHr OWp TEopeMacu YHM3UKIM oOlepaTop-GyHKIUSIapHUHT
HOKOMMYTAaTUB  WHWFMAacu y4yH yMymilalTupuirad. Perymsap — Tymiam
HYKTaJapUHUHT MyXUM cU(aTH aHUKJIAHTaH.

VUFMaHUHT yMyMHil CIIEKTpH (IMHCKpET CHEKTpH) Wy HUFMara KHpyBUHM
OMEepaTOPIAPHUHT CHEKTpJapu (AUCKPET CHEKTPIapH)HUHT JCKapT KymalTmacura
TEHr Oynmuimu Kypcatuiaran. YMyMmuil Hol (a300CTHCH MHUFMara KHPYBUU
oreparopiap HOJ (Pa300CTUIAPUHUHT TEH30p KymalTMacura TEHT SKAaHIIUTH
aHUKJAHTaH. YMYMHM JIMMHUT CIIEKTpra Tabpud Oepunnd, yMyMuid CrieKTp OujiaH
YMYMHUI JIMMHUT CHEKTp VypTacuaard MyHOca0aT YpHaTWIraH. YMyMHUH COHIIU
TymjaM — TYIIyHYacd KUPUTWIUO, YMYMHH COHJM TYIUIAMHUHT WHUFMara
KUPYBUYWIAP COHJIU TYTUIaMJIapu OpKaJiv UpoAalaHUIIN UCOOTIIAHTaH.

§3.21a ATKMHCOH TaJKMHUJArd KyIN TapaMeTpid XOC COHJIap Macajaacu
kypunarad. Acocuit Tavpudnap Oepunub, @.PenmnuxHuHr Oup HaATHXKACKU KYII
napamMeTpiu  omneparop-QyHKIUsIap — OWIacH  YYyH  yYMyMJIAIITUPHUIITaH.
Cummetpuk omeparop-pyskiusuiap yuyH [.A.lMcaeBHMHr Teopemacu HCOOT
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KWJIUHTaH. ATKAHCOH TOMOHMJAH 4Yekiu (a3ojap y4yH OJIMHTaH Oup Heura
TeopeMasiap OaHax (azosiapy ydyH HUCOOT KWIMHraH. by HaTwxamap Ky
napaMeTpiid XOC COHJIap MacalacuAa CIEKTPHUHI OYIMHUIINIA acOCHM OMUII
Oynau. O.ATKMHCOHTra TaKIWA KWIKO, TEH30p KyNalTManap Ha3apusICH acocuia
KYTI apaMeTpiik XOC COHJIAp MacCaJaCMHUHT CIIEKTPUHH OYIyBuM A omepaTtopiap
OWJIACHHU TaIIKWJI 3TyBUM Maxcyc A —A A, omeparopiap KypHIraH.

Omneparopiiap A OWJIACHHUHT PE30JBBEHT TYIUIAMU KYN MapaMeTpiiv XOC COHJIap
MacaJlaCUHUHT PE30JIbBEHT TyIiamura TEeTUIUTWINTH UCOOTIaHTaH.
@.ATKMHCOHHUHI KYyN MApaMeTPJId XOC COHJIAP MAaCaJaCUHHUHI JUCKPET CHEKTPU
HyKTaJJapuHU A oreparopiap OWJIACHHUHT YMYMUN TUCKPET CIEKTPUTa TETUIILTN
oYUM XaKuaard HaTHUXKACU YMyMJIAIITUPWITAH. YJIapHUHT YyCTMa-yCT TYIIHUIII
IapT aHUKJAHTaH. YMYMUM COHJIAp COXACH TYIIYHYACU KUPUTHINO, yMyMUU
X0JIJIa KYTI mapaMeTpJid CIEKTpal MacajlaJJapHUHT YMyMUN COHJIU COXacHu OYJIyBUU
oreparopjap OWIACMHMHI YMYMHUH COHJIM COXacura TEeTUIUIM OYIuiim
ucOoTinaHrad. Arap KyI mapaMeTpiid XOC COHJIap Macajacu w - 3pkiu Oyica, Oy
UKKU TYIJaM YCTMa-yCT TyluIIM ucOoTianraH. Kym mapamerpnu xoc coHiap
MacajacH JIMIMUT CIIEKTPUHUHT OYITMHUII MIapTIapy aHUKJIAHTaH.

Kyn mapamerpnm xoc coHnap Macanacuaa Ky3raTWIMII Myammodiapura §3.3
Oarunutanrad. Oauil XOC COHJIap KaTopuia Kappalid XOC COHJIAp XOJIATH XaMm
YpraHuiras.

®apas Kwiailnuk, E,,F,, j=1,n- 6anax dasonapu, Ba 7,(t)e L(E_/.,Fj), j=1ln -
KaHmaagup Gc C"  coxala aHaNUTUK  onepaTop-QyHKUusuiap  OYJICHH.
2 =(2,..,2) - T,(t)x, =0, j=1n, KyI mapameTpiu xoc cornap macanacu o, (T)
JUCKPET CHEKTPUHUHT IIyHAAW axpanraH (pearoiabM HYKTACUKH, YHUHT YUYH
KerlT, ()~ oertsh Kerll(2)= et G, B3 oo}, nap -

i,j=1,1

{gpﬁo }F“ Ba {z//ﬁo }F“ Japra OMOpPTOroHal cucTemManap OyJICHH.

Ky#unaru Ky3raTuiiran Xoc COHJIap MacajaCuHU Kypainuk
T(te)x,=0, j=Ln, (14)

6y epma T,(:0)=T/(t), j=Ln, Ba T/(e)- KOMIUIGKC & MapaMeTpra HucOaTaH
aAHAJINTHK.

Xap oup j =1,n YUYyHU 7},»(1;8)=7}(t;€)+z<',7ﬁ0>zﬁo OIIEPaTOPJIAPHU KypaMus.

J#i

Jlemma 3.3.1. Etapiuua kuuuk ¢ Ba xap oup i=12,...,n Jap y4yH HIyHAAM
cjis’ djis
KyHuJaru Ky napaMeTpiy CIEKTpaja Macajla Y4yH OJIui (penrojbM THUIUAATA
XO0C COH Oymaau

j,s=12,...,n, Yy3rapMmaciap TONWIAAUKH, KUAUpHIaéTran A(g) XOC COH

T(se)x; =0, j=1n, (15)
(15) ra JlsmynoB-lIMuaTr ycynuHu Kyilacak, XOC COHHHHI TapMOKJIAHHUII
TEHIJIAMACH Kypuilaau

Lf;)(,ul.;g)z ZL%Y,uf‘g‘ =0,i,j=12,..,n, (16)

S+‘a‘21
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by epna L(;Zts = Z <Tja<°)sn (FjT/amsl }1 "'(FjTja(m>s )k "'(/’jm"//ﬁ0> =0.
(a,s):(a(u),so )+k1 (oz(]),s1 )+km (a(’”),sm )+ . "

(16) tenrnamara KpoHEKepHHHT HWHVKOTHIN YCYJIWHU Kyuiad, yHU Oup
yimyamiy TeHrnamara oiau6b kemamu3. CyHrpa Oy TapMOKJIAHMII TEHIJIaMacura
HploTOHHUHT AuarpamMmainap yCyJuHHU KyJiacak, Oapua XOC COHJap Ba yJapHHUHT
KY3FaTyBUM NapaMeTpra OOFIMKIUK Japa)xacl aHUKJIaHAH.

Bbo6 oxupupga HeTep XOC COHJAPUHUHI TapMOKJIAHMII Macajacu KYpuiraH.
buprnHun 000HUHT § 1.3 HaTtwkanapu ATKHMHCOH TaJIKWHUJATM Ky MapameTpiiv
CIEKTpaJl Macajara yMmymjamTupwirad. byHma 1-typ xampma 2-Typ Herep
HyKTaJlapy TaAKUK KAJIUHTaH.

TypTunun 60612 gactinadku 600Iap HATWKATAPU KYIT TAPAMETPIIN CIICKTPaT
Macananapra yTkaswirad. JKopaaH 3aHXupiapyd MapxyJ OyimaraH oaauii Ba
KappaJid XOC coHjap ypranwirad. § 4.1 na AMCKpEeT CHEKTPHUHT (Ppearojibm
HYKTaJapy XOJIU KypHUJITaH.

®apa3s Kwiainuk, A=(4,...,4,) - T()x, =0, j=Ln, KyI mapameTpan xoc
coHnap Macanacu o,(I’) OMCKpPeT CHEeKTPHHUHI LIyHIai axpanraH (Gpearonsm

HyKTacukH, YHUHT yayH Ker(T,(2))=1p,....0,} Ker(T/(2))={v y»-w, | Gymcum.

@, W, i=Ln,j=1n Ba A mapra erapauya sxum ¢,y i=1Ln,j=Ln, Ba A

W —l/lﬁ.?)u <g, ||/1 —A” <eg.

SKUHJIAIIUIIIAP MaBxy[ OYICHH: H(pﬁ - gojo)H <g,

Bouuranrnu A° = (/210,...,/1,10) AKUHJIAIIUII cmbaTI/ma KYWUUJIaTu CUCTEMaHUHT
€UUMUHHU OJIaMU3

F(e=A)=detT, (0o} v
o1 ! mapra 6uoproronan 6yaran " { 1z”{ cucremanapan
!} )| napra Guop y p
0 _ L <0 o aT/‘*(ﬂo) 0 .0 _ 1< K T, (/10)

‘:O,jzl,n.

(0)
ji jsi jis o i jis is
j k? i ot j j k? i ot j

l J L J

KYPUHHILJIA KypaMu3.
Kylinnaru peryisipuzanusiHi 0akapamus:

T,(0)=1,()+ X (7).

Teopema 4.1. 1 =(4,...,A, ) Kyliugaru MacaJaHlHT
T(t)x, =0, j=1n, (17)
IIyHJAH OJAMIA XOC COHMKH, YHTa MOC KEJIyBUH XOC DIEMEHT ¢ =@ Q- ®p, Ba
nedexT GyHKIMOHAT / =, ® - @Y, YIYH, §, =@, + > .C,0u W, =W, +>.d. W, .

i#5) (£

(17) macaiaHMHT TapMOKJIAHUII TEHTJIAMAaCHU KyWHJIard KYpPUHHUIIITA 3ra:
£0O=((00+T,O=1 @ Wi+, (D, + 7,01, (2 ) 02w = 0. =T (18)
A =(A,...,A,) o Tomu yuyH (18) cucremara HbIOTOH yCyIMHM KYILIaliMu3:
A = 200 _[F(2)] F(A), m= 0.2,

Gy o FU) =700 50| 2 ),
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Xoc con A=(4,...,4,) Tomuiaray, yHra MOC KeIyBUH XOC ODJIEMEHTIIAp

n

KyWH1aru Yu3uKJId TeHriaMaaapaad TOMMMIIA N

[wwz’<-,7_5-?>>z5?)}_, 20 {T;‘u%z’<z5?>,->75?>}j /0, j=im.

i=l1 i=l1

JIUCKpET CHEKTPHU HI HETEp HYKTANApUHU peryispuzanusiamra § 4.2
OaFvIUTaHTaH.

®apa3 kunmainuk, A=(4,...,.4,) T()x,;=0, j=Ln, Macana o,(T) AUCKpeT
CHEKTPUHUHT QXpajraH IIyHAall HeTep HYKTacu OVJICMHKU, YHHHT Yy4yH
Ker(T,(2))= {go_/l,...,(ojnj}, Ker(Tj* (4))= {W jl""’l//jmj} OyiacuH. YMyMUIAIUKHEY Oy3Maran
xonna Oap4a j map y4yH n,>m; 1e0, sbHM A 1-Typ HeTep Hykracu ne0 dapas
KAJIaM#3.

¢, v, j=Ln Ba A japra erapmuda sxum @\ i=Ln,j=1n,

wW,i=Lm, j=Ln, Ba A SKUHIALIMLUIAD MAaBXYyJ OYJICHH: H(pﬁ—(pﬁ?)ugg,
<

F ¢asomapun v Ly ..y, i=1n, ugean snementiap xucobura

oT(2) ) )
< atj QY

buoproronan {yﬁo)} {zﬁo)} CUCTEMJIAPHU KypuO, KyHuaaru peryiaspu3alusHu

KeHraliTupamus, Ba k, = det £0, i, j=1,n 16 papas KUIaMu3.

Oakapamu3

T0=T0r SN, =i
Teopema 4.2. Auuknamtupunaérrad A = (4,...,4, ) X0¢ CoH
]_}(t)xj = 09 J = lan

MacCaJIaHWHIT aKpaJiraH (bpeI[FOHBM TUIINAAru XO0C COHUIUP.

n

Slna 6up mapra perynspusauusiacak: 7,(1)=T,(t)+ YD a=(4s.nh,)

J Py Jt Jt n
Kyuuaru
Ttk =0, j=1Ln. (19)
XO0C COHJIAp MacajJaCUHUHT OJIMI XOC COHUTa aillaHa/Iu.
(19) wmacamara Jlanynos-llImuar ycynuHu  Kyuiad, TapMOKJIAHMII
TeHrnamMmacuHu  Kypamus. CyHrpa, yHra HeroToH ycynuuu  Kyiao,
kugupunaérrad A = (4,...,4,) X0C COHHU TOIAMM3.

Acaarma. Arap A=(4,...,4 ) - 2-Typ HETEP HYKTACH, AbHU j =1,k Jap ydyH

*2""n

n,>m, Ba j=k+ln Jap y4dyH n,<m, Oynca, y xonna j=1,k nap ydyH

T(t)=T() ®a j=k+tlLn nap yayn T,()=T/(t) ne6 1=(4,...4,) Hu

J J 25

T(t)x,;=0, j=Ln MacamaHuur l-Typ HeTep HyKTacHra aiIaHTUPUO OJIMLI

MYMKHH.
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bo6 cyHrmpa onuHraH HaTWKAJapHU KYJUIAHUIIMHU HAMOWHII  3THII
MaKcaauJa KyWnaaru Macanajiap Kypuiaran

2
A. dxl/;l +(3ﬁ“1 +24, )”1(x1): 0, ul(o): 0, “1(xo): ul(l)’
1
d2
dxuzz + (211 -34, )Mz(xz): 0, u, (0) =0, uz(xo): U, (1),
2
2
B. ci,xul +(3/11 +24, )ul(xl): 0, “1(0): Ml(l), ull(o): u1'(1)a
1
d’u,

2 +(2/11_3/12)”2(x2)20= ”2(0):“2(1): uz'(o):uz'(l)_

2

bapua xucobnanutap Maple 11 gactypu noupacuaa Oaxxapuiiras.

XYIO0OCA

Jluccepranusiia aHaIUTUK OMNepaTop-QyHKUUSIIAPHUHT Oup MapaMeTpiu
Xama Kyl mapaMeTpiu CHeKTpasl Macajajapujia Kappaiu (ppearojibM Ba HETEp
XOC COHJIapM Ba YyJlapra MOC KEJIyBUM XOC JJIEMEHTJIApUHU TOMHUII Y4yH
peryispuzanysiam ycyiu Kypuiarad. by ycymnap €nfoH — KY3FaTHIMIN YCYIIU
OwiaH OuWprajmMkia XOC COHJIap Ba yJapra MOC KEeIyBUYM yMyMJIAIITaH KOpJaH
TYIUIaM 3JIEMEHTIapUHUA TaKpUOU XucoOamira xaMm TaTOuK 3TUIITaH.

JluccepTallUSIHUHT XaMma acocuil HaTwxkanapu sHru. OJIMHraH HaTwxajiap
KyHuJard XyJocajlapHU YUKApHUIITa UMKOH Oepain:

1) dpenronsm oneparopnapununr yekian YIK3 napaan tyswiran YT Tyna
OynMaranjma  peryisipuszaiusi  ycynu  Epaamuaa  Ky3raTWITaH  YU3HUKJIU
TEHIJIaMaJlapHUHT KyWu1aru

n—

1 © 1 o -1
W)=, (e)+ 28, 5(1—;«9"FAk) ?, +(1—;8"FAkj ?,
= - n
KYPUHUIIIATH SITOHA €YUMHU MAaBXYIJIATH UCOOT KUJIWHUO, YHUHT KY3FATHIIHII
napaMeTpura OOFJIUKIINK Japakacu aHUKJIAHTaH;

2) YXKT tyma Oynmaranga HBIOTOHHWHT amarpamMmainap YCYJIUHH XOC
COHHUHI  TapMOKJAHHUII  TEHrjJaMacura KyJjam  KylmiuMua  Mypakkad
XucoOnaniapHi Tajnad KWiIraHu y4yH Oy XoJuiapja peryispusauusan ycyu
épraMusia Kappaiu coHd N OyiraH Kappajiy XOC COHJIApHU OAJMMA XOC COHJapra
alIaHTUPUII, KY3FaTWITaH YU3HKIN OonepaTtop-QyHKUUSIAPHUHT XOC COHJIAPUHU
TONUII, yJApHUHT COHM N Ta OYIUIIMHU MCOOTIAIl Ba YJIAPHUHT KY3FaTHIIMII
napameTpura OOFIHKINK Japa’kaCUHU aHUKJIalll UMKOHUHH Oepajiu;

3) Ky3FaTWwiraH 4YM3UKIA ONEepaTop-PYHKIUSIAPHUHT XOC COHJIAPUHU
Ky3FaTUJMaral OIEPAaTOPHUHI HETEp XOC COHM aTpoduiard TapMOKJIAHMIII

TEHTIIaMacHHu aMajiia Oaxapub Oynmaciuru tydaitnu, 4, Ba A, ¢asonaphu

uaean dJIeMEHTJIapra TOpTWIraH (a3zoocTwiapura KEHrauTupuinl Ba Oy SHTU
dazonapaa UNUIAMAWTaH peryJspu3alusiiaHral  onepaTop-QyHKIUIHN KYyPHUIII
XUCcOOWra HeTep HyKTa peryjspu3aldsiiaHraH ONepaTOPHUHT  (peAroabM
HyKTacura ainantupwign. Cyarpa, JlsnyHoB-IlIMuar ycynum Ba HBIOTOHHMHT
quarpaMMainiap yCyJlIMHM KyJutad, Oepwiran Ky3FaTWTaH YU3UKJIM OIEepaTop-
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¢yHKUMS pomma-poca N Ta XOC COHIAa 3ra JKAaHJIUTM Ba yJap Ky3FaTHINALI
napaMeTpUHUHT OyTyH €KM Kacp Japaxaiapu Oyiuda SKUHJIANTYBYH KaTOP
KYpUHUIINAA OYIUIIY UCOOTIaHTaH;

4) D.IMuaT TaTKUHUAATM KY3FaTWJITaH XOC COH Macajacu KYpHJITaH.
Perynapuzanusiiam ycynu épaamuaa Oy Macana pommna-poca N Ta £ ra HucOaTtaH
y3IyKCU3 OYJIraH X0C COHJIapra ara Oyauiu ucOOTIaHTaH;

5) perynsipuzanusiiam ycyjau €1FOH KY3FaTWIMII yCyJu OuWJiaH Ouprajiukia
Oup mapaMmeTpiu Ba KYN MapamMeTpiid CHEKTpal MacajaJlapHUHT /- Kappalud XOC
COHJIAapUHM TaKpuOuii xucobmamra Tarouk stuiarad. Y KT tyna Gynmaran xosaa
Oy ycyiiap Xxoc COHJIapHU aHHWKIamarannuru, ¥ KTu tyna Oynran n xappaiu xoc
COHJIAPUHU TaKpuOui xucoOmariia 3ca KyJaa Ky XucooOJanuiapHy Tanad KUJIraHu
Y4yH JIUCCEPTAaHT TOMOHHJAH KHUPUTWITAH peryspusainus ycyiau Oapua
xucobnanuiapau 2" maportaba KaMaTUPHUII UMKOHUHU Oepau;

6) aHaIUTHUK omepaTop-PYHKIMUIAPHUHT Kappald XOC COHJIAPUHU XHCcOoOall
YUYH JIMHeapHu3alus yCyau €paamMuia alropuT™ Kypuiiau;

7) OupuHuM MapoTaba peryisipu3alusuiall yCcyiau OuiaH EIFOH KY3Faaull
yCyJin KOMOUHALMSICH €pJlaMUJIa HETEP XOC COHJIApPUHM TaKpUOMil XucooOai yuyH
UTEPALIMOH )KapacH KypHJIIu;

8) perynspuzanusiiam ycyiau épaamMua Jlanmac onepaTopuHUHT KYy3FaTHIIraH
KBaJpaT Ba JUIMNTHK COXA YUYYH XOC COHJIAPU aHUKJIaHIH.

Hucceprant wiMuil Maciaxatuucu axagemuk [llaBkat ApudpxaHoBud
AnvMoBra KuMmmaTiau Maciaxariaapu, Opuit bopucoBuu Pycakra alipum
MyaMMOJIapHU OWJWHIAIITUPHUINTA €paM OepraH KMMMATId MyHO3apaiapu Ba,
alfHUKCca, alipuM MacallaJlapHu KyWranu, JOMMHM KyJu1aO-KyBBaTiiad TypraHu Ba
KUMMATIId ~ MacliaxaTjiapu yuyH (¢u3uKa-mMaTeMaTuka (QaHiapu  JOKTOpPH,
npodeccop bopuc BmamumupoBuu JlormHOBra dUyKyp MUHHATIOPYHIHK
ownupay.
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AHHOTALIUSI JOKTOPCKOI TMCCEPTALIUU

AKTYaJIbHOCTb W BOCTPe0OOBAHHOCTH TeMbl auccepramuu. OAHUM U3
aKTyaJIbHBIX HAIPaBJICHUH B COBPEMEHHON MAaTeMaTHKE SIBJISIOTCS MCCIENOBaHUS,
CBSI3aHHBIE C TEOPUEH HEJIIMHEMHBIX 33a1a4. MICTOUHMKOM IOCTaHOBOK TaKWX 3a1a4
CIIy’KaT MaT€MaTHYECKHE MOJEINIH, MCIOJb3yEeMble B NPUKIAJHON MaTeMaTHKE,
OMOJIOrMy, 3KOHOMHKE, TMAPOJWHAMUKE, TEOPHUH YIPYTOCTH W IUIACTUYHOCTH,
TEOPETUYECKOW M MaTeMaTudyeckod ¢usuke. Ilpu pemeHnn HeIWHEWHBIX 3aaad
BaXHBIM (haKTOpoM siBisieTca (eHOMEeH OudypKalud M BETBICHUS B TaKHX
3aJadax, 4YTO BIIEYET IIOABJICHUE HOBBIX pEHIEHWA B Clydasx Iepexona
YIPaBISIONIMX MapaMeTPOB YpPaBHEHHM uepe3 KpuUTHUeckue 3HadueHus. Cpenu
TUX HOBBIX PEIIEHUI HMMEIOTCS YCTOWYMBBIE PEIIEHUs, a TaKXKe PEeLIeHus,
KOTOpble JHOO cpa3dy TacHyT, JuOO0 BOOOIE HE pealu3yeTcs: B MPaKTUYECKOU
cuTyauuu. V3yueHrne HOBBIX MOSBISIOIIMXCS B TOYKAX BETBJICHUS PEUICHUN
HEJIMHEWHBIX 33/1a4 U €CTh HANPABJIECHUE, HA3bIBAEMOE «TEOPUEU YCTOMYMBOCTU U
oudypkamnuity. Hambonee sipkuM mpumepoM OHQPYpPKAITMOHHBIX (KPUTUYECKUX )
SABJICHUM CIYy>KaT JuBepreHuus (cratudeckas Oudypkarus) u  ¢draTTep
(IMHAMUYecKasi OCHMUISIIMOHHAS MOTeps YCTOMUMBOCTH IUIACTUH U 00OJIOYEK, B
YaCTHOCTH, KPbUIbEB CAMOJIETOB) B MOTOKE Ia3a WU KHUAKOCTU (TUAPOYHPYTOCTD).
Oco0eHHO BaKHOW yKazaHHas mpoOiema ¢raTrepa craja B CBEPX3BYKOBOH
a’poaMHaMuKe. B cepeauHe Npomnuioro CTOJNETUS I MCCIENOBaHWsA 3a1ad
a’pPOJAMHAMMUKHA TPUMEHSIMCh TOJIBKO BapHAllMOHHBIE M CETOYHBIE MeToabl. U
Toibko B XXI Beke B 3TOW 00JacTH CTaldM HMCIOJIb30BAaThCA METOJIbl TEOPUHU
oudypkarmii.

YCTOMYMBOCTh POXKAAOMIMXCA KAK CTAaTUYECKUX, TaK M JUHAMHUYECKHX
pELIEHUI HCCIeNyeTCsl METOAaMU TEOpUU BO3MylIeHU. boiiee TOUHO, n3yyaercs
CHEKTp Npou3BOAHON Dpele HEMMHEHHOTO ypaBHEHUS (CUCTEMBI YpaBHEHUI) Ha
OTBEeTBUBIIEMCA penieHuu. [Ipennonaras, 4yTo HM3BECTHBI COOCTBEHHBIC 3HAUCHUS
JUHEapu3aluuy, T.e. NMPOU3BOAHON Ppemie Ha TPUBHAIBHOM pPEUICHUH, WIIYT
cuektp Ppeme Ha OTBETBUBLIEMCs PELICHWM, YTO IIO3BOJSAET HCIIOIb30BaTh
METO/Ibl TEOPUH BO3MYILIEHUN U3 CIIEKTPAIIBHOM TEOPUHU JIMHENHBIX ONIEPATOPOB.

NMeHHO 103TOMY HOTOK UCCIIEIOBAHNUM, CBSI3aHHBIX C pEUICHUEM
HEJIMHENHBIX 3aJlad METOJlaMH TEOpPHHM BO3MYILECHHH, HapacTaeT (C cepeauHbl
IPOIUIOTO CTOJETHsS) C SKCHOHEHIMAIbHON OBICTPOTOM, M BCSIKUH HOBBIN
riyOOKUN pe3yabTaT B TEOPUH BOSMYIIEHHI SIBISIETCA aKTyalbHBIM KaK JJIsi caMon
TEOPUU BO3MYILEHUH, TaK U JJIS €€ MPUII0KEHUM K PEIICHNUSM HEJIUHEWHBIX 3a/1a4.

OCHOBHOM TPUYUHOMN 711 BOCTPEOOBAHHOCTH MCCJICIOBAHUM, CBSI3aHHBIX C
TEMaTUKOW HACTOSLION JHUCCEepTaluu, SBISETCA T€CHas CBSA3b OU(]YypKALIMOHHBIX
MIPOLIECCOB € 3aJaYyaMU ONKCAHUS BO3MYLIEHUN NHCKPETHOI'O CHEKTPA JIMHEHHBIX
oneparopoB. McciaenoBaHus CHUTyalMil, OTHOCSAIIMXCSA K BO3MYIICHUIO KPATHBIX
COOCTBEHHBIX 3HAYEHUH, CBSI3aHbI C OMPENEIECHHBIMU CIIOKHOCTAMH, KOTOpPbIE, K
COKAJICHUIO, HE BCeraa YyJaercs mnpeonosners. Tak, Hampumep, B 3axade
BO3MYILEHUSI (PPEATrOJIbMOBBIX COOCTBEHHBIX 3HAUYEHUH YCTAHOBJIEHO, YTO
KOJIMYECTBO  OTBETBIIAIOIIMXCS OT OTUX TOYEK COOCTBEHHBIX 3HAUYECHUM
BO3MYIIIEHHOTO oOmneparopa OyAeT CTOJbKO, KAaKOBO KOPHEBOE YHCJIO 3TOTO
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ormeparopa, HO TPU OTOM HEOOXOOUMO TpebOBaTh TOJHOTY O0OOIEHHOTO
xopaanoBoro Habopa (OXKH). B cmyuae xe nHemonHotrsl OXXH Bo3HMKaer
BBIDOXKJCHUE YypaBHEHUS pa3BeTBICHHS. B 3ToH cuTyaluu HEoOXOAMMBI
JOTIOJTHUTENNbHBIE BBIYHMCIEHHUS] M0 CHEHUAIbHO MOCTPOEHHOMY aJITrOpPUTMY
nononHenus OXH. Ilpu 3ToM, Ko3QduUMEHTaMH YypaBHEHHUS pPa3BETBICHUS
ABJISIIOTCSI ONPEACIIUTENN 1-TO MOPSAIAKA, B CBSA3M C UEM IPOLIECC UX HAXOXKIACHUS
TpeOyeT BBINOJHEHUS OTPOMHOTO KOJIMYECTBA BHIYUCICHUH.

B 3amaue BO3MyIIEeHUS HETEPOBBIX TOUEK AMCKPETHOTO CHEKTpa MOAOOHBIE
MCCIICIOBAHNS TMPOBOAUTh HE YNAaBaJOCh IO TOM IPUYMHE, YTO YpaBHEHUE
pa3BeTBICHUSI COOCTBEHHOI'O 3HAUEHHUs /I TaKUX OINEpaTopoB MOCTPOUTH
HEBO3MOXKHO M3-32 HEpPABEHCTBA pPAa3MEPHOCTEM HYyJIEBOro U JAe(eKTHOro
MOANPOCTPAHCTB.

Takasg cuTyanuss OPUBOJUT K HEOOXOAMMOCTH IOCTPOEHHUS CIELHUAIBHBIX
OIIEpaTOpPOB, JJIs KOTOPBIX pPacCMaTpUBAEMBbI€ KpPAaTHBIE COOCTBEHHBIE 3HAUECHUS
yK€ OKa3aluch Obl MPOCTHIMU WM KpaTHbiMH, HO ¢ monHbiM OXKH. Ilpomecc
MOCTPOEHUSI TAaKUX OINEpaTOpOB HA3BIBAETCS  pEryJiApu3alMedl  JMHEHHBIX
OIIEepaTOPOB.

[Ipouenypa peryispuzanuu JUHEHHBIX ONEPATOPOB IO3BOJSET HETEPOBBI
TOYKH OIEpaToOpoB MpeBpamiaTh B (PPEAroibMOBBI, YTO JAeT BO3MOXKHOCTb
IIOCTPOCHUSI YPaBHEHUS PA3BETBIICHMS, ITO3BOJIAIOLIETO  ONPENEIUTh  BCE
COOCTBEHHbIE 3HAUYEHHUS] M KM COOTBETCTBYIOIIHE COOCTBEHHBIE 3JIEMEHTHI
BO3MYILIEHHOTO ONEPaTopa, MpU 3TOM KpaTHbIE COOCTBEHHbIE 3HAUEHUSI CBOJATCS
K IIPOCTBIM, YTO CHUMAET yCIJIOBUS BBIPOKJCHUS YPABHEHUI Pa3BETBIICHNU.

VYKa3aHHbIE METOAbl COKpAIllEHUS OrPOMHOTO OO0beMa  BBIYMCICHUHN
OOBSCHSIOT HEOOXOAMMOCTh U BOCTPEOOBAHHOCTH IMPHUBJICUEHUS HMCCIIEIOBaHUMH,
OTHOCSLIMXCS K TEMAaTUKE HACTOSALIEH TUCCEPTALUU.

CooTBeTCcTBHE MCCICA0BAHUS NPHOPUTETHBIM HANPABJICHUSM PA3BUTHS
HAYKHU U TexHosorui Pecnydauku Y3o0ekuncran. Hacrosias paboTa BeIIOJHEHA
B COOTBETCTBMM C TPUOPUTETHBIMU HANpPaBICHUSMU pPA3BUTHUS HAYKH U
texHonorui  PecnyOnmuku VY30exkucran Ne D4 «MaremaTuka, MEXaHUKa H
UH(pOpPMaTHKa.

0030p MexKTYHAPOAHDBIN HAYYHBIX HCCJIEIOBAHUI M0 TeMe JUCCEePTALUM.

Cpenn pa3nuyHbBIX TOAXOIOB, CBSI3aHHBIX C BO3MOYKHOCTBIO PEILICHHS
HEJIMHEWHBIX 337a4, B IEPBYIO O4YEpENb CJIEAYET BBIACIUTh BapUaLMOHHBIC
METO/bI, HCIIOJIb30BAHUE TEOPEM O HEMNOJABHKHOM TOYKE, METOJBl TEOpUHU
karactpodp U Teopud Oudypkamui, a TaKKe METONbl, HCIOIL3YIOIINE
TOMOJOTMYECKHE KOHCTPYKIIMU U TEOPEMBI O HESBHBIX (DYHKIIHAX.

B HayuHbpIX 1eHTpax, BbICIIMX OOpa3zoBaTelbHbIX YyupexaeHusx CILIA
(Konmudopuuiickuii YHUBEPCHUTET), Benukobpuranuu (OaunOyprexuit
yuuBepcuteT), Anonun (Toxuiickuii ynHuBepcuterT), Kananel (yHuBepcurer
Kanrapu), Poccun (MI'Y, M®TY wumenu baymana), Crnosenun (JIroOmstHCKAN
yHuBepcuteT) M ['epmanun (bepiuHCKUII yHUBEPCUTET) BEAYTCA HAy4YHO-
UCCJIEeI0OBATENbCKUE PAabOThI MO PEIICHUI0 HEJIMHEWHBIX YpaBHEHHM, U3ydaroTcs
ciyyan Oudypkaluy pemeHuii W BO3MYLIEHUS KaK JHUCKPETHOro, TaK |
HEIMPEPBIBHOTO CIIEKTPA JIMHEHHBIX ONEPaTOPOB.

32



Bo3mylieHrne HENpephIBHOTO CIEKTPa, KOTOpas YpEe3BbIYAHHO Ba)KHA B
UCCJIEIOBAHMSX TEOPUU PACCESIHHMS] U KBAHTOBOM TEOPHUM IOJISI, UCCIENYIOTCS B
Toxutickom (Anonus) u Konudopuuiickom (CILIA) yauBepcurerax.

B MO®TY wumenn baymana (Poccusi) wu3ydarorcss yCTOWYMBOCTHU
Pa3BETBISIIOUIMXCS  pELIEHUM  aOCTPaKTHBIX  NapabOIMYEeCKUX  ypaBHEHUU
MetonamMu JIsmyHOBa ¢ MPWIOKEHUSMU K HEJIMHEHWHBIM SIBICHUSM. B Kaxnon u3
MCCIICOBAHHBIX 337a4 YHCICHHBIM MOJEIUPOBAHUEM PEAYKLUMOHHBIX METOJIOB
BO3MYIIECHUN TMPUBEICHO IOCTPOCHUE OO0JacTel ympaBisitonmx ((pu3nuecKux)
MapaMeTpoB, I KOTOPBIX MOCTPOEHHBIE CEMENCTBA PEIIEHUN YCTOMYMBBIL. Takxke
VCCJIEI0BAHBI YCIOBHS NOTEHIMAIIBHOCTU U IICEBJONOTEHIIUAIBHOCTA YPaBHEHUN
pPa3BETBIICHUS U YPaBHEHUW pa3BETBIECHUS B KOPHEBBIX IMOANPOCTPAHCTBAX IS
CTallMOHAPHBIX U IMHAMUYECKHUX 3a7a4 Ha cnektpe [Imunara.

B HpkyTckoMm rocynapCTBEHHOM yHHBepcuTeTe coBMecTHO ¢ MDTY nmenun
baymMaHa wu3y4aroTcs peryispusalid B 3aJadaX TEOPUU BETBIIECHHUSA, KOTOpPbBIE
HIMPOKO HCIONB3YIOTCA B NPHUOJMKEHHBIX PEIICHUSIX ONEPATOPHBIX YpPaBHEHUN C
HEOOPATUMBIM OTIEPATOPOM.

B mnayunbix neHTpax I'epmanum pemaroTcs MnpoOJieMbl BO3MYILEHUS B
HEJIMHEHHBIX 3a/layaX Ha COOCTBEHHbIE 3HayeHus. Mcronb3ys HeENMHEHHbIe
BO3MYILICHUS, TOMOJOTUYECKUM U KOHCTPYKTUBHBIM METOJIAMH, YCTaHABIUBAKOTCS
YCJIOBHSI TOJHOTHI U Oa3WCHOCTH COOCTBEHHBIX AJIEMEHTOB. TaMm jke aKTHBHO
Pa3BUBAIOTCA UCCIEA0BAHUsA, CBA3aHHBIE C MHOTONIAPaMETPUUECKUMU 3aa4aMu Ha
COOCTBEHHbBIE 3HAUCHMUSI.

B Komudopuuiickom ynupepcurere (CHIA), DnuHOyprckuii yHUBEPCHUTET
(BenukoOpuranus), Kanrapckom yauBepcutere (Kanama), JlroOmssHCKOM
yauBepcutete  (CrnoBenus), bepmunckom  yuuBepcutere (I'epmanusi) wu
MockoBckoM rocynapctBeHHOM yHuBepcurete u M®PTY wumenn baymana
(Poccust)  BemyTcs — IIMPOKOMACIITAOHBIE  UCCIAEAOBAaHUS IO  W3YUYCHHIO
INPUCOCIMHEHHBIX  3JEMEHTOB W JKOPJAHOBBIX  CTPYKTYp  CIEKTpa
MHOTOIIapaMeTPUUECKUX 3a7a4 Ha COOCTBEHHbIE 3HaueHus. B DnuHOyprckom
yuuBepcutete (BenukoOputanus) coBmecTHO ¢ JIOOJSHCKUM YHUBEPCUTETOM
(CnoBenusi) u ynuBepcureroM Kanrapu (Kanaga) Hayanu wu3yyaThb KOPHEBYIO
CTPYKTYpPY MHOTOIIapaMETPUUYECKUX CIEKTpalbHbIX 3a1ad. OnpenesieHbl NOHATHUS
MPUCOEIMHEHHBIX JJIEMEHTOB K COOCTBEHHBIM BeKTOpaM. Tak Kak »3Tu
UCCJIEIOBAHMSI HAXOMAATCS B CTaIuUd pPa3pabOTKH, TO OHU TpPeOyIOT HOBBIX
CHEeUaIbHBIX IOJIXO0/I0B.

WNuTepec k 3TUM 3ajayaM MOSBUJICS Osiarojapsi MCCIEIOBaHUSIM B TEOPHUH
JUArHOCTHKM TEXHUYECKHX CHCTEM II0 4acToTaM COOCTBEHHBIX KojeOaHuH, a
TaKkKe B IMPUKIAJHBIX 3aJladyax YNOpPaBJICHUS YACTOTHBIMU XapaKTePUCTHKAMHU
pa3IUYHBIX TEXHUYECKUX yCTporcTB. Kak mokazanu ncciaeaoBaHus, MPOBEACHHbBIE
B Kazanckom ynuBepcurere (Poccus) Bompocsl, oOcykaaeMble B 3THUX 3ajadax,
HaIpsIMYI0 CBS3aHbl C BO3MYLICHUSIMH B MHOrONapaMeTpPUUYECKHX 3aJayax Ha
COOCTBEHHbIE 3HAYEHUS 110 ATKUHCOHY.

Crenenb u3ydeHHOCTHM mpoduaemsbl. HecMoTps Ha O0JbIIOE KOJIHYECTBO
MIPOBEJICHHBIX HCCJEJIOBAHMM B TEOPHM JIMHEWHBIX ONEPATOPOB M B 3ajadax
BO3MYILICHUS CIIEKTPa JMHEHHBIX ONEPATOPOB, CIyYaHW BBIPOKICHHUS CBA3AHHBIE C
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KpaTHbIMH COOCTBEHHBIMH 3HAYEHHUSIMH, OCOOCHHO BOMNPOCHI BBIYUCICHUSA
BO3MYLIEHHBIX COOCTBEHHBIX 3HAu€HHU onepaTopoB ¢ He mnoaHeiMu OXXH
OCTalOTCSl HE PEIICHHBIMU. XOTsl pa3zpaboTtanbl criocoObl nomnonHeHus OXH u
yKa3aHbl METOJbl UX MPUMEHEHMS] K HAXOXKICHHIO BO3MYIIEHHBIX COOCTBEHHBIX
3HAYEHUN, OHUM HE JAIOT BO3MOXKHOCTh ONPENETUTh TOYHOE KOJIMYECTBO
COOCTBEHHBIX  3HAQYEHHM  BO3MYILIEHHOTO  oOlepaTopa B  OKPECTHOCTH
(bpeArosbMOBBIX TOUYEK CIIEKTPa HE BO3MYIIIEHHOTO onepaTopa. HeBo3MoxkHO naxe
yKa3aTh CTEIEHb 3aBUCHMOCTH UX OT BO3Mymlaromero mnapaMerpa. He
UCCIICIOBaHA 3aJaya BO3MYILECHHS HETEPOBBIX TOYEK CIHEKTpa JIMHEMHBIX
OIepaToOpoB, T.K. HEBO3MOKHO MOCTPOUThH YPAaBHEHUE Pa3BETBICHUS COOCTBEHHOTO
3HAYeHUs] B CHJIy HEPABEHCTBA pPa3MEPHOCTEH COOCTBEHHOIO M Je(PeKTHOro
noanpoctpancTs. Iloaromy 3TM cuTyauuu B 3ajadaXx BO3MYIICHHMS CIEKTpa
JIMHENHBIX ONEPATOPOB JI0 CUX MOP OCTAIOTCS MPOOJIEMHBIMHU.

Hcxons w3 aHanm3a CyMIECTBYIOMUX padoT, HEOOXOIAUMO OTMETUTh, YTO
UCCIIEIOBAHMS 3a7jad BO3MYIICHHMSI KPATHBIX COOCTBEHHBIX 3HAUYEHUN TAJIEKH OT
3aBeplleHus. Pemenus 3TuX BONpoCcoB TPEOYIOT COBEPLIEHHO HOBBIX MOIX0/I0B.

CBsi3p IMCCEPTALMOHHOIO HCCJEJI0OBAHHMA ¢ IUIAHAMM  HAy4HO-
HCCJIeI0BATEIbCKUX PadoT oOTpaxkeHa B CleAyOWUX (QyHIaMEeHTalbHBIX
HayYHBIX [IPOEKTAX:

@®-1.1.12 «Perynspuzainus 3a7a4 Ha cOOCTBEHHbIE 3HAUECHUS C TPUMEHEHUEM
MeToja JOXKHBIX Bo3MyleHu» (2003-2007rr.); @ — 4 — 02 «Pa3paboTka HOBBIX
pEelIeHU 3a7a4 MaTeMaTH4eCKoW (PU3MKM M ONTHMAIBLHOTO YMPAaBICHUS  HA
OCHOBE CIIEKTpalIbHOM Teopuu AuddepeHImaibHbeIx oneparopony (2012-2016 rr.).

Henbro uccaepoBaHUsl SBISETCA METOJOM PETYJISPU3ALUN  OINPENEIIUTD
KpaTHble  (pPEAroJbMOBBI W HETEPOBBI  COOCTBEHHbIE  3HA4YEHHUS  C
COOTBETCTBYIOIIUM  HEMOJHBIM  OOOOIIEHHBIM  JKOpJAaHOBHIM  HabOpoM B
OJIHONIAPAMETPUYECKHX U MHOTOIIAPAMETPUUYECKHUX CIIEKTPAJIbHBIX 3a/1a4ax.

JUIst TOCTH>KEHMS LIEJIM CTaBUIINChH CIEAYIOIINE 324241 MCCIeTOBAHUS:

METOJIOM PETYJIApU3AlMN ONPEAEIUTh JJI1 HENMOJHOIo >KOpAaHoBa Habopa,
TOYHOE KOJUYECTBO COOCTBEHHBIX 3HAYEHUMH U  COOTBETCTBYIOIIMX UM
COOCTBEHHBIX BEKTOpPOB, IPEACTABICHHE 3THX COOCTBEHHBIX 3HAYEHUM Kak
CXOISIIIMXCS PSAJOB IO IENbIM HWIA APOOHBIM CTEMEHSM Mapamerpa & B
OKPECTHOCTU KPaTHOTO (hpEAroIbMOBOTO COOCTBEHHOI'O 3HAUCHHS,;

HAXOXKJIEHUE BCEX COOCTBEHHBIX 3HAUCHUH, pa3BETBISIOMIUXCS B OKPECTHOCTHU
HETEpPOBOM TOYKM JUCKPETHOIO  CIEKTpa HEBO3MYILIEHHOIO  OIepaTopa,
YCTaHOBJICHHE MOPSIAKA UX 3aBUCHMOCTH OT BO3MYILAOIIETO IMapaMeTpa &;

IIOCTPOEHUE WTEPALMOHHOIO Mpounecca (C NOMOIIBI0 peEryIspu3alnuu
33JJaHHOTO ONIeparopa M METOJA JIOKHBIX BO3MYIIEHHUI), TO3BOJISIFOLIETO
ONpENENNUTh KpaTHble (PEAroabMOBBl M HETEPOBBI COOCTBEHHBIE 3HAUYCHUS
OIIepaTopa U COOTBETCTBYIOIINE UM KOPHEBBIE AIIEMEHTHI;

B MHOT'OITAPAMETPUUECKOM 3a/1aye Ha COOCTBEHHBIE 3HAYEHUS 10 ATKUHCOHY-
HaXOXKJEHUE YCJIOBHI, O0OECIEeUMBAIONIMX PACIICIJIEHUE OSTOT0 CIEKTpa Ha
CHEKTPBI OAHOMAPAMETPUUECKUX OlepaTop-(yHKIINIA;

OPUMEHEHUE METO/A PEryJIIpU3alMi K MHOTOMapaMeTPUYECKUM 3a/adyaM Ha
coOcTBeHHbIe 3HauyeHus. [locTpoeHue anropuTMa HaxoXKJEHHUS COOCTBEHHBIX
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3HAYEHUH M COOTBETCTBYIOIIMX WM COOCTBEHHBIX 3JIEMEHTOB BO3MYILIECHHOU
3agaun. [locTpoeHue UTEpalMOHHBIX MPOLECCOB I ONpeaeTeHHs] COOCTBEHHBIX
3HAYEHUN B MHOTONIapaMETPUUYECKUX CIIEKTPAIbHBIX 3a7adax.

O0beKTOM HMCCJIeIOBAHUS SIBILSIIOTCS CIy4au BO3MYLIEHUN, MPOUCXOASAIINX
B 3aJlayaXx Ha COOCTBEHHbIE 3HAYEHUS TPEX PA3HOBUAHOCTEW: KIIACCHMYECKOU
OJIHOIIapaMETPUUYECKON 3aJlauu, 3a/1aui Ha cOOCTBEeHHbIE 3HadeHus no J.llImuary
¥ B MHOTOIIapaMeTPpUUECKOi 3a/1aue Ha COOCTBEHHbIEC 3HAUCHUS.

IIpeamer mccienoBaHUsi — PEIICHUE 337a4, CBSI3aHHBIX C BO3MYIICHUEM
JUCKPETHOTO CIEKTpa JIMHEWHBIX OMNEPATOPOB, KAaK B CIy4yae KpaTHBIX
(GpenroabMoOBbBIX, TaK U HETEPOBBIX COOCTBEHHBIX 3HAUECHHUH.

Metoasl ucciaeaoBanus. Vcrnoabp30BaIMCh METOIBI HEIMHEWHOTO aHAIA3a U
HEJIMHEMHBIX YPaBHEHUW, TEOpHUsl JIMHEHWHBIX OIEpaTOpOB, METOJ JAUarpaMm
Hpiorona s pemeHus anreOpanyeckux ypaBHEHHU. J[ias mpuOIuMKEHHOTO
BBIUMCJICHHUS] COOCTBEHHBIX 3HAYCHHM MPUMEHsUIUCh MeToasl HploToHa u
Creddencena.

Hayynast HOBM3HA JUCCEPTAllMOHHOIO MCCJIEAOBAHUSA 3aKJIKOYAeTCAd B
CIEAYIOLIEM:

B CJIy4ae HEMOJIHOro 0000ILEHHOI0 KOPIaHOBOTO Habopa TOKa3aHbl TEOPEMbI
O HaJIMYMU COOCTBEHHBIX 3HAYEHUN BO3MYILIEHHOI'O OIlEepaTopa M UX CTENEHU
3aBUCHMOCTH OT BO3MYILAIOLIEro mapamerpa. Jloka3aTenbCTB 3TUX TEOPEM CTajlo
BO3MOXHBIM ~ OJlarofaps HMCIOJIb30BAaHUIO pEryJigipu3aropa, pa3paboTaHHOTO
JIMCCEPTAHTOM,;

3aJjaya O BO3MYIICHMHM HETEPOBBIX COOCTBEHHBIX 3HAUEHUN pellieHa C
IIOMOILIBIO IIOCTPOCHUS PEryJIIpU3aTOpa, MO3BOJIUBILIETO CBECTH HETEPOBBI TOYKHU
JUCKPETHOT'O CIEKTPa K (PpearobMOBBIM;

ONPEJEIECHO KOJINYECTBO COOCTBEHHBIX 3HAYEHHUI BO3MYIIEHHOIO OIlepaTopa
B OKPECTHOCTM HETEPOBOM TOYKM CIIEKTpa M YCTAHOBJICHBI CTENEHU WX
3aBMCHMOCTH OT BO3MYIIAIOLIEr0 NapameTpa;

pa3zpaboTaHbl TPUOIMKEHHBIE METO/IbI BBIYUCICHUS COOCTBEHHBIX 3HAYEHUH C
WCMOJIb30BAaHMEM METOAAa JIOKHBIX Bo3mylleHul. [loctpoen perynspusarop,
MO3BOJISIFOIIMIA  CBECTH M-KPATHBIM Clay4allk K MPOCTOMY, YTO IO3BOJIUIIO
YMEHBIINTh YHCIIO BBIYUCIUTEIBHBIX ONEepanuii B 2" pas;

BIIEPBBIE NOCTPOECH HWTEPALMOHHBINA TMPOLECC I HAXOXKJICHHS HETEPOBBIX
TOYEK M cOOCTBEeHHbIX 3HaueHui JO.11IMunra;

nokazaHa TeopeMa Pennuxa-TpeHormHa st 3agauyd O  BO3MYIICHUHU
JMCKPETHOT'O CIIEKTpa MHOTOMapaMeTpUUYecKOil 3ajaul Ha COOCTBEHHbIE 3HAUEHUS
10 ATKUHCOHY;

IOCTPOEHBbI MPHUOIMKEHHbIE aJTOPUTMbl HAXOXICHUS (PPEATrOIbMOBBIX U
HETEPOBBIX COOCTBEHHBIX 3HAYE€HUH MHOrONapaMeTPUUYECKON CHEKTPaJIbHOU
3a/1a4u 10 ATKUHCOHY.

IIpakTHyeckue pe3yabTaThl UCCIECAOBAHNS 3aKIFOYAIOTCS B CIEAYOLIEM:

NOCTPOEHO YpaBHEHUE PA3BETBJICHUS AJIA 337a4d Ha COOCTBEHHbIE 3HAYEHUS
[rypma-JInyBusist mpu BO3MYIIEHHMM Ha OJIHOM TpaHMIE OTpe3Ka; Onaromaps
IIPUMEHEHUI0O K HEMY MeETOoJa peryjsipu3aund H amarpamMvbl - HbroTOHa,
OTIpEJIEJICHBI BCE €r0 COOCTBEHHBIE 3HAUCHMUS;
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ompeseNieHbl BCE COOCTBEHHbIE 3Ha4deHHWs] omeparopa Jlammaca s
BO3MYLIEHHOIO KBajJpaTa. Y CTaHOBJEHBI YCIIOBUSA, IPH KOTOPBIX IOCTaBJIEHHAs
3a/laya UMEET COOCTBEHHbIE 3HAYEHUS U HAWACHBI MOPSIKU MX 3aBUCUMOCTH OT
BO3MYIIAOLIEr0 MapameTpa;

TaK KaK METOJ| JIO)KHBIX BO3MYILEHUN HE JA€T BO3MOYKHOCTh BBIYHMCIUTH BCE
COOCTBEHHbIE 3HAUEHHUS BO3MYIIEHHOIO oOIepaTopa, TO MPUMEHSAS METO[
peryisipu3aldd B KOMOMHAIIMM C METOJOM JIOKHBIX BO3MYIICHHH, YJIal10Ch
MOCTPOUTh WTEPALMOHHBIE TIPOLECCHl JUIsl BBIYHCICHUS BCEX COOCTBEHHBIX
3HaYEHUHN KaK (PEAroIbMOBBIX, TAK U HETEPOBBIX THUIIOB.

Jl0CTOBEPHOCTDH MOJTYy4YeHHBIX Pe3yJIbTATOB 000CHOBBIBACTCS IPUMEHEHUEM
U3BECTHBIX TEOPEM M3 TEOPUHU JIMHEMHBIX OIEPATOPOB M TEOPUM BO3MYILEHHUH,
CTPOTrOCTBHIO MaT€MATHYECKUX PACCYX ACHUN U IPUMEHEHHEM U3BECTHBIX METOJ0OB
Herotona u Creddencena. JlokazaTenbCcTBa CXOAMMOCTH CTEIEHHBIX PSJIOB
CIENYIOT M3 H3BECTHOM TeopeMbl Ilromse. [[ns ycTaHOBIEHHS ITOCTOBEPHOCTHU
pEe3yNbTaTOB  MCCIIEIOBAHUSA IMOCTPOECHBl  HUTEPALMOHHBIE MPOLECCHl A
MPUOJIMKEHHOTO BEIUUCIEHUS ITUX COOCTBEHHBIX 3HAUECHU.

Teopernyeckass W NpPaKTH4YeCcKasd  3HAYUMOCTb  Pe3yJIbTATOB
uccjieoBanus. TeopeTnueckasi 3HAUMMOCTb MOJYYEHHBIX PE3YJIbTATOB COCTOUT B
MCIIOJIb30BaHUNU UX KaK MPH UCCIEAOBAHUAX HEIMHEMHOTO aHAJIN3a U HEJIMHEMHBIX
ypaBHEHUH, TaKk U B KOHKPETHBIX 3a7a4yax ONpe/eNieHUs COOCTBEHHbBIX 3HaYEHUHN U
COOTBETCTBYIOIIUX WM COOCTBEHHBIX (DyHKIMH AuddepeHIuanbHbIX WU
WHTETPaIbHBIX YPAaBHEHUN MaTEMaTUYECKON (PUBHUKHU.

[IpakTHueckast IEHHOCTh PabOThI 3aKIFOYACTCSI B CBEJICHUHM KPAaTHOTO Clyvas
K IPOCTOMY, YTO TIO3BOJIJIO 3HAYUTEIBHO  yYMEHBUIUTh  KOJIMYECTBO
BBIYMCIIUTEIBHBIX ~ ONEpaluid, MPOU3BOJUMBIX B IPOLECCE ONpPENEICHUs
COOCTBEHHBIX 3HAYEHUH.

BHeapenne pe3yJbTaToOB HCCJHeI0BaHMsA.  Pe3ynbrarbl OpUMEHEHBI K
3alayaM MaTeMaTUYeCKOM (U3MKM M K BBIUYHACIUTENIBHOW MaTeMaTUKE MpU
MOCTPOEHUU HUTEPALMOHHBIX AJITOPUTMOB HAXOXKIECHHSI KPATHBIX COOCTBEHHBIX
3HaUEHUH, a Takke B 3apyOexHbIXx npoekrtax: Poccuiickoro Qonna
byHIaMeHTaIbHBIX HcchenoBaHuil - Akanemuss Hayk Pymbiaum 07-01-91680
(2007-2009rr.) «MccneqoBaHue YCTOMYMBOCTH PA3BETBIISIONIUXCS —PEIICHUN
aOCTpakTHBIX Tmapabonuyeckux ypaBHeHuid wmetogamu A.M.JlsnyHoBa cC
MPUIOKEHUSIMUA K HEJIIMHENHBIM SIBIICHUSM» U1 JOKa3aTEIbCTBA YCTOMYMBOCTHU
penieHuii ObIT MPUMEHEH PEeNYyKIIMOHHBIA METO/ BO3MYIICHHM, MPEII0KEHHBIN B
nuccepranuu; Poccuiickoro HaywyHoro ¢ouga 14-11-00640 «Heknaccuyeckue
HBOJIFOLIMOHHBIE YPaBHEHUS, CYLIECTBOBAHUE U YCTOMYHUBOCTh PELIEHUN Ha OCHOBE
TOIOJOTUYECKOro uHAekca Mopca-KoHnu u Teopuu BO3MYILIEHUM IOJYTPYII
ONEPATOPOB» € MOMOUIBIO PEAYKLIMOHHOTO METOJA BO3MYLIECHHW, MCCIIEIOBAHUS
KpaTHOIO COOCTBEHHOTO 3HAYEHHUs CBENEHbl K HCCIEAOBAHUIO IMPOCTOTO
COOCTBEHHOr0  3HaueHHWs. Meron — peryjsipuzallM, HOPUMEHEHHBIH K
BBIYMCIIUTEIBHBIM IPOLIECCAM HAXOXKJIEHUSI N-KPATHBIX COOCTBEHHBIX 3HAYEHUU,
Jal BO3MOXHOCTb YMEHBIIUTh  YWCIO omepauuid B 2" pa3, 4YTO AaKTHUBHO
UCIIOJIB3YETCSl B BBIUMCIUTENBHBIX MpOLEAypax, MpU PEHIeHUH 3a/lady ONUCAHUs
YPOBHEU dHEPruM PU3NYECKUX CUCTEM C KOHEYHBIM YHCIIOM YaCTHII.
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Anpobanus padorbl. OCHOBHBIE NOJIOKEHUS, U3JI0)KEHHBIE B JUCCEPTALIUH,
MIPEICTABIICHBI M JIOJIOKEHBI HA CEMUHApax U 8 HayYHBIX KOH(EPEHIUAX, B 4aCT-
HOCTH, Ha TOpOJACKOM cemuHape Kadeapbl «DyHKIMOHAIBHBIN aHaIu3»
HanunonansHoro yHuBepcutera Y30ekucrana (ObiBmmid Taml'y, 1985-2000 rr.),
Ha cemuHape npu kadeape «Brwicmias marematuka» MockoBckoro MHcTtutyTta
Cramu u CrimaBoB (1985-1991 rr), Ha cemunape npu kadeape «MartemaTtuueckas
¢buzuka» HanuonaneHOro yHUMBepcuteTra Y30ekucrana (2000-2013 rr.), Ha
cemunape «Heknaccuueckue 3anaun AuddepeHnanbHbIX YPaBHEHUID UHCTUTYTA
MatemaTuku npu HamumonanpbaM yHUBepcutere Y30ekuctana (2013 r.), Ha
MEXIYHApOAHOU KoH(pepeHnn «Bripokmaronyecss ypaBHEHUS W ypaBHEHUS
cmemanHoro tumnay (Tamkent, 1993 r.), Ha 16-0if MeXITyHapOIHOW HAy4YHOU
koH(pepenuuu «MareMaTuyeckue METONbl B TeXHHUKe U TexHouorusx» (C.-
[Terep6., 2003r.), mwa 17-0Mf MeXIyHapOIHON Hay4dHOW KOH(DepeHIUn
«MareMatuueckue MeTOoJlbl B TexHUKEe U TexHosorusax» (Koctpoma, 2004r.), Ha
MEXIyHapOAHOW  HayyHOM  KoHpepeHuuu  «CoBpeMEHHBIE  MPOOIEMBI
MaTeMaTtuyeckon (u3uku U uHpopmManmoHHoi TexHonorui» (Tamkent, 2005 r.),
Ha MEXAYHapoJAHOW HaydyHOM KoH(pepeHuun «CoOBpEMEHHbIE MPOOIEMbI
nuddepeHanbHbIX  YpAaBHEHUN, TEOPUM  ONEPAaTOPOB M KOCMHUYECKHX
uccnenoBanuii» (Anmarel, 2006r), Ha MEXIYHApOIHON HAydYHOW KOH(EpEHIUU
«nddepennranbupie  ypaBHeHUs, Teopus  (GYHKIMHA W TPUIOKEHUS»
(HoBocubOupck,2007r.), Ha  MexayHapoaHol  kKoHdepeHuun  «IIpobiemsl
COBPEMEHHOW Tomojorun u ee npuwioxkenus» (Tamkenr, 2013 r.), Ha
pecnyOnukanckoit koHdpepennn «CoBpeMeHHbIe MpoOaemMbl qudepeHnanbHbIX
ypaBHeHui» (Tamkent, 2013 r.), Ha MEXIyHApOJHON Hay4yHON KOH(pepeHuUu
«CIAM-2013» (byxapecrt, 2013r.).

Ony0JuKOBaHHOCTH pe3yJbTaToB. [lo Teme nuccepranuu OMyOIUKOBAHO
30 pabot, n3 Hux 22 crarbu (11 W3 KOTOpBIX B 3apyOe€XKHBIX >XypHamax) u 8§
TE3HCOB.

Crpykrypa m o0beM auccepramum. /[uccepranusi COCTOUT W3 BBEICHHS,
YeTbIpeX TIJIaB, BBIBOJOB, 3aKIIOUEHHS] U CHUCKAa UCIOJIb30BAaHHOM JUTEPATYpBHI,
oOumit ee o0bem 144 cTpaHullbl, B CHOUCKE LUTUPOBaHHOW muTeparypsl 149
HalMEHOBAHUM.

OCHOBHOE COAEPKAHUE ITUCCEPTALIUAN

Bo BBemeHHM OOOCHOBBIBACTCS aKTyaJIbHOCTh M BOCTPEOOBAHHOCTH TEMBI
JUCCEPTAIMKM, B COOTBETCTBUU WCCJIECAOBAHUAM MPUOPUTETHBIX HAMpPaBICHUN
pa3BUTHS HAyKU U TexHoJorui PecryOnuku ¥Y30ekucTad, GopMynupyroTCs 1elb U
3a/la4yM, a TaKkKEe OOBEKT U MPEIMET MCCIIEIOBAHNUS, U3JIaraloTCsl HayqHasi HOBU3HA
U TPaKTUYECKHE PEe3yJIbTaThl HCCIEAOBaHMS, OOOCHOBBIBAETCS JOCTOBEPHOCTH
MOJIYYCHHBIX PE3YJIbTATOB, PACKPBHIBACTCS WX TEOPETUYECKAas W TPAKTHIECCKAs
3HAYMUMOCTh, TIPUBEACH COHCOK BHEAPCHWM B TPAKTUKY PE3yJIbTaTOB
UCCJICIOBAHMSI, CBEACHHUS TI0 OMyOJWKOBaHHBIM paboTaM ©  CTPYKType
JUICCepTaIK. 3aTeM HM3JIaraeTcsl MeXIyHapOAHBIH 0030p HayYHBIX MCCIEIOBAHUN
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0 TEME JUCCepTallid, CTENEHb M3YyYEHHOCTHM NpOOJIEMBl M KpaTKUid 0030p
MOJIYYEHHBIX PE3yIbTaTOB.

CrnekTpasibHass TeOpUsi CBOMM BO3HMKHOBEHHEM 00s3aHa HCCIEIOBAHUSAM
KoJeomtonecst ctpyHsl, npeanpusaTeiM b.Teitnopom B 1713 r. B nocneayromem
3Ta Teopus pazBuBaiachk B padorax lltypma u JInyBusuis B AeBATHALATOM BEKE,
I'.Betina, B.Bombreppa, M.Pucca, J.I'mns6epra, C.banaxa, C.Ma3zypa,
Jx.1laynepa 1 MHOTHX JIpYyTMX MaTEMAaTHKOB [BAaAIATOTO BEKA. 3a MOCIIEIHUE
IIECTH/IECAT JIET OHa OblIa MpojobkeHa B Tpyaax U.M.I'enbdanna, M.I".Kpeitna u
M.A.Haiimapka B CCCP, C.Kakyrtanu, T.Kato, C.Kypoasr u K.Mocuasl B SAnonun
u B CIIA, N.Konoxoapsl u C.Doiiama B Pymeiauu, 2.Xumie u P.C.Ounnurnca,
K.O.®puapuxca, ¢don Hetimana, D.Ilhnmu u H.Bunepa B CIIA. B stor nepuon
ObLTM  3aJI0)KEHBI OCHOBBI TEOPHUH CAMOCONPSDKEHHBIX ONEpaTOpoB U B
yIOBJIETBOPUTENBHOMN (hopMe pelieHbl MHOTHE OCHOBHBIE MPOOIEMBI 3TOM TEOPHH.
C pa3BuTHEM COBPEMEHHOH (U3MKH TEOpHsl Hallla CBOE MPUIOKECHHE B
npobiieMax aTOMHOM (PU3UKHU, TEOPUH pacCEesTHUS, KBAHTOBO MEXaHHMUECKOH 3aaue
TpeX TeJ, KBAaHTOBOM TEOPUU MOJII U B 33J1a4yaX MaTeMaTH4YE€CKOU (PU3UKH.

[Ipo6iema oOpamenust auddepeHIaibHbIX OMEepaTOPoB U Pa3peUIUMOCTH
KpaeBbIX  3aJad C  HEOOXOJAMMOCTbIO  MPUBOAUT K  HCCIEAOBAHUIO
niceBoAu(pdepeHIIuaNbHBIX ONEPaTOpoOB, a BOMPOCHl KAYECTBEHHOTO IMOBEICHUS
pELIEHUs — K U3YYEHUIO CIIEKTPAIIbHBIX CBOMCTB 3THX ONEPATOPOB.

TouHble yCIOBUS pABHOMEPHON CXOJUMOCTH CIEKTPAJIBHOTO PA3JI0KEHUS U
KpPaTHBIX TPUTOHOMETPUUYECKHUX PsIOB ObUTM ycTaHOBIeHB B.A.MnbpuabiM. OTH
UCCJENIOBaHMS B  JajbHEWIeM  ObUIM  TPOJOJDKEHBI  €ro  y4YeHHKaMU
[II.A.AnumoBeiMm u  E.M.MowuceeBbim myis Ooniee o0mux omepartopoB. Wmu
YCTAaHOBJICHBl YCIIOBHS PaBHOMEPHOM CXOAUMOCTH KaK CaMbIX CIIEKTPaIbHbIX
pasnoxkeHuid, Tak U ux cpeanux Pucca. Ilog pykoBoacteom II.A.AnumoBa ero
yuenukn P.P.Amypos, O.P.Xanmyxamenos, b.TypmeroB, A.A.PaxumoB wu
[I.I".KackiMOB pa3BUIIN 3TU PE3YJIBTATHI TSI DITUNTHICCKUX AU dHepeHITnaTbHBIX
OMepaTopoB m MOpsALKa, JJisI omneparopoB apoOHoro auddepeHupoBanus u3
kracca Qynkumii Cobonea W (Q), Hukonsckoro H¢(Q), Jmysmmas L(Q),
Becosa B¢ (Q) u 3urmynna-I'énnepa C*(Q).

Teopus Bo3mymieHuit Opuia co3gana Panmeem u  Ilpenunrepom. Paneit man
bopMyy I BBIYMCIEHHS] COOCTBEHHBIX YaCTOT UM MOJ KOJIEOAHWUU CHUCTEMBI,
MaJlo OTJIMYarolielcs OT 0ojiee MPOCTOM CHCTEMBI, KOTOpasl JAOMYCKAaeT MOJIHOE
OIKCaHUE YacTOT U Mo KosnebaHuil. C MaTeMaTu4ecKoi TOUKH 3PEHHUs ATOT METOT
HKBUBAJICHTEH MPUOIMKEHHOMY PEIICHUIO 3a]]a4i Ha COOCTBEHHbBIC 3HAYCHUS JIJIS
JMHENHOT0 onepaTropa, Majo OTJIMYAIOLIErocs OT 00Jee MPOCTOro oneparopa, s
KOTOpPOro 3Ta 3ajaya NOJIHOCTBIO pemieHa. [lIpeauHrep pas3Buil aHaIOTMYHBIN
METOJA I 3a7a4 Ha COOCTBEHHbIE 3HAYEHUS, BO3HHUKAIOIIUX B KBAaHTOBOW
MEXaHUKE.

OTu nepBOHayalbHble pabOThl ObUIM, OJHAKO, C TOYKUA 3PEHUS MATEMATHKHU
BecbMa (pOpMaJIbHBIMU U HENOJIHBIMU. HesiBHO mpeanonaaraiock, 4To COOCTBEHHbIE
3HAYEHUSA U COOCTBEHHBIE 3JIEMEHTHI MOTYT OBITh Pa3NIOKEHbI B CTETICHHbBIE PSbI
[0 MaJoOMy IapaMeTpy, XapaKTEPHU3YIOIIEMY OTKJIOHEHHE BO3MYLIEHHOIO
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orneparopa OT HEBO3MyIIeHHOro. He ObLIO clleTaHO HUKAKUX MOMBITOK JOKa3aTh
CXOOUMOCTb 3THX PSIJIOB.

OkoHYaTeNbHBINA BOIIPOC O CXOAUMOCTH PAJIOB OBLI pa3pellIeH TOJIBKO B CEpUU
pabot Pemnuxa. [l nokazarenbCcTBa CXOAMMOCTUA COOTBETCTBYIOIIMX CTEMEHHBIX
psagoB @.Pemnux mpuMeHsus1 MeToJ MaxopaHT. VM He ObulM oOmpeaesieHbl Bce
COOCTBEHHbIE 3HAUYEHHMsI M UM COOTBETCTBYIOIIME COOCTBEHHBIE BEKTOPbI
BO3MYILIEHHOTO ONEpaTopa.

B nmanbHeiimeM 5TH uccnefoBaHusi ObUM pa3BuThl B pabotax  T.Karto,
M.N.Bumuka, JL.A.JIroctepHuka, H.H.Hazapoga, K. T.AxmenoBa,
[L.T".Aizenrenanepa, M.M.Baitn6epra, B.A.Tpenoruna, b.B.JlorunoBa wu
H.A.CugopoBa  mjisi  HECaMOCONpPSDKEHHBIX — ornepatopoB.  B.A.Tpenorun
MCCJIENOBAT ATY 3a/Jady METOJaMH TEOPUM BETBJIECHUA. biaromaps npHUMEHEHUIO
MetonoB Jlsamynosa u IlImuara u quarpammel HeroTOHA eMy y1anochk OnpenenuThb
BCE COOCTBEHHbIC 3HAYCHHs] U UM COOTBETCTBYIOIIME COOCTBEHHBIE BEKTOPBI
BO3MYIIIEHHOTO OIEepaTopa, T.€. OMPEIEIUTh TOYHOE KOJIWYECTBO COOCTBEHHBIX
3HAYEHUH U UM COOTBETCTBYIOLIMX COOCTBEHHBIX BEKTOPOB, BHJ HX
MPEACTABICHUS] KaK CXOZSIIMECS pAdbl IO LEJbIM HIM JAPOOHBIM CTEHEHSIM
rapamMeTrpa ¢. Ilpm >TOM ycTaHaBIMBAaeTCs CBS3b MEXKIY KOJIUYECTBOM
COOCTBEHHBIX 3HAYEHHUH U JJIMHOM >KOPJAAHOBBIX LIETIOYEK WJIM KOPHEBOTO 4YMCIia
HEBO3MYIIEHHOTO (pearoasMOBCKOro orepatopa. Bce yTBepkaeHus nOKa3aHbI
P MPEANOI0KEHUH MOJHOTHI KOpJaHOBOr0 Habopa. B uwactHoCTH, /IS ciyyas
HE TIOJHOTO >KOPJAHOBOIO Habopa MpeiuiaraeTcsi METOJA MPOJOJDKEHUS €ro A0
noyiHoro Habopa. B manpHeitem sta unes Owiia pazsuta B pabore b.B.Jlorunosa
u [O0.b.Pycaka, ¢ THIaTeNbHBIM aHAMWU30M H JJIA OOIMX Cciy4aeB. XOTs
MOTIOJTHEHHWE JKOPJAHOBOIO Habopa JaeT BO3MOXHOCTb IMPUMEHHUTH TEOPEMY
Pennuxa-TpeHornHa, HO NMpPU TAaKOM IONOJHEHHH KPOUTCS HEOIPEAEIIEHHOCTB!
0o0BeM JKOpIaHOBOTO Habopa MOXKET BO3pacTaTrh, T.€. TOSBSATCA JIUITHUE
coOcTBeHHbIE 3HaueHus. K ToMy ke a1 momnojHeHus TpeOyeTcsl BBIIOJIHUTh
MHOTO OTl€paIui.

B ciywyae nonHoro sxopnaHoBa HaOopa B 3ajJadax BO3MYIIEHHUS JIMHEWHBIX
YpPaBHEHUN MalbIMU JIMHEHMHBIMH CJaraéMbIMAU W B 3aJadyaX Ha COOCTBEHHbIE
3HAYEHUS  BO3MYIIEHHOTO  (PEAroJbMOBCKOTO  OlepaTropa  MOJYyYEeHbI
MCYEPIIBIBAIOIINE PE3yJIbTAThI. [IJIsi HEMOJIHOIO e dKOopJaHOBa HabOpa MOI00HbIE
pPE3yNbTaThl MOXKHO OBLIO MOJYYUTH TOJBKO MOCIIE TOMOJHUTEIBHBIX MOCTPOCHUN.
[ToaTomy, BO3HMKAOT BONpPOCHL: 1) MOXXHO 1M MOJY4YUTh MOJOOHBIE PE3yJbTaThl
JUIsL  3aJlaHHOrO0 Habopa Oe3 ero mnomnojHeHUA? 2) MOXXHO 1M TMOJY4YUTh
AHAJIOTMYHBIE PE3YJbTAThl JUISI HETEPOBCKUX OIepaTopoB? OTHM BOIpOCaM
MOCBSIIECHA NMepBasi rJ1aBa, KOTopasi COCTOUT U3 ISITH maparpados.

B nepBom maparpage 3Toil IJ1aBbl MPUBOASATCS OCHOBHBIE OINPEICICHHS U3
CHEKTPAJIbHOW  TEOPUM  JIMHEHHBIX  ONEpPaTOpOB,  YTBEPKIEHHUSA,  YaCTO
WCIIOJb3YyEMbIE B TEOPUM BETBJICHUs PELICHUN HEIVHEWHBIX YPAaBHEHUN U
JI0OKa3aHa TeopeMa O PElIeHMH BO3MYILIEHHOIO JIMHEHHOTO ypaBHEHUS MalbIMU
JUHEHHBIMM CJIaraéMbIMM W YCTAHOBJIEHA CTENEHb €ro 3aBUCHUMOCTU OT
BO3MYILAIOLIETO TapaMeTpa, B cirydyae HenosiHoro OJKH.
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Bo BropoM maparpade 3TOH TIJaBbl pPAcCMOTPEHA 3aj1aya BO3MYLIEHMS
(QpearonbMOBEIX  COOCTBEHHBIX — 3HAUEHUM  AHAIUTUYECKOM  OTHOCHUTENLHO
CIIEKTPAILHOIO IapaMeTpa oIepaTop-QyHKIHH.

Ilyctb  E,,E, - HEKOTOphle 0aHaxoBbl NpocTpaHcTBa, A(t)e L{E,.E,}
oreparop-QpyHKIMs, aHAJIUTUYECKH 3aBUCAIAs OT CIEKTPAIBHOrO Mapamerpa
teGcC.

[Mycts A ¢dpenromsmoBa Touka takas, uto N(A(1))={p,}, N*(4(1)={v.} .
CornacHo clneacTBUI0O U3 TeopeMbl XaHa-banaxa CyIeCTBYIOT CHCTEMBbI

3JIEMEHTOB {y,}' c E,, {z,}] c E,, GMOPTOroHaJIbHBIE COOTBETCTBEHHO K {p, |/, {w, ! .

Torma TPOEKTOPHI Pzi:(-, V)9 » Q=i<-,z//i>zi MOPOKIAIOT  CIIEAYIOIIHE
i=1 i=1

PasJIOKEHUS B IPSIMBIC CYMMBI: E, =E' @E"", E, =E, ®F

2,00—-n *

Onepenenenne 1.1.7. Ycnosre 0TCyTCTBUS OOIIMX HyJIeH onepaTopoB A(4,)

u ZAS (1-4,) HA30BEM YCJIOBHEM CHSTHS BBHIPOIKICHUSD.

s=1
YcnoBue cHATHA BBIPDOKACHUA TapaHTHPYCT BO3MOKHOCTL BbIIIOJIHCHUA
MPUMEHSEMOTO JJaJiee BO BCEH AMCCEpPTAIlUU MPOIIecca PeryIIpru3aiiy B 3a1a4ax O
BO3MYLLIEHUHU.

Iycts ¢eC Manblit mapametp, |€<p, u  Alte)= iA,ky’g" E, > E,,

k+1=0
u=A-2,, BO3MYIIEHHAst oriepaTop-QYHKIHsL, Takas, 9o A(t;0)= A(t).

JIst Kaxaoro i=1,n  TOCTPOUB, ONEPATOPHI Zi(f):A(t)+z<',]/j0>Zj0 u

J#i

3aMEHMB, omeparop A(f) B pasiaokeHuM onepatop-QpyHKUUH A(f;¢) Ha OIepaTop

A:(¢), TIOIYYHM CIIEIYIOIIYIO “pEryIsSpU30BAHHYIO ONEpaTop-QyHKIUIO :

Zi(t;g)zA(t;£)+z<-,7j0>zjo. (1)

CnpaBelJIMBBI TEOPEMBI.

Teopema 1.2.1. IlyCThb BBIIOJHEHO YCIOBUE CHATHS BBIPOXKICHUS (CM.
orpenenenue 1.1.7). Eciu A.(¢) u ¢.(¢), w,(s), i=1,n coOCTBEHHbIC 3HAYEHUS U
MM COOTBETCTBYIOIIME COOCTBEHHBIE 3JE€MEHTHl U Je(EKTHbIE (YHKIMOHAIbI
onepaTopa A(f;), TO IPU KaXJIOM i =1,n U JOCTaTOYHO MalbIX & A (&) ABiseTcs

TaKk€ COOCTBEHHBIM 3HaueHueM omepatopa (1) ¢ COOTBETCTBYIOLIUM

COOCTBEHHBIM DJIEMCHTOM H I[e(l)eKTHLIM q)YHKHI/IOHaJIOM

55(5):@ +Zcis¢s 5 1/71‘(5):‘//[‘ +Zdisl//s . (2)

J#i J#i
Teopema 1.2.2. Eciu  dim N(A(4,))=dim N (4(4,))=n 1 (4¢,.p,)#0 @1

BCECX i=1,_n, TO AL JOCTATOYHO MaJIblIX ¢  CYHICCTBYKOT POBHO 7 IIPOCTBIX
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cobcTBeHHbIX 3HaueHuit A,(g) (4,(0)=1,) ¥ COOTBETCTBYIOUIMX COOCTBEHHBIX
3JEMEHTOB @, (£) M 1ePEKTHBIX QYHKIMOHAIIOB 7, (g), AHAIUTHYECKHX 0 & .

OCHOBHBIM pe3yJbTaTOM MHaparpada sBIseTcs Cleayomas

Teopema 1.2.3. Ilycte OXH, cootBercTByIOUMiI (HpPEeaAroILMOBOMY
COOCTBEHHOMY 3HAUEHHUIO A, HEBO3MYIIEHHOTO omeparopa, coctouT u3z OXI]|
KOHEYHOM JUIMHBI, ipudeM N ero KopHeBoe yucio. Ecim L), =0, j =lL,o u L, #0,
TO CYHECTBYIOT N MPOCTBHIX COOCTBEHHBIX 3HAYEHUM W OTBEYAIOUIUX UM

1
COOCTBEHHBIX 3JIEMEHTOB, MMPEACTABUMBIX B BHJIC PAIOB MO cTeneHsM &', Ecnu

xe L,;=0,j=1q,-1, L,, =0 # L, #0, TO CyIIECTBYIOT POBHO N COOCTBEHHBIX

3Haq€HHﬁ, MpuieM 7 U3 HUX - C COOTBCTCTBYIOIIIMMHU COOCTBEHHBIMM OJICMCHTaMU,

IIPEICTABUMBIMHU IO LIEJIBIM CTENECHAM &, @ OCTAJIBHBIE N-71 ¢ COOTBETCTBYIOLIUMU
1
COOCTBEHHBIMHU 3JICMEHTAMH, TPEJCTABUMBIMHE IO CTETICHIM &” ' .
§1.3 mOCBsIIEH BO3MYIIEHHIO HETEPOBBIX TOYEK JUCKPETHOIO CHEKTPA
aHAIMTHUYECKUX ONepaTop-PyHKIUH.

ITycth A,- HETEPOBA TOYKA JUCKPETHOIO CIIEKTPa oneparop-pyHKuun Ar) ¢

N(A(/lo )): {(Dio }T , N* (A(lo )) = {l//iO };n s h>m.
BBOIOM HIEaNbHBIX DIEMEHTOB  z,.,,,Z ,z,, B TPOCTpaHCTBE E,

m+1,0>“m+2,0°°°"

(W i10s Wininos---»W,o B IPOCTPAHCTBE E,) PETYIAPU3YETCSl UCXOJHAS OIEPATOp-
byHKIUSA:

A@)=A0)+ Y (27,0)z,0 - 3)

i=m+1

Teopema 1.3.1. lcxogHoe coOCTBEeHHOE 3HaueHuUe A, SBISIETCS

(bpeArosbMOBOI TOUYKOM TMCKPETHOTO CIIEKTpa onepatop-PpyHkiuu (2).
Ecnu nmpousBecT BTOPUYHYIO PETYISIPU3AIIHIO:

Zf(f;g)EZ(fég)““Z<"710>Zj0’ i=lm, ()

J#l

TO CIIpaBeIJInBa TEOpEMa

Teopema 1.3.2. Jlng Kaxmoro i=Il,m W JOCTATOYHO Manbix &  A(g)

ABJISIETCS ~ MPOCTBIM  COOCTBEHHBIM  3HadueHueM  omeparopa (4) ¢

COOTBETCTBYIOIIMMH ~COOCTBEHHBIM 3IIeMEHTOM &, (e)=0,(¢)+ > a0, (¢) u

J#i

nedextHbIM yHKIHOHAIOM 7, (6)=v,(e)+ Y by, (e).

J#I

OcHOBHOI1 Teopemoii 3Toro naparpada sBiseTcs cieayrornias reopema 1.3.4.
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Pi
Teopema 1.3.4. [Tycte cymectByer OXH, nmpuaem <z Ak¢£f*l‘k,y/i0> #0 TSI
k=1
Bcex i=1,m. Ecmu Ly, =0,j —L,o ¥ L,#0, TO CyIIecTByloT N IPOCTBIX

COOCTBEHHBIX 3HAUYEHHH W OTBCUAIOIIIUX HM COOCTBEHHBIX QJICMCHTOB,
1

NpE/ICTABUMBIX B BHJE PANOB Mo cremeHsM ¢”'. Ecmu ke Ly;=0,j=14q, -1,
L, =0 u L, #0, TO CymeCTBYIOT poBHO N COOCTBEHHBIX 3HAUYCHHH, IPUYEM M

N3 HUX C COOTBCTCTBYIOIIMMMH COOCTBEHHBIMU QJICMCHTAMU, IMPCACTABUMBIMHA II0

OCJIbIM CTCIICHAM ¢, a OCTaJIbHBIC N-m ¢ COOTBCTCTBYIOITMUMHU COOCTBEHHBIMH
1

QJICMCHTaMH, IPECACTABUMBIMHU 110 CTCIICHAM el

3ameuanue 2. Korma L, =0, =l,0 W L, =0, MeTox auarpamMmsl HeioToHa

oTpeseNsieT BCE COOCTBEHHBIE 3HAYEHUS C COOTBETCTBYIOIIUMH COOCTBEHHBIMHU
AJIEMEHTAaMH OJHOBPEMEHHO IO JAPOOHBIM CTETICHSIM & B MPEICTABUMBIX DPsiax
110 TIEPBOMY OTJIMUHOMY OT HyJisl KO3 duUImenty {L, ; .

B xauecTBe npunoxkeHus B §4 paccMaTpuBarOTCS TPU IPUMEPA: BO3MYILCHHE
coOcTBeHHOro 3HaueHus nupdepenuanpaoro omepatopa Lltypma-JlnyBumis,
COOCTBEHHOE 3HaueHue omneparopa Jlamiaca aus BO3MYIIEHHOIO KBagpara U JJis
IIUOTHYECKON oOnactu. HMcmonb3yst pe3yabTaThl §2  ONpenesstoTcs Bce
COOCTBEHHbIEC 3HAYEHUsI, OTBETBIISIIOIIMECA OT TOUKH A, U COOTBETCTBYIOIHUE UM

coOcTBeHHbIE (DYHKITUU.

B navane XX Beka 3. lIIMuaT B cBoux paboTax BBEJ MOHATHE S --YHCEII, T.C.
COOCTBEHHBIX 3HaUEHUN A omeparopa B:H — H | COOCTBEHHBIX 2JIEMEHTOB ¢ U
¥ YIAOBJIETBOPSIOMIUX COOTHOUICHUAM Bo=Ay, B*y=A¢p ¥ NO3BOJAIOIINX
0000muTh Teopuro ['unpOepra-llIMuaTa Ha HECAMOCONPSIKEHHBIE BIIOJHE
HEMpPEpPBhIBHBIE OMEpaTopbl B aOCTPaKTHOM cemnapadelbHOM THIbOEPTOBOM
npoctpancTBe H. B panpaeiimem oHu B pabotax b. B. Jlormnoa u O. B.
MakeeBoil ObulM Ha3BaHbl COOCTBEHHBbIMU 3HaueHHsMHU J. llImuara, B KOTOpBIX
MPEAIOKEHO CIIEKTPATBLHOE PA3IOKEHUE JTUHEHHBIX OMEepaTopoB B THILOEPTOBOM
npoctpaHcTBe 1o criekTpy llIMuara u oTMedeHo, 4To cucTema moJoOHOro BHIA
BCTPEYAIOTCS B PEIATUBUCTCKOW KBAHTOBOUM Teopuu J(upaka W mpu UcCCIiIeI0BaHUU
HEKOTOPBIX MPOOIIEM IIEKTPOMATHUTHBIX MTPOIIECCOB.

B §5 Ha ocHOBe pe3ynbTaToB §2 WCCIIEIOBAHBI BO3MYIICHHS] COOCTBEHHBIX
3HaueHui IlIMuaTra W COOTBETCTBYIOIIMX KM COOCTBEHHBIX JJEMEHTOB B
MozaenbHOM 3amaue A. IlocTpoeHbl ypaBHEHHsS pPa3BETBICHHS COOCTBEHHOIO
3HAYEHHUS U JIOKA3aHbI JIBE€ TEOPEMBI, YCTAHABIMBAIOIIME YCIOBHUS CYILIECTBOBAHUSA
Pa3BETBIAIONIUXCS COOCTBEHHBIX 3HAUEHUN U COOTBETCTBYIOIIUX UM COOCTBEHHBIX
AJIEMEHTOB U UX 3aBUCMMOCTH OT IIapaMeTpa & .

N3-3a CHOKHOCTH TOCTaBJICHHBIX 3ajad MHOTHE 3aJaud Ha COOCTBEHHbIC
3HAUYECHUS aHAJIMTUYECKU He pemarorcs. [loaTomMy s ux pemeHus NpuMeEHSIUCh
NpUOJMKEHHBIE METOJIbI BBIYMCICHUNA. B CBA3M € 3TUM CUJIBHOE pa3BUTHE
MOJIyYHJIa TEOpUsS YHUCICHHBIX METOJ0B. bblIo pa3paboTaHO MHOTO pa3IMYHBIX
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NPUONMKEHHBIX METOJIOB HAXOXIEHUS COOCTBEHHBIX 4YHCEN, HayuHasg C
MPOCTEUIIIUX MATPUIL 10 CAMOCOIPSKEHHBIX ONIEPATOPOB.

B nauwane 60-x romoB mpouwioro Beka M.K.I'aBypun B cBoux paboTtax
MPEJIOKUI, OCHOBAHHBIM Ha HACSX TECOPUH BO3MYILECHHUH, METOJ BBIYUCIICHUS
COOCTBEHHBIX YHCEI U BEKTOPOB JIMHEHHBIX CaMOCOMIPSKEHHBIX OMNEPaTOPOB
JEUCTBYIOIUX B THJILOEPTOBOM MPOCTPAHCTBE, Ha3BAHHBIN UM METOJIOM JIOKHBIX
BO3MYyIlleHUH. Vied ero MeTojia COCTOUT B MOCTPOEHUH OTeparopa D, TaKoro, 4To

U3BECTHBIE MNPUONMKEHHS] K COOCTBEHHBIM YHCIAM M 3JIEMEHTaM CTaHOBSTCS
TOYHBIMU JUIsl BO3MyLIeHHOro omeparopa. Pesynpratet M.K.I'aBypuHa Obuin
pa3Butel @.KyHepToM Aisi MPOCTHIX COOCTBEHHBIX YHCET HECaMOCOIPSKEHHBIX
onepaTopoB. JlanbpHelee pa3BUTUE METOJ JIOKHBIX BO3MYIICHHN MOJYYWAS B
pabotax b.B.JlorunoBa, H.A.Cunopoa u J[.I'.PaxumoBa. 3aTtem auccepTaHTOM
ATU PE3yJIbTaThbl OBbLIM MPUMEHEHbl K HAXOXKJEHHIO COOCTBEHHBIX 3HAYEHUH U
COOCTBEHHBIX BEKTOPOB MHOTOIAPAMETPUUYECKUX CIIEKTpPalbHbIX 334a4y. B Hauane
HAIIEr0 CTOJIETHS METOJ JIOKHBIX BO3MYLICHUH IIOJy4WJI HOBOE pPa3BUTHE B
pabotax b.B.JlornHoBa u O.B.MakeeBoii.

Bropasi riiaBa mOCBSILIEHA W3JIOKEHUIO PE3YyJbTaTOB, KOTOpPHIE IO CYTH
ABJISIIOTCSL  IIPUMEHEHUSMH  pPE3yJIbTATOB IIEPBOM  IJIaBbl K  BBIYMCIICHUSAM
COOCTBEHHBIX 3HAYEHU M COOTBETCTBYIOIIMX UM COOCTBEHHBIX U KOPHEBBIX
JJIEMEHTOB JIMHEHMHBIX AHAJIMTUYECKU 3aBUCALIMX OT CIEKTPAIBHOIO IapaMerpa
ornepaTtop-(pyHKIUN, IeHCTBYIOUINX B OaHAXOBBIX MPOCTPAHCTBAX.

B § 2.1 paccmarpuBaercst yrouHeHue (GpenroJbMOBBIX TOYEK IUCKPETHOTO
CIIEKTpAa JOCTAaTOYHO IUVIAJAKOM OTHOCHUTENIBHO CIEKTPAJIbHOTO Iapamerpa
JUHENHON onepaTop-QyHKUUH, T€OMETpUYECKass KpPaTHOCTb KOTOPBIX OOJbIle
€UHULIBI.

[lycte A - um3onupoBaHHas (QpenrolbMOBa TOYKA JMCKPETHOrO CIIEKTpa
JIOCTaTOYHO TJAJAKOW MO ¢ B HEKOTOpoHl obnactu G < C omneparop-QyHKIUU
At)e L{E,,E,}, E,,E, - 6anaxoBbl nipoctpancTBa;, N(A(1))=1{p,}', N*(4(1)={v,}/,

puYeM k=det|(4'(2)p,.y,)|#0. TlycTh H3BECTHBI JOCTATOYHO XOPOIIHE
OpUOIMKEHUI @,,,%,, © A K COOCTBEHHBIM 3JI€MEHTaM ¢,,y,, i=12,....n W

COOCTBEHHOMY YHCIIy A, COOTBETCTBEHHO: ng =0 H <eg,

v, —wjo“ﬁg, |/1—A|£5.
B xauectBe npubimxeHuss A9 BbIOMpaeM NPUOIMKEHHOE 3HAUYEHUE OJHOTO
U3 PELICHUN YpaBHEHUSA

F'(t—A)= f(t)= detH<A(t)(oi0,t//j0> =0.

B cuny manoctue k, = detH<A’(&0 )o.,. v 0> # 0. ITooToMy OnOpTOrOHaIbHBIE

J

CUCTEMBI JIEMEHTOB K {gol.o }, {y/l.o} MO>KHO MTOCTPOUTH CIEAYIOIIUM 00pa3oM:

1 ¢ 1 ¢
Y o :_ZKUO'A*'(/IO)I//I'O s Zj0 = _ZK;A'(ZO )¢s0 s

0 i=l 0 s=1
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0 0 _ [}
rie K, - anreOpandeckoe AONOIHEHUE DIIEMEHTa K, = <A (ﬂ, )¢YO,§{/1.O>. Tak xax

k, # 0, To HaliieTCsT HOMEP i,, TAKOH YTO k < ( ) 2 oaV/10>
BBenem onepatop-pyHKITHIO Z(f ) < >

Teopema 2.1.1. TouHoe coOCTBEeHHOE 3HaUeHUE A omepaTopa A(t1) sABIAETCS
MPOCTOM  U30JIMPOBAHHOW  (DpPEAroabMOBOM  TOYKOM JUCKPETHOTO CIHEKTpa
omepatopa A(t), mpHYeM COOTBETCTBYIOIIME COOCTBEHHBI BEKTOP U JedeKTHBIIT
(GyHKUIHOHAT UMEIOT BU/T

¢ ¢10+ZC ¢s0’l// l//10+zdl/ls0

J#iy
[lpu »3TOM »27€MEHTHl  @,,W,, OKa3blBAIOTCA JOCTAaTOYHO  XOPOLIMMHU
Io
MPUOJIMKECHUSIMHU 3JICMECHTOB @ U I/ .
JIisi yTOUHEHHsSI COOCTBEHHOTO 3HAYeHUS A  MPUMEHUM METOJ JIOKHBIX
BO3MYIIICHUH B OJTHOMEPHOM BapHaHTE K 3a7a4e
Alt)x=0, (5)
JUIS 4€r0 B KAuecTBE HAYalbHOro mnpuoOmmkenus A’ BBIOMpaeTCsS KOpPEHb
YpaBHCHUA f(t) = <A(l‘)(p10 7l//i00> =0.
Onpenenum 371€MEHTHI
7= L gw(2Yy  eE, Z, =
7/0_k inoe 1o 2=
i 0

OMOPTOrOHAJILHBIC K ¢, U I/, , COOTBETCTBEHHO.

A, < E

e
kiOO

Orniepatop JIO)KHOTO BO3MYIIIECHUSI CTPOUTCS B BUIE
D,x = <x,70>2( °)¢10 +<x,2*( 0)1//i00>2’0 ,
Torta N(AGE ), )=t} N(A*(2)- D)=y, )
C mnomompto Merona JlsnyHoBa-llImuara ypaBHenue (5) cBOAMTCS K

YPaBHEHUIO PA3BETBICHUSA, TIPOCTHIM KOPHEM KOTOPOTO SIBJISIETCS TOYHOE
COOCTBEHHOE 3HAYECHHUE A:

F(r)={(D, + 4()- A2 )1 + T, (D, + 4(0)- 4] ' 0.17,0) =0, (6)
re T, :[Z( 0)—DO+<-,;7O>EO]_1.

Teopema 2.1.2. Ecnu HavanpHble NPUOIMKEHHUS JOCTATOYHO XOPOIIH, TO
—Ce)'(1+L)K<1
HMCKOMOE A MOYKHO BBIYUCIIUTH U3 YpaBHeHUs (6) meToaoM DiiTkeHa-Creddencena:

A0 = 20 _[F(A oA ) F(A™), m=012,.... 2% =2, (7

rae d(r)=1—-F(t) F(t',t"):(F(t')_F(f%,_t,.).

Haiinytes uucna C, C, Ly m K Ttakue, 4ro npu / = ng&n o
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Teopema 2.1.3. CobOcTBeHHBIE BEKTOpBl @.,/.,i=12,...,n COOTBETCTBYIO-
ne COOCTBEHHOMY 3HAa4Y€HUIO A omeparopa A(/l) SABJISIFOTCSL  PELLICHUSIMU

YpPaBHEHUU

[A(l)+ (. }/i0>zi0}x _z [A *(2)+ Zn:<zi0,->}/i0} y=7. j=Ln

i=1 i=l1

B koHn1ie naparpaga B kayecTBe MPUIOKEHUSI PACCMOTPEHBI YEThIpe MpUMepa:
3alayd Ha COOCTBEHHbIE 3HAaueHUs Martpullbl, 3amaun llTypma-JInyBusibs,
orneparopa Jlarutaca fiy1st BO3MYIIIEHHOTO KBajipaTa  JJIsl QJTUITHYECKON 001acTH.

B § 2.2 paccmorpeHo BbIUHcClieHHE COOCTBEHHOTO 3HAYEHUSI C OJHOM
LETOYKOM. [Toctpoen pEryJspU3YIOIINN omneparop, MTOHKAIOIIN I
anreOpanyecKyr0 KpaTHOCTh JIO €AMHMIBL, T.€. MPEBPALLAIOINNA HCKOMOE
COOCTBEHHOE 3HAUEHHUE B MIPOCTOE ISl PETYJISIPU30BAHHOIO ONIEPATOPA.

B §2.3 nns nuHENHOW OTHOCUTENBHO CIEKTPAJbHOrO Mapamerpa omneparop-
(GyHKIMM pAacCMOTPEH cilydail KpaTHOrO COOCTBEHHOI'O 3HAYEHHSI CO MHOTMMH
KOHEUHBIMHU 1IETIOYKAMHU.

I[lycte E; wm E> - 0aHaxoBbl NpoCTpaHCTBa, A, :E DD(AO)—>E2,

A E :)D(Al)—>E2, IUIOTHO 33JaHHBbIE 3aMKHYTBIC JIMHEHUHBIE OIEpaTOpHI,
., + |l ma D(4,))

5t H)CHE1 Ha D(A1 )).

npuaem D(A4,) < D(4,) u A; noguunen Ay (T.e. .
uwmn D(A, )< D(A,) u Ay nomaunen A; (T.e. HAOx 5 S‘ 1

PaccmoTtpum 3amauy Ha cOOCTBEHHBIC 3HAUCHHUS

(4, —t4,)x =0.

Mycts  N(4, —A4,) = spanip,,...,p,}, N(Ag —Ml*)zspan{t//l,...,t//n}, u
oTBeyaromuMu UM A - U A1* - KOPHAaHOBBLIMHU LIEMOYKAMHM C JUIMHAMU
p<p,<<p,

(4, — 24, )" Aga” (Ag—Ml*)l//i(“’l Ay s=2p.i=1n,
K:detH A" ,wj > #0, L=detL, #0, L, H< (=) >

i(k)="1n, j{1)=2,p.(p,)-

HpeI[HOJ'IO)KI/IM, 4dTO HM3BCCTHBI JOCTATOYHO XOPOHIHC HpI/I6J'II/I)K€HI/I$I

A, 92, w") k HensBecTHOMY cobcTBeHHOMY 3HadeHmI0 A 1 OYKII: H(pi(s) — "

%

3HaueHusMu Ko u Lo.
[IpousBoauM peryJsipu3anuio
n_ P

A(t)=(4,-14)= A—tA+Z< y Nzl 4 Z(, Dz (8)

i=2 k=2

9

—t//[(g)HS.e, M—A‘ <¢ ¢ ONM3KMMH K €IMHMIIE COOTBETCTBYIONIMMH

CrnpaBenuBa cieayrolas Teopema.
Teopema 2.3.1. Vckomoe cOOCTBEHHOE 3HA4YCHHE /A SIBIAETCS MPOCTHIM
COOCTBEHHBIM YHCJIOM PETYJISPU30BaHHON omepaTop-QyHkmuu (8), mpuyem
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COOTBETCTBYIOIIME  COOCTBEHHBIH  BEKTOp M JACPEKTHBIA  (yHKIHOHAT
OINPEEIISIIOTCS B BUJIE:
n n_ P pi-l
= — o) (s) (s)
G=g" 42,0 +2.2.c.0" + 2607, ©)
i=1 s=1

i=2 s=2

n n P
V=y +2dy, +>>dy!. (10)
i= i=l s=2

B KAau€CTBC Ha4YaJIbHBIX HpI/I6JII/I}KeHI/Iﬁ K ¢ u l); CﬂeﬂyeT B34Tb
-~ (p)

Dy = Py
BHIOEPEM ~ KaK  pElNICHHE  yPaBHEHHS <Z (t)p, .7 0> =0, Te.

Ao v Y+1
PR lcoo,lm/ .
’ (4,2, 7,)

Tak xak ko = <A1¢N)09‘/70> = <A1(01((f])’v70> _<A1¢1((fl_l)’l/70> = <A1¢1((§)1)9'70> #0, 1o

—@»?" wm @, =y, coorBercTBeHHO. HauampHoe TpHOMMKEHHE K A

~ 1 . - | _ — o~
nojaras y, :k—All/jlo, zZ, :k—Al(DO,I/IMCCM <(DO,]/0>:1, <ZO,W0>:1.

0 0

OnepaTop JI0KHOTO BO3MYIIEHHS CTPOUTCS B BUJIE
Dox = <x,}70>2(ﬂ,0)(30 +<x92*(ﬂo) 0>30’
D,y =(A(2,)5,%)7, +(Z, A * (4, o)A * (2, .
Torm D, = A D7, = G e NAW)-D,)- )
N(A*(2)-D;)=17,}
VYpaBHEHHE pa3BETBICHUS 111 PACCMATPUBAEMOT0 CiIydasi UMEET BU/L:
F(e)=1-([1+T,(D, + 4()- 4(3,)] ,.7,) =0, (1)

_ — —_ o 1
rne I, :[A(lo)—D0+<-,y0>zo] :
[TycTh S(/io; ,0) - HEKOTOPBIN IIap ¢ panyCoOM O U LUEHTPOM Ao .
Teopema 2.3.2. Ecnu HavanbHble TPUOIMIKEHUSI TOCTAaTOYHO XOPOIIUE, TO

C1-+1-4h

cymectsyer map S(4,;7), tme = 21h_ ai n<p, h= ‘F'(/IO)FL‘F(ZO){ < %,

n= ‘F '(AO)HF (10)(, B KOTOpoM ypaBHeHue (11) mnMeeT equHCTBEHHOE pelIeHue

t = ¥ mocneaoBaTeibHbIe MTPUOIMKEHUS, ONpeesieMble MOIU(DUITUPOBAHHBIM
MmetonoM HrroTona:

A=A -[F'(A)'F(1,) m=012,.... (12)
CXOJSTCS K 3TOMY PELICHUIO.
3amMeTuM, 4TO MpHU peaau3aluu uTepaluoHHoro npouecca (19) Ha xaxaom

mrarce HCO6XOI[I/IMO peuiaTb OAHO OIICPATOPHOC YPABHCHHUC

[4(2,)+(-7,)z, ) =2,
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Teopema 2.3.3. Diementsr OXI] {(p(i)}il, {w(i)}il SABJISIFOTCSL PEIICHUSIMU

CJIEIYIOLIUX PEKYPPEHTHBIX CUCTEM:

|:A() _Ml + §1<, m >ZS0 :|X =Z,, |:A; —Ml* + ;<ZS0 ).>}/S0 :|y =70
[Ao —AA, + Z;<.,)/So>zso}xj’i =Ax,, +z,, X, =@, x, = (0[('/)9

|:A; - )Z“Al* + Z<Zso 9'>7/s0 :|yj,i = Al*yj—l,i 705 Vi =V Vo = l//i(j)’
s=1

j=2,p, i=1ln.

B m. 2.3.2 paccMOTpeH ciydaii aHaTUTHYECKUX orepaTop-GyHkmmid. Tak kak
JUIS TaKoro ciiydas OMOpPTOTOHAIBHBIE CHCTEMBI, OOJaJaloNIie ONpeaeIeHHbIMU
CBOMCTBAMHM, TOCTPOUTH HEBO3MOXKHO, TO METOJIOM JIMHEAPU3ALUN AaHATUTUYECKUIN
cily4ail CBOAUTCA K JINHEWHOMY, pa3oOpaHHOMY B 1. 2.3.1.

B xonue nmaparpada npuBeeH METO HaXO0X/I€HUsI COOCTBEHHbBIX 3HAYECHUN U
cooTBeTCcTBYIOMUX 1eMeHTOB OXKH, ocHOBaHHBIN Ha TEOPUHU BO3MYIIICHH.

B § 2.4 paccMoTpeH HETEepOBCKHIl ciydail COOCTBEHHOTO 3HAYEHUSI.

Ilycts  A(t) - poctatodyHo Tiagkas oTHOcUTeNlbHO f€ G c C omeparop-
byHkuus, nedcTByromas w3 0OaHaxoBa TMpocTpaHcTBa  Ej B 0aHaxoBO
OPOCTPaHCTBO FE> W MycTh A  HETEPOBCKas TOYKA €€ JAUCKPETHOrO CIEKTpa C

OXH {gpi(’ )}{:l—’p". AHAJIOTUYHO TIPEIONAraeM, YTo {1//1.(" )}jzl—’p‘ OXH omeparopa

i=l,n i=l,m

A*(). dna onpenenenHoctu cuutaem n > m u  OXH {gp?")}'/zl—’p" M-TIOJTHBIM

i i=l,n
Ha60pOM. bes OTpaHHUYCHUA 06H_IHOCTI/I MO>XHO IMPCAIIOJIOKHUTD, qTo
p,>maxp, j>m. [TpenmosararoTcst U3BECTHBIMH HEKOTOPBIE TOCTATOYHO

1<i<m

xopomme mpubmmkenus A, "),y Hgoi(“) — ! <¢&

b

<¢ ’ HI/I(S) - l//i(g)

M—A‘Se npu i=m+1,n, s<maxp +1, upu i=lm,s=1,p,.

1<j<m

Yepes {7, u {z,}' 060o3HAYMM CHCTEMBI BEKTOPOB, GHOPTOTOHANBHBIE K

{p,}' m {w,}" coorBeTcTBEHHO.

PacipuM mpocTpacTBo  E, (CoOTBeTCTBeHHO E,) Ha IOANPOCTPAHCTBO,
HATAHYTOE€ HA UICAIBHBIC JIEMEHTBL Z, 152, 2 os-sZ00 (WoiooWmiaos---s W0 )s KK
31O caenano B §1.3 rmaBer 1.

be3 orpanndenus oOIIHOCTH MOKHO HOJIOKHUTH <A" (1)p, ,l//1> #0.

CtpouM oneparop-pyHkimio A (t) = A(t)+ Z<, Vi >Zl.0 .

i=2
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Jlemma 2.4.1. CoGcTBeHHOE 3HauYeHHE A SBIsIETCS (PPEaroabMOBON TOUYKOM

JUIsL  oriepaTop-(QyHKIHH Z(t) C HyJIeM P=¢ +D.c,p, U IePEKTHBIM
k=2

GyHKIIMOHATIOM ¥/ =/, + Zn:d W

Jloka3bIBaeTCs, 4TO kz;)m,l//m SBJISIOTCS TPHOMMKCHUSIMA HyJIed @ W
onepatopoB A(A1) u A*(A).

B cuny manoctu koo urnmentos 7,, d,, k= 2.n, k = <Z'(i)¢7),1,7> #0.

I[anee AJIs1 YTOYHCHUSA COOCTBEHHOI'0 3HA4YeHUA A IMPUMCHACTCA MCTOI
JIOKHBIX BOBMYHICHI/Iﬁ K 3aJa4cC A(I)XZO, A 49€ro B Ka4CCTBC HAYAJIBLHOI'O

npuOImKeHuss g BbIOMpaeTcst KOpEeHb ypaBHEHUS [ (t) = <Z (t)(plo ,l//10> =0.

VYpaBHEHHE pa3BETBICHUS, U3 KOTOPOTO OIMpPENEseTCs] HCKOMOE COOCTBEHHOE
3HAYeHUE UMEET BUJ;

F(t)=((D, + 4()- A1 + T, (D, + 4() - 4] pov) =0, (13)
Teopema 2.4.1. Ecniu HavanpHble NPUOIMKEHUS TOCTATOUYHO XOPOIIH, TO
—Ce)'(1+L)K<1

UCKOMOE€ A MOXXHO BBIYMCINTh W3 ypaBHeHus (13) meromom DWTKeHa-
Creddencena:

A = 20 _[F(A, oA ) F(A™), m=0,12,..., 2% = 2,
rae d(r)=1—-F(t) F(t',t"):(F(f)_F(f%,_t,.).

CoOcTBeHHBIC BEKTOPbI o, v.,i=12,...,0 , COOTBETCTBYIOIINE

Haiinyres uucna C, C, Ly m K Ttakue, 9ro npu / = ng&n o

-1

coOCTBEHHOMY 3HaueHMIO A omepatopa A(A), ONpenensioTcs Kak pelTeHHe
YpPaBHECHUU

A+ B 7z =z | 47(0)s

i=1

n

<Zi0">7/;0:|y =7 0> j=10.

P
Jlna oneparop-dyukuun  A(t)=B—tA B cllydyae HAIMUHS M-TIOJTHOTO
0000IIEHHOT0 KOpAaHOBa HAOOPa JeaeTcs Ceayoas peryisapu3anus
A(t)= A(t)+ ;S Vo) Zio -
Jlemma 2.4.2. CoOCTBEeHHOE 3HAUCHUE A SIBISETCS (PPEAroIbMOBOM TOUYKOM
mns omeparop-pyHKmH A (t) C HYSIMU Q. =@, + Zn:cik @, W INePEKTHBIMU

k=m+1

byHKIMOHAAMH ¥/, =/, + Zn:dikl//k, i=Lm.

k=m+1
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Jemma 2.4.3. Ecmu {g/_)i(j)}jzg A-OXH oneparop-pyskmun ~ A(4),

i=1,0

COOTBETCTBYIOIIEH A, TO JaHHbIE MPUOTMHKEHUS (pfg> OyInyT TaKkxe

MPUOVKECHUSMHU JIJIS (ﬁ.ﬁf), s=1p,i=Lm.

[Ipumenss npanee Meroauky §2.3, ompenensieTcss UCKOMOE COOCTBEHHOE
3HAYEHUE U EMY COOTBETCTBYIOIINE KOPHEBBIE DIIEMEHTHI.

HaxoxeHnto KpaTHbIX COOCTBEHHBIX 3HAYEHUW U MM COOTBETCTBYIOLIUX
COOCTBEHHBIX 3JIEMEHTOB MOJIEIbHON 3amaun A mocBsmeH § 2.5. Perynspusys
UCXOJIHYIO 3aJjady Cly4yall KpaTHOTO COOCTBEHHOI'O 3HAYEHHUsl CBOAMUTCS K CIIydaro
IPOCTOTO COOCTBEHHOI'O 3HAYEHHUs. 3aTeéM METOAOM JIOKHBIX BO3MYIIEHUN
YTOYHSIIOTCS UCKOMOE COOCTBEHHOE YUCJIO M €My COOTBETCTBYIOLIME KOPHEBBIE
AJIEMEHTBI.

Tperbsi riIaBa UEIMKOM IOCBSIIEHA BOMNPOCAM MHOTONAPaAMETPUUECKOM
CIIEKTpaJbHOW 3amauu. lIoHATME COBMECTHOrO CHEKTpa BBOOUTCS A
KOMMYTAaTHBHOTO Habopa JMHEMHBIX OMepaTopoB uepe3 anredpy, MOpoXkaeHHas
TUMU oneparopaMu. Tak KaKk COBMECTHBIM CHEKTP 3aBUCHUT OT BbIOOpa anreopsl,
TO OH ompenensaercss HeoqHo3HauHo. B § 3.1 pe3ynbraTel [lama nepeHocsTcs Ha
HEKOMMYTaTUBHBI HAOOp JIMHEWHBIX omnepaTop-QyHKUIUM. YcraHoBieH
CYLIECTBEHHbId IPU3HAK TOYEK PETYJSPHOrO MHOXecTBa. JlokazaHo, dYTO
COBMECTHBIN CHEKTP (COBMECTHBIA JUCKPETHBIN CHEKTP) paBHSIETCS ACKAPTOBOMY
MIPOU3BEJCHUIO CIEKTPOB (AMCKPETHBIX CIIEKTPOB) ONEPATOPOB, MPUHAMIEKAIINX
JAHHOMY Habopy. Y CTaHOBJIEHO, YTO COBMECTHOE HYJIEBOE MOJMPOCTPAHCTBO €CTh
TEH30pHOE IPOM3BEICHHUE HYJIEBBIX IOJIINPOCTPAHCTB, €ro COCTABJIIFOLIUX.
OnpenenuB TNOHATHE COBMECTHOIO IPEAEIBHOIO  CHEKTpa, YCTAHOBJIEHA
B3aUMOCBSI3b MEXJY COBMECTHBIM CIEKTPOM M COBMECTHBIM IPEACIIbHBIM
CIIEKTPOM. BBeIEHO NOHATHE COBMECTHOI'O YMCIOBOTO MHOXECTBA M JIOKA3aHO
IIPEACTABICHUE COBMECTHOIO YUCIOBOTO MHOXKECTBA YEPE3 YMCIOBBIE MHOKECTBA
COCTaBJISIONINX JaHHBIN HA0OP.

B § 3.2 paccmarpuBaeTcsi MHOTOIIapaMeTpuueckas 3ajgadya Ha COOCTBEHHBIC
3HAYEHUs] MO ATKUHCOHY. J[arOTCSI OCHOBHBIE OIPENEIICHUS, MEPEHOCUTCS Ha
MHOTrOIapameTpuueckue 3amadn  oauH pe3yiaprar @O.Pennuxa. Ha ciyuqait
CUMMETPHUYHBIX onepartop-PyHkiui oboOmaercs pesynbtar [.A. HcaeBa. Ot
PE3YABTATHI ABJISIOTCS OCHOBOM JIJISl pa3/ICIICHUs CIIEKTpa MHOTONIapaMeTPUYECKUX
3ajay Ha coOcTtBeHHble 3HaueHus. Crenyss O.ATKMHCOHY, HA OCHOBE TEOpUU
TEH30PHOIO IPOM3BENEHHS CTPOSTCSA CIELNUalbHble omeparopel A —A A,

COCTAaBJIAIOINE CEMENCTBO OIepaTopoB A pasgensroniee CIIEKTp
MHOTOIMApAMETPUYECKUX 3adad. Jloka3aHO, 4YTO COBMECTHOE PE30JbBEHTHOE
MHO>KECTBO yo, ceMencTBa A BXOJUT B PE30JIbBEHTHOE MHOXKECTBO

MHOromnapameTrpuiyeckor 3amauu. OmnpenesneHo YCIOBHE, NP KOTOPOM OHHU
COBMNAAAOT. BBOAUTCS MOHATHE COBMECTHOW YMCIOBOM OOJIACTH U JIOKA3bIBAETCH,
4TO B O0OIEM cllydae COBMECTHAsi YMCIIOBasi 00JIACTh MHOTOMapamMeTpUYeCKOn
3a/laydl MPUHAAJICKUT COBMECTHON YHMCIOBOM 00JIaCTH pa3JesIoNIero ceMeicTra
OIIEpaTOpPOB.  YCTAHOBJIEHO  TaKXe, 4YTO  IIpHU W-HE3aBUCUMOCTH
MHOTOIapaMETPUIECKON 3a7a4d TH JBE 00JIaCTH COBMajatoT. Bo3myimeHusmM B
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MHOTrOMapaMeTPUYECKUX CHEKTPalbHbIX 3afadyax mnocsdamieH § 3.3. Iloctpoensl
yYpaBHEHUSI PAa3BETBICHUSA, 3aTeM MPUMEHSAI K OJHOMEPHOMY ypPaBHEHUIO
pa3BEeTBICHUS METOJ AuarpaMMbl HbIOTOHA, ONpenensroTcs Bce COOCTBEHHBIC
3HAYEHUS U WX TIOPSAIOK 3aBUCUMOCTH OT BO3MYIIIAIOIIETO TTapaMeTpa.

Bo3mymieHnussM B MHOTOITapaMeTPUIECKUX CIICKTPAIBHBIX 3a7adax TOCBSIICH
. 3.3. MccnenoBansl Kak Ciydaid MpOCTOTO COOCTBEHHOTO 3HAUCHUS, TaK U CIIydai
KpaTHOTO COOCTBEHHOTO 3HAYCHUSI.

Iycts E.F,, j —1,n- GaHAXOBBI MPOCTPAHCTBA, U T(t)e L(Ej,Fj), ji=Ln -
aHATUTHYECKHE B HEKOTOPOU obmactu G — C" omepatop-dpyuknuu. [lycts manee,
A= (ﬂf /12) - U30JIMPOBaHHAs QPEAroIbLMOBA TOUKA AUCKPETHOTO crekTpa o, (7)

MHOTONIapaMeTPHYECKON 3aiaum Ha COOCTBeHHble 3HaueHust 7,(f)x, =0, j=1n,
Takasi, 4To Ker(Tj( 0))= {(pﬂo,...,q)jno}, Ker(Tj*(/lo))z {l//jlo,...,l//jno}, {7.1'1'0}7,?,,-1':,1,1 u {Zfio}z’;:h -

OMOPTOrOHAJIbHBIE CUCTEMBI K {(pﬂo} {1// ﬁo}ffiu COOTBETCTBEHHO.

Jj=L1

PaccmarpuBaercs ClHeAyromas BO3MYINGHHAs 3alada Ha COOCTBCHHEIE
3HaueHUA

T(t¢)x, =0, j=Ln, (14)

rae T,(t0)=7,(¢), j=Ln, u T,(¢)- QHATUTHYHBL 1O MAJIOMY KOMIUICKCHOMY
napameTpy .

JI1 KaX1oro j =1,n cTpouM orepatopsl T, (t &)=T(e +Z<,7/ﬂo> Zp.

J#
Jlemma 3.3.1. [Ipu 1ocTaTOYHO MaJbIX & W OPU KAXKAOM i = 1,2,...,n HAUAYTCA

IMOCTOSIHHEIC cﬁs,dﬁs j,s =12,...,n, TaKHue, YTO HMCKOMbBIC COOCTBCHHBIC 3HAYCHUS

A(¢) OKaxyTCs TPOCTBIM (PEArOILMOBLIM COOCTBEHHBIM 3HAUEHUEM IS
MHOT'OITAPAMETPUUYECKOM 3a7a4u
T(te), =0, j=1Ln, (15)
[Ipumensis k (15) wmerox JlsnmynoBa-llImMuara cTpoutTcst ypaBHEHUE
Pa3BETBIICHUS co6CTBeHHoro 3HaquH5[

Nuse)= DL ure' =0, i,j=12,..n, (16)

s+ a1
rae L), = b <T,~a(o)s0(r/Tja<ws1} (FT )&"1"'(0./i0’l//./i0>:0'
(cras)=(@ 50 Jry (s, bk () 5, Jooe
[Tpumensis k (16) KpoHekepckuii METOJ HCKIIOYEHUH, CBOAUM €ro K
ONHOMEPHOMY YypPAaBHEHHIO. 3aT€M NPUMEHAS K OJHOMEPHOMY YPaBHEHUIO
pa3BeTBICHUST METOJ aAuarpammbl HblOoTOHa, omnpenensroTcss Bce COOCTBEHHbIE
3HAYEHUS U UX NOPSAOK 3aBUCMMOCTH OT BO3MYIIAIOLIETO ITAPAMETPA.

B KkoHIlEe riaBbl paccMaTpuUBAETCs BETBICHUE HETEPOBCKUX COOCTBEHHBIX
3HaueHui. PesynbraTel § 1.3 ryaBel 1 mepeHOCITCS Ha MHOTONApaMETPUUYECKUE
3a1aun 0 ATKMHCOHY. PaccMOTpeHsl Kak ciydail HeTepoBOM TOUYKH l-popa, Tak u
HETEPOBOM TOUKH 2-poJa.

B 4erBeproii riiaBe pe3ysbTaThl NPEABIAYIIMX TJIAB IEPEHOCATCS Ha
MHOTronapaMeTpUyecKre 3aJla4l Ha COOCTBEHHbIE 3HaUeHHsl. PaccMOTpeHsI citydan
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IPOCTOTO M KPATHOTO COOCTBEHHBIX 3HaUEHUI 0e3 jKOpaaHOBBIX Ienoyek. B § 4.1
PaccMOTpeH ciyyail (ppearoJbMOBBIX TOYEK JUCKPETHOTO CIIEKTPA.

IIycte A=(4,...,A4,) u30IMpoBaHHas (PEAroIbLMOBA TOUYKA IUCKPETHOIO
criektpa o,(T) MHOTONapaMeTpPHUYECKO! CIeKTpanbHOl 3anaun T(t)x, =0, j=1n,
takas, uro Ker(T,(A))=1{p,.....0,, 5 Ker(T/(2))=1w ..., }. Tlpenmonararores
M3BECTHBIMH 10CTaTOYHO Xopoume npubmmwkenust ¢,y i=1n,j=1Ln, u A K

Ji
l//ji - ‘//.5-?)

B kadecTBe HayanpbHOTO MNPUOIMKEHUS A :(210,...,/1,,0) MO>KHO BBIOpaTh
pELICHUE CIAETYIOMIENH CUCTEMBI
F(t-A)= detH<Tj e w)

Cucrembr |V}, (-} Guoproronanshsie cootsercTBeHHO K {0} |y}

. . . _ 0
PisWsi=Ln,j=lnn A COOTBETCTBEHHO: “(pﬂ. @i HSg,

<&, |i-Al<e.

‘zO,j:I,n.

CTPOATCA B BUJIC

.ot (1) 1, T (1)
O_Lspo ) o0 o Ly G 0
Jl l(l) ; Jst atj W]é > Jl kl(l) ; Jis al‘] ¢J§
[Ipou3BOMHUTCS PETYIIAPU3AIIHSL:
TO=T,0+ X (s
CripaBe/uiiBa TEOpEMa.
Teopema 4.1. CoGcrBeHHoe 3Hauenwe A =(4,...,4,) SBISETCS MPOCTHIM

e/l

COOCTBEHHBIM 3HAYCHUEM 3a/1a4U

T()x,=0, j=Ln, (17)
KOTOPOMY COOTBETCTBYET COOCTBEHHBIM JJIEMEHT ¢ =@, ®---®p U JOe(eKTHbIN
(bYHKI_[I/IOHEU'I l/7 = l/71 ®"'®l/7na rac 5,‘ =Pjs, +zcﬂ¢jia l/7j =V, t zdjini :

i#S, i#5g

YpaBHeHue pa3BeTBIeHU s 3aaaun (17) umeeT BU
fj(t) = <(D10 + Tj(t)_ Tj(/IO )11 + F./O(Djo + Tj(t)_ Tj(ﬂo))]l(pj('gg"//g» =0,j= L. (18)
g  onpenenenusa A= (ﬂq,. . /1) kK cucreme (18) mnpumeHsieTcs MeETON
Hprotona:

A0 = 40 _[5(a)] F(A) m=012,...,

of.
ae F0)= (). £,() s(w):[g](m
J
[Tocne Toro, kak HaimeHo A=(4,...,A,), COOTBETCTBYIOIIUE COOCTBEHHbIE
AJIIEMEHTHI ONPENEIAIOTCS U3 CIEAYIOIIMNX JINHEMHBIX YPABHEHHI:

LD N O R e A A

i=1 i=1

Perynspuzanuu HETEpPOBBIX TOUYEK JUCKPETHOTO CIIEKTPA MOCBAILEH § 4.2.
IIycts A=(A,...,4,) W30JMPOBAaHHAS HETEPOBA TOYKA JUCKPETHOrO CIEKTpa

o,(r) samaun  T,(t)x,=0, j=Ln, TaKas, 4TO Ker(Tj(i))z{wﬂ,...,(pjnj;,

51



Ker(T,*(/i)):{y/ﬂ,...,l//jm/} M Ui ONpPENENeHHOCTH n,>m, A BceX i, T.e. A

ABJISIETCA HETEpOBOU 1-poja.

I[lycTb W3BECTHBI AOCTATOYHO Xopolme npuGmwkenus ¢\, i=Ln,j=Ln,

yW,i=Lm, j=Ln, ¥ AKX ¢, v, j=Ln U A COOTBETCTBEHHO: H(pﬁ—(p_f.?) <g,

<e¢, |A-A|<e.

0
Hl//_/[ - I//Sl)
Pacumpsist IpocTpaHocTBa F, Ha nueanbHble sneMeHtel y) Ly Ly,

8]:‘(/1) (0) . (0)
< o, Py Yy

Ioctpous  Guoproromanseie  cuctemsr {0} {z®}  mpomssomm

Ji Ji

i =1,n, NIPEAIOJNOKUM, YTO k, = det 0, i,j=1n.

perynspu3anuo

n;

T,()=7,)+ 27", j=1Ln.

1:m_i+l

Teopema 4.2. VYrtounsemoe COOCTBEHHOE 3HAueHue A =(4,...,4,) ABISIETCS

*2%n

HN30JIMPOBAHHBIM @peHFOHBMOBBIM COOCTBEHHBIM 3HAUCHUEM 3aJadyun
]_’.(t)xj =0, j=1n.

J

[IpousBOAs  BTOPMYHYIO  PETYJIAPH3ALIHIO T.(6)=T,(c)+ Zn:< 79z

i=2
JOKa3bIBACTCA, YTO ﬂ,:(ﬂl,...,ﬂ) ABJACTCA IIPOCTBIM COOCTBEHHBIM 3HAYCHHEM

n

3a1a4u
T (t)x,=0, j=Ln. (19)

Hanee npumensis xk (19) meron Jlanynosa-llImuara ctpoutcs ypaBHEHHE
pa3BETBIIEHMs, U3 KOTOPOro 3areM MeToAOM HBIOTOHA BBIYMCIISAETCS HCKOMOE

cobcTBeHHOE 3HaueHue A =(4,...,4 ).
3ameuanme. Ecou A = (/L,...,}L ) - HETEpOBa TOYKA BTOPOrO poxa, T.€. n,>m;

n

Wit j=Lk W n,<m, s j=k+Ln , 10 nomaras T (f)=T,(), w1 j=Lk u

T.(¢)=T (¢), mna j=k+1,n IPUXOMUM K BBIBOAY, 4TO A=(A,...,A,) - HeTepoBa

J J
TOYKa IIEPBOro poja st 3amaun 7, (t)x, =0, j=Ln.
B KOHIE TaBel IS WUIOCTPALMM IPHIOKEHHS PE3yJbTaTOB TIIaBb
paccMaTpUBAKOTCA 3a1auK
d’u,

A. a2 +(3&1"’212)’41(351):(): u1(0)=0, ”1(xo):”1(l)a

1
2
d’u,

o +(24, =32, Juy (x,)=0, u,(0)=u, (1), u,'(0)=u,'(1).

Bce BbIuMCIICHUS BBIIIOJIHEHBI C IIOMOIIBIO ITAKCTOB IIPOTPpaMMbI Maple 1.

52



JAKJIIOYUEHMUWE

B nmuccepranmu ucciienyroTcs peryiaspu3alnd  3alaHHBIX AHATUTHYECKHUX
onepatop-QyHKIUN AJisI ONpeAeIeHUsT UX KPaTHBIX ()PEAroIbMOBBIX U HETEPOBBIX
COOCTBEHHBIX 3HAYEHUN U COOTBETCTBYIOIIUX UM COOCTBEHHBIX AJIEMEHTOB KakK B
OJIHOMIAPAMETPUYECKUX TAaK U B MHOTOMAPAMETPUUYECKUX CIEKTPAJIbHBIX 3a/Ja4ax.
JlanHble METObI B KOMOMHAILIUUA C METOJIOM JIOKHBIX BO3MYIIEHUN MPUMEHSIOTCS
K YTOYHEHUIO MPUOIMKEHHO 33JaHHBIX COOCTBEHHBIX 3HAYEHUH U UM
COOTBETCTBYIOIIMX KOPHEBBIX AJIEMEHTOB.

Bce ocHOBHBIE pe3ysbTaThl AMCCEPTALMU SIBISIOTCS HOBBIMH. llomydeHHbIE
pEe3yJIbTAThI ITO3BOJISIOT CAEIATh CIECAYIOLIME 3aKIFOUYCHUS:

1) B cnyuae nenomnoro OXKH y dpearonbmoBa omneparopa, COCTOSIIETO U3
OXIl KOHEYHOW IJWHBI, AHATUTHYECKH BO3MYIIEHHOE JMHEHHOE YpaBHEHUE
MMEET PELICHHUE BUIA

n—l1 -1

0 -1 0
W)=y, (e)+ ¢, 5(1—;8"FAkj (/)ﬁ(l—;g’TAk) ?,
= - -

2) Jloka3aHo, 4YTO BO3MYIIEHHAs OmepaTop-QyHKIUS WMeeT pOBHO N
COOCTBEHHBIX 3HAUYCHHUN. Y CTAHOBIICHBI MOPSIIKK 3aBUCUMOCTH dTUX COOCTBEHHBIX
3HaYEHUH U UM COOTBETCTBYIOLIMX COOCTBEHHBIX AJIEMEHTOB OT BO3MYILAOIIETO
napaMerpa.

3) B muccepranuM, BBOAOM MEANbHBIX 3IEMEHTOB B IIPOCTpAHCTBE A,

(COOTBETCTBEHHO B IIPOCTpaHcTBe A,) OCyIleCTBIEHa peryiapu3aluus, B

pe3yJbTaTe Yero HETepOBO COOCTBEHHOE 3HAUEHHME CTAaHOBUTCS (PEenroJbMOBBIM
IUIg  peryiisipu3oBaHHoro omneparopa. Ilpumensas meron Jlanynosa-llmuara wu
MeTron  auarpamMmbl  HproToHa, 10KaszaHO, 4YTO  peryispu3OBaHHas, a,
CJIEIOBAaTEIbHO, U MCXOAHAs OMepaTrop-PyHKIUs UMEIT POBHO N COOCTBEHHBIX
3HAYEHUH, IPEACTABUMBIX CXOJIAIIMMHUCS PAJIAMU IO LUEIBIM U TPOOHBIM CTENEHIM
£.

4) PaccMoTpeHa BO3MYyIIEHHas 3aJadya Ha COOCTBEHHbIE 3HAYEHMS II0
O.Illmunry. MeronoM peryiaspuszalliM  J0Ka3aHO, 4YTO CyHIeCcTBYyOT N
HENPEPBIBHBIX IO & COOCTBEHHBIX 3HAYEHHM, MPEICTAaBUMBIX CXOASILIUMUCS
psiIaMHU O LIETIBIM U APOOHBIM CTENEHSIM & .

5) Metoxa peryaspusaiud B KOMOMHAIIMA C METOJIOM JIOXKHBIX BO3MYIIICHHUI
OPUMEHEH Ui MPUOIMKEHHOTO BBIYMCICHUS KPaTHBIX COOCTBEHHBIX 3HAUYCHUH,
KaK B OJHONAPaMETPUYECKUX, TaK U B MHOI'ONAPAMETPUYECKHUX CIEKTPAIbHBIX
3amayax. Tak kak 3Tm MetoAel B ciydasx HenonHoro OXXH He mno3Bossuin
MOCTPOUTH UTEPAIIMOHHBIE MTPOLIECCHI JIsl ONPEETIeHUs] COOCTBEHHBIX 3HAYEHUH, a
JUISL n-KpaTHBIX cOOCTBEHHBIX 3HaueHuiM ¢ noiaHbiM OJKH TpebGoBanu orpoMHBIX
BBIYMCJIEHUNA, TO METOJ PpEryJlspU3alMH, MPEIJI0KEHHBIM JIUCCEPTAHTOM,
COKpalaeT 3TU BBIYUCIEHUA B 2" pa3.

6) MetogoM JMHEapu3alUyd MOCTPOECH aJIrOPUTM BBIYUCIEHUSI KPATHBIX
COOCTBEHHBIX 3HAUEHUH aHAIIUTUYECKUX ONEepaTOp-PyHKIHI.

7) BrepBele, nCoNb3yss KOMOMHAIIMIO METOJOB PETYJSpU3ALUU U JIOXKHBIX
BO3MYILIEHUH, ITIOCTPOECHBI UTEPALMOHHBIE IIPOLIECCHI I YTOYHEHUs HETEPOBBIX
COOCTBEHHBIX 3HAUYECHUH.
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8) MeTonoMm perymsipu3aliii onpeaeacHbl COOCTBEHHbIEC 3HAUEHUS OIepaTopa
Jlanmaca st BO3MYILIEHHOTO KBaApaTa U JUIsl SJUIMIITUYECKOM 00JIacTH.

ABTOp TPUHOCUT CBOK NPU3HATENIBHOCTH akajgeMuky AmnumoBy lllaBkaty
ApUIIKaHOBUYY 32 MOJIE3HbIE KOHCYJIbTAllMM M LIEHHBbIE COBETHI, Pycaky IOpwuto
bopucoBnuy 3a LEHHBIE OUCKYCCUHM, KOTOpPHIE OYE€Hb MOMOIJM NPU YTOYHEHUU
HEKOTOPBIX (PaKTOB, U OCOOEHHO MPOQd., TOKTOPY (PU3UKO-MAaTEMATHUECKUX HAYK
JlornnoBy bopucy BiianuMupoBudy 3a MOCTOSIHHBIE KOHCYJIbTALUH, TOAIEPKKY U
IIOCTAaHOBKY HEKOTOPBIX 3a/1a4.
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ANNOTATION OF DOCTORAL DISSERTATION

Topicality and relevance of the subject of the dissertation. Researchs
related to the theory of nonlinear problems are one of the topical directions in the
modern mathematics. Source of productions of such problems are mathematical
models used in applied mathematics, biology, economics, hydrodynamics,
elasticity and plasticity theory, theoretical and mathematical physics. When solving
nonlinear problems, an important factor is the phenomenon of bifurcation and
branching in problems, which leads to the emergence of new solutions in cases of
transfer of controlling parameters of equations by means of the critical values.
Among these new solutions, there are stable solutions, as well as solutions that are
either immediately go out, or do not occur in a practical situation. Study of new
solutions of nonlinear problems emerging at points of branching is the direction,
which is called the “theory of stability and bifurcations”. The most striking
examples of bifurcation (critical) phenomena are divergence (static bifurcation)
and flutter (dynamic oscillatory buckling of plates and shells, in particular aircraft
wings) in a stream of gas or liquid (hydro elasticity). This problem of a flutter has
become particularly important in supersonic aerodynamics. In the middle of the
last century, to study problems of aerodynamics only variation and grid methods
were applied. And only in the twenty-first century, methods of the bifurcation
theory have been used in this area.

Stability of produced both static and dynamic solutions is studied by the
methods of the perturbation theory. More precisely, the spectrum of the Frechet
derivative of the nonlinear equation (system of equations) is studied on the
branched solution. Assuming that the eigenvalues of linearization , 1.e. values of
the Frechet derivative on the trivial solution are known, they lock for the Frechet
spectrum on the branched solution that allows the use of perturbation theory from
the spectral theory of linear operators.

That is why the stream of research related to solving nonlinear problems of
perturbation theory rises (from the middle of the last century) with exponential
speed, and any new deep result in the perturbation theory is relevant both for the
perturbation theory, and for its applications to solving nonlinear problems.

Closely relation of the bifurcation processes to problems of describing the
perturbations of the discrete spectrum of linear operators is one of the main causes
for the need of researches connected with the subjects of the dissertation.
Researchs of situations pertaining to the perturbation of multiple eigenvalues are
associated with certain difficulties, which, unfortunately, can not always be
overcome. For example, in the perturbation problem of Fredholm eigenvalues, it is
found that the number of the eigenvalues branching of these points of the perturbed
operator will be as much as a root number of the operator, but it is necessary in this
case to require the completeness of the generalized Jordan set (GJS). In the case of
an incomplete GJS, degeneracy of branching equation is arisen. In this situation,
additional calculations on a specially-built algorithm of replenishment of GJS are
needed. In addition, coefficients of the branching equation are determinants of the
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n-th order, that’s why the process of their finding requires a huge amount of
computing.

Such studies could not be carried out in the perturbation problem for Noether
points of the discrete spectrum. This is due to the fact that the branching equation
of an eigenvalue for these operators can not be built because of inequality of
dimensions of zero and defect subspaces.

This situation leads to necessity in the construction of special operators, for
which considered multiple eigenvalues would have been simple or multiple but
with a complete GJS. The constructing process of such operators is said to be
regularization of linear operators.

The regularization procedure of linear operators allows to transform the
Noether points of operators into the Fredholm ones, and it gives the possibility to
construct the branching equation, which allows determining all the eigenvalues and
corresponding eigenvalues of the perturbed operator. In addition, multiple
eigenvalues are reduced to simple ones, that allows capturing the condition of
degeneration for branching equations.

The mentioned methods of reducing the great volume of calculations explain
the necessity and need of attraction of researches related to the subject of the
dissertation.

Conformity of research to priority directions of development of science
and technology of the Republic of Uzbekistan. This work was performed in
accordance with priority directions of science and technology of the Republic of
Uzbekistan No.F4 «Mathematics, Mechanics and Informaticsy.

Overview of international research on the topic of the dissertation.
Among the different approaches associated with the possibility of solving
nonlinear problems, we should select in the first place variational methods, the use
theorems on the fixed point, methods of the catastrophe theory and bifurcation
theory, and also methods using topological structures and implicit function
theorems.

In research centers and higher education institutions of the USA (University
of California), UK (University of Edinburgh), Japan (Tokyo University), Canada
(University of Calgary), Russia (Moscow State University, Bauman Moscow State
University), Slovenia (University of Ljubljana) and Germany (Berlin University )
research work on solving nonlinear equations are carried out, cases of bifurcation
of solutions and perturbation of both the discrete and continuous spectra of linear
operators are studied.

Perturbations of the continuous spectrum, which is extremely important in
studies of scattering theory and quantum field theory, are studied in Tokyo (Japan)
and California (USA) universities.

In Bauman Moscow State University (Russia) stability of branching solutions
of abstract parabolic equations with the help of the Lyapunov methods is studied
with applications to nonlinear phenomena. In each of the studied problems, by
means of numerical simulation methods of reduction of disturbances, construction
of domains of control (physical) parameters is given for which constructed families
of solutions are stable. Also the conditions of potentiality and pseudopotentiality of
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branching equations and branching equations in the root spaces for stationary and
dynamic problems on the spectrum Schmidt are studied.

In Irkutsk State University in collaboration with Bauman Moscow State
University, regularizations in the branching theory are studied, which are widely
used in the approximate solution of operator equations with irreversible operator.

In Germany research centers, perturbation problems in nonlinear eigenvalue
problems are solved. Using nonlinear perturbations, topological and structural
methods, conditions of completeness and basis property elements are set. Also
researches related to multiparameter eigenvalue problems are actively developed.

In California University of California (USA), University of Edinburgh (UK),
University of Calgary (Canada), University of Ljubljana (Slovenia), Berlin
University (Germany), Moscow State University and Bauman Moscow State
Technical University (Russia), large-scale studies on the associated elements and
the Jordan structures of the spectrum of multiparameter eigenvalue problems are
conducted.

In Edinburgh University (UK) in collaboration with the University of
Ljubljana (Slovenia) and the University of Calgary (Canada), the root structure of
multiparameter spectral problems are began to study. The concepts of associated
elements to the eigenvectors are determined. Since these studies are in
development, they require special new approaches.

Interest in these problems has appeared from research in the theory of
diagnosis of technical systems on natural vibration frequencies, as well as in
applied control the frequency characteristics of various technical devices. As
studies, conducted at the University of Kazan (Russia), have been showed, the
issues discussed in these problems are directly related to disturbances in the
multiparameter eigenvalue problems by Atkinson.

Degree of scrutiny of the problem. In spite of the great number of conducted
researches in the teory of linear operators and the perturbation problems of linear
operators, the degeneration cases connected with the multiple eigenvalues and the
questions of calculating the eihenvalues of the perturbed operatos with the
incomplete GJS, especially, have been remained unsolved. Although the
completion methods of GJS are developed, and the methods of their use to finding
the perturbed eigenvalues are indicated, they do not give the possibility to
determine the exact number of eigenvalues of the perturbed operator in the
neighborhood of the Fredholm points of the spectrum of the nonperturbed operator.
Even the degree of their dependence from their perturbing parameter can not be
indicated. The perturbation problem of the Noether points of the spectrum of linear
operators has not been still investigated. This is due to the fact that the branching
equation of an eigenvalue for these operators can not be built because of inequality
of dimensions of zero and defect subspaces. That’s why these situations in
perturbation problems of the spectrum of linear operators have been remained
problematic.

Starting from the analysis of existing works, it should be noted that researches
of perturbation problems of multiple eigenvalues are distant from the end.
Absolutely new approaches are needed to solve these questions.
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Connection of the dissertation work with the plans of scientific
researches is reflected in the following fundamental research projects:

F-1.1.12 «Regularization of problems on eigenvalues using the method of
false perturbations» (2003-2007 yy); F—4-02 «Development of new solutions for
problems of mathematical physics and optimal control in the base of the spectral
theory of differential operators» (2012-2016 yy).

The aim of the research is to define by means of the regularization method
multiple Fredholm and Noether eigenvalues with the corresponding incomplete
generalized Jordan set in one-parameter and multiparameter spectral problems.

To achieve the aim, the following research problems were set:

with the help of the regularization method, to determine for an incomplete
Jordan set the exact number of eigenvalues and corresponding eigenvectors, a view
of their representation in the form of convergent series by integer or fractional
powers of the parameter ¢ in the neighborhood of a multiple Fredholm eigenvalue;

to find all eigenvalues branching in a neighborhood of the Noether point of a
discrete spectrum of the nonperturbed operator, to establish the order of their
dependence on the perturbation parameter ¢;

to construct the iterative process (with the help of regularization of the given
operator and the method of false perturbations) allowing to define multiple
Fredholm and Noether eigenvalues of the operator and the corresponding root
elements;

in the multiparameter eigenvalue problem by Atkinson, to find conditions that
provide the splitting of the spectrum on the spectrums of one-parameter operator
functions;

to apply the regularization method to multiparameter eigenvalue problems. To
construct an algorithm of finding the eigenvalues and corresponding eigenvectors
of the perturbed problem. To construct iterative processes for calculating the
eigenvalues in multiparameter spectral problems.

The object of research are cases of perturbations occurring in eigenvalue
problems of three varieties: the classic one-parameter problem, eigenvalue problem
by E. Shmidt and multiparameter eigenvalue problem.

The subject of research is to solve problems related to the perturbation of the
discrete spectrum of linear operators in the case of both multiple Fredholm
eigenvalues and Noether ones.

Methods of research. In the work, methods of the nonlinear analysis and
nonlinear equations, the theory of linear operators, the method of the Newton
diagrams for solving algebraic equations are used. To calculate approximately
eigenvalues, the Newton and Steffensen methods are used.

Scientific novelty of the dissertation research consists of the following:

in the case of an incomplete generalized Jordan set, theorems are proved on
the existence of eigenvalues of the perturbed operator and their degree of
dependence on the perturbing parameter. The proof of these theorems has been
made possible thanks to the use of the regularizer developed by the author of
dissertation,;
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the perturbing problem of Noether eigenvalues is solved by the construction
of the regularizer allowed to reduce Noether point of the discrete spectrum to
Fredholm ones;

the number of eigenvalues of the perturbed operator is defined in a
neighborhood of the noetherian point of the spectrum, and the degree of their
dependence on the perturbing parameter is established;

approximate methods for computing the eigenvalues are developed using the
method of false perturbations. The regularizer is constructed allowing us to reduce
the n-multiple case to a simple one, thus reducing the number of computational
operations in 2" times;

at first, the iteration process is built to find the Noether points and the Shmidt
eigenvalues;

the Rellich-Trenogin theorem is proved for a perturbation problem of the
discrete spectrum of the multiparameter eigenvalue problem by Atkinson;

approximate algorithms for finding Fredholm and Noether eigenvalues of the
multiparameter spectral problem by Atkinson are built.

Practical results of investigation are as follows:

the branching equation is built for the Sturm-Liouville eigenvalue problem at
the perturbation on a boundary of the segment; through the application of the
regularization method and the Newton diagram to this equation, all its eigenvalues
are determined;

all eigenvalues of the Laplace operator are defined for the perturbed square.
Conditions are established under which the posed problem has eigenvalues, and the
orders of their dependence on the perturbing parameter are found;

since method of false perturbation does not give the possiblity to calculate all
eigenvalues of the perturbed operator, using the regularization method in
combination with the method of false perturbation, iteration processes were
successfully constructed for computing all eigenvalues of both the Fredholm and
Noether types.

Reliability of the obtained results is substantiated using well-known
theorems of the theory of linear operators and perturbation theory, strictness of
mathematical reasoning and application of known methods of Newton and
Steffensen. Proof of convergence of power series follows from the known Puiseux
theorem. To establish the reliability of the research results, iterative processes are
constructed for the approximate calculation of the eigenvalues.

The scientific and practical value of investigation results. The theoretical
significance of the obtained results is to use them both in studies of non-linear
analysis and non-linear equations, and in concrete problems of determining the
eigenvalues and the corresponding eigenfunctions of differential or integral
equations of mathematical physics.

The practical value of the work is contained in reduction of the multiple case
to a simple one, which significantly reduces the number of computational
operations performed in the process of determining the eigenvalues.

Implementation of the research results. The results are applied to problems
of mathematical physics and computational mathematics on the part of the
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construction of iterative algorithms for finding multiple eigenvalues and in the
joint projects of Russian Foundation for Basic Research — Academy of Sciences of
Romania 07-01-91680 (2007-2009 yy.) «Investigation of the stability of branching
solutions of abstract parabolic equations with the help of the Lyapunov method
with applications to nonlinear phenomenay, to prove the stability of solutions of
reducing the perturbation method is proposed in the thesis was applied; in the
project of Russian Science Foundation 14-11-00640 «Non-classical evolution
equations, the existence and stability of solutions on the basis of the Morse-Conley
topological index and perturbation theory of semigroups of operators», by means
of the reducing perturbation method, the study of a multiple eigenvalue reduced to
the study of a simple eigenvalue. The regularization method, which is applied to
the computing process of finding n-multiple eigenvalues, gives an opportunity to
reduce the number of operations in 2" times, that is actively used in the
computational procedure for solving the problem of describing the energy levels of
physical systems with a fined number of particles.

Approbation of the work. The main provisions of the dissertation are
presented and reported at seminars and 8 scientific conferences, in particular, at the
city seminar of the department «Functional analysis», National University of
Uzbekistan (former Tashkent State University, 1985-2000); at the seminar of the
department «Higher mathematics», the Moscow Institute of Steel and Alloys
(1985-1991); at the seminar of the department «Mathematical analysis», National
University of Uzbekistan (2000-2013); at the seminar «Nonclassical problems of
differential equations», National University of Uzbekistan (2013); at the
international conference «Degenerating equations and the equations of the mixed
type» (Tashkent, 1993); at the 16-th international scientific conference
«Mathematical methods in engineering and technology» (Saint-Petersburg, 2003),
at the 17-th international scientific conference «Mathematical methods in
engineering and technology» (Kostroma, 2004), at the international conference
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THE SUMMARY OF THE DISSERTATION

In the introduction, the urgency and relevance of the theme of the dissertation
are established in accordance with research priority directions of development of
Science and Technology of the Republic of Uzbekistan; the purpose and problems,
as well as the object and subject of study, are formulated; scientific novelty and
practical results of the study are set out; the reliability of the results is justified,
their theoretical and practical importance is disclosed; the list of implementing the
findings of the study, information on published works and the structure of the
dissertation are given.

The spectral theory owes its formation due to researches of an oscillating
string undertaken by B. Taylor in 1713. This theory has been developed further in
works by J. Sturm and J. Liouville in the 19-th century, and by G. Weyl, V.
Volterra, M. Riesz, D. Hilbert, S. Banach, S. Mazur, J. Schauder and many others
mathematicians the 20-th century. The last sixty years development of this theory
was continued in works by I.M. Gelfand, M.G. Krein and M.A. Naymark in USSR,
by S. Kakutani, T. Kato, S. Kuroda and K. losida in Japan and in USA, by L.
Colojoara and C. Foias in Romania, by E. Hille and R.S. Phillips, K.O. Friedrichs,
von J. Neumann, E. Paley and N. Wiener in USA. During this period bases of the
theory of self-connected operators are laid, and many basic problems of this theory
have been solved in a satisfactory form. With the development of modern physics,
the theory has found its application in problems of nuclear physics, the theory of
dispersion, a quantum mechanical problem of three bodies, the quantum theory of
a field and in problems of mathematical physics.

The inversion problem of differential operators and solvability of boundary
value problems necessarily lead to the study of pseudodifferential operators, and
problems of the qualitative behavior of the solution — to the study of spectral
properties of these operators.

The exact conditions for the uniform convergence of spectral decomposition
and multiple trigonometric series were installed by V.A. Ilyin. These studies were
further extended by his students Sh.A. Alimov and E.I. Moiseev for more general
operators. They set conditions for the uniform convergence of both the spectral
decompositions and their Riesz means. Under the supervision of Sh.A. Alimov,
R.R. Ashurov, O.R. Khalmukhamedov, B. Turmetov, A.A. Rakhimov and Sh.G.
Kasimov developed these results for elliptic differential operators of the order m,
for operators of fractional differentiation from the class of functions of Sobolev
we(Q), Nikolsky H¢(Q), Liouville (), Besov B¢(Q), and Zigmund- Holder
c“(Q).

The perturbation theory was created by Rayleigh and Schrodinger. Rayleigh
gave the formula for calculating the fundamental frequencies and vibration modes
of a system, which is little different from the more simple system that allows for a
complete description of the frequencies and modes of vibration. From the
mathematical point of view, this method is equivalent to the approximate solution
of the eigenvalue problem for a linear operator, which is little different from a
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simple operator, for which this problem is completely solved. Schrodinger
developed a similar method for eigenvalue problems arising in the quantum
mechanics.

These initial works were, however, very formal and incomplete in terms of
mathematics. The authors implicitly assumed that the eigenvalues and
eigenelements can be expanded in a power series by a small parameter
characterizing the deviation of the perturbed operator of the unperturbed one.
There have been no attempts to prove the convergence of these series.

The final question of the convergence of the series was only allowed in a
series of works by F. Rellich. To prove the convergence of the corresponding
power series, he applied the majorant method. But Rellich did not identify all the
eigenvalues and the corresponding eigenvectors of the perturbed operator.

In the future, these studies were developed in works by T. Kato, M.1. Vishik,
L.A. Lyusternik, N.N. Nazarov, K.T. Akhmedov, P.G. Ayzengendler, M.M.
Vaynberg, V.A. Trenogin, B.V. Loginov and N.A. Sidorov for not self-adjoint
operators. V.A. Trenogin has investigated this problem using the branching theory.
Through the use of the methods of Lyapunov and Schmidt and the Newton
diagram, he was able to identify all the eigenvalues and corresponding
eigenvectors of the perturbed operator, i.e. to determine the exact number of the
eigenvalues and the corresponding eigenvectors, the form of their presentation as
convergent series in integral or fractional powers of the parameter ¢ . Moreover, he
established the connection between the number of eigenvalues and the length of
Jordan chains or the root number of the unperturbed Fredholm operator. All
statements have been proved under the assumption of completeness of the Jordan
set. In particular, for the case of the incomplete Jordan set, he proposed the method
of his continuation to the full set. Later this idea was developed in the work by
B.V. Loginov and Yu.B. Rusak with the careful analysis for general cases, too.
Although the completion of Jordan sets allows us to apply the Rellich-Trenogin
theorem, there is uncertainty with such supplement: the volume of a Jordan set the
can be increased, i.e. additional eigenvalues will arise. In addition, the
replenishment requires many operations to perform.

In the case of a complete Jordan set, exhaustive results are obtained in
perturbation problems of linear equations by small linear summands and in
eigenvalues problems for the perturbed Fredholm operator. But for an incomplete
Jordan set, similar results can be obtained only after additional constructions.
That's why there are questions: 1) Whether it is possible to obtain similar results
for a given set without its completion? 2) Whether it is possible to receive similar
results for Noether operators? These questions are considered in the first chapter of
the work, which consists of five paragraphs.

The basic definitions from the spectral theory of linear operators, and the
statements, often used in the branching theory of solutions of nonlinear equations,
are given in the first paragraph of this chapter. The theorem on the solution of a
perturbed linear equation by small linear summands is proved, and its degree of
dependency on perturbation parameter is established in the case of an incomplete
GJS.
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In the second paragraph, the perturbation problem for Fredholm eigenvalues
of an analytical operator-function with respect to a spectral parameter is
considered.

Let E,,E, be some Banach spaces, a linear operator-function 4(¢t)e L{E,,E,} be

analytically dependent on a spectral parameter te G C.
Let 4 be a Fredholm point such that N(4(1))={p |/, N*(4(1))=1{y,}.

According to corollary from the Hahn--Banach theorem, there exist systems of the
elements {y,} c E/, {z,}/ c E,, which are biorthogonal to {p,}/, {w,}' respectively.

1

Then projectors  P=> (7,)p,, 0=>(.w,)z  generate the following
i=1 i=1
decompositions in the direct sums: E, = E' ®E"™", E, =E,, ®E,,_,.

Definition 1.1.7 (the degeneration removal). The condition of absence of

common zero-elements for the operators A(4,) and > 4 (1-4,)" is said to be «the
s=1

condition of the degeneration removal».

The condition of the degeneration removal guarantees possibility of fulfilment
of the regularization process used further in the dissertation for the perturbation
problems.

Let ceC be a small perturbation parameter, |¢/<p, and

Alt;e)= D A,u'e" :E, > E,, u=2i-2, be a perturbed operator-function such that

k+1=0
At;0) = Az).
For every i=1n we introduce the operators Ai(t)=A(t)+Y (~7,)z,, and,
J#l

replacing an operator A(f) in the decomposition of operator-function A(t;¢) by the

operator 4:(r), we obtain the following «regularized operator-function»:
Ai(t;g)zA(t;£)+z<-,7j0>zjo. (1)
J#i
The following theorems are valid.
Theorem 1.2.1. Let the condition of the degeneration removal (see definition

1.1.7) hold. If 4,(¢) and ¢.(¢), w,(s), i=1,n are eigenvalues and corresponding

eigenelements and defect functionals of the operator A(f;¢), then for every i=1,n
and sufficiently small &, A4.(s) is also an eigenvalue of the operator (1) with the

corresponding eigenelement and defect functional
51‘(5):(01' +zcis¢s ’ ‘/71'(‘9):‘//1‘ +zdisl//s . (2)

J#i J#i
Theorem 1.2.2. If dim N(4(4,))=dim N (4(4,))=n and (4,¢,.v,)=0 for all
i =1,n, then for sufficiently small &, there exist exactly n simple eigenvalues 4,(s)

(4,(0)=4,) and corresponding eigenelements ¢,(¢) and defect functionals ,(s),

analytical by ¢.
The main result of the paragraph is the following.
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Theorem 1.2.3. Let GJS, corresponding to the Fredholm eigenvalue 4, of a

unperturbed operator, consist of GJCs with the finite length, moreover let N be its
root number. If L,; =0, j=1,0 and L, #0, then there exist N simple eigenvalues

with the corresponding eigenelements representable in the form of series in powers
1

of e»'. If L,;=0,j=1,q,-1, L, =0, L, #0, then there exists exactly N

eigenvalues with the corresponding eigenelements, moreover n of them are

presented in integer powers of &, while the other N-n ones are presented in
1

powers of 77",

§1.3 is devoted to perturbed Noether points of the discrete spectrum of the
analytic operator-functions.

Let 4, be a Noether point of the discrete spectrum of the operator-function

A(r) with N(A(4)={p, )}, N*(4(20)) =y }'> n>m.
Introducing ideal elements :z Zuinos-nZy 1N the  space E,

m+1,0 2

(W10 Wmino»---- W, 10 the space E,) the initial operator-function is regularized:

A)= A0+ 7 0)z0 )

i=m+1
Theorem 1.3.1. An initial eigenvalue A, is a Fredholm point of the discrete
spectrum of the operator-function (2).
If the secondary regularization

Zi(t;é‘)fg(l‘;é')‘FZ<',]/j0>Zj0, i=lLm, 4)

J#i

is made, that the following theorem holds.
Theorem 1.3.2. For every i=1,m and sufficiently small ¢ A,(s) is a simple

eigenvalue of the operator (4) with the corresponding eigenelements
9,(e)=p,(¢)+ > a, ¢, () and the defect functional 7, (¢)=y,(¢)+ > b, (¢).

J#i J#i

The main theorem of this paragraph is the following.

Di
Theorem 1.3.4. Let there exist be a GJCh, moreover <Z Ak(pi’(’)"+l_k,l//i0> =0 for
k=1

all i=Lm. If L, =0,j=Loo and L, =0, then there exist N simple eigenvalues
1

with the corresponding eigenelements presented by the series in powers of £€” 7. If
L,,=0,j=1¢q,-1, L, =0, L,, #0, then there exist exactly N eigenvalues with the

corresponding eigenelements, m of which are presented in integer powers of ¢,
1

while the other N-m ones are presented in powers of e,
Remark 2. When L, =0,,=10 and L, =0, the Newton diagram method
allows to determine all eigenvalues with corresponding eigenelements

simultaneously by fractional degrees of ¢ in presentable series by the first nonzero
coefficient {L,, |.
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As the appendix in § 4, the three examples are considered: perturbation of an
eigenvalue of the differential Sturm-Liouville operator, of an eigenvalue of the
Laplace operator for a perturbed square and an elliptic domain. Using results of
§ 2, all eigenvalues branching from a point (4,,0) and the corresponding

eigenfunctions are determined.

In the beginning of XX century, E. Shmidt introduced a concept of s-numbers,
1.e. eigenvalues 4 of the operator B: H — H and eigenelements ¢ and y, satisfying
to relations Bp=Ay, B*y =1¢ and allowing to generalize the Hilbert-Schmidt
theory on not self-conjugate, completely continuous operators in an abstract
separable Hilbert space H. Further, in works by B.V. Loginov and O.V. Makeeva,
they were named E.Shmidt's eigenvalues. In those works, they offered a spectral
decomposition of linear operators in Hilbert space by the Schmidt spectrum and
noted that systems of a similar kind meet in the relativistic quantum Dirac theory
and at research of some problems of electromagnetic processes.

In § 5 on the basis of results of § 2, perturbations of the Schmidt eigenvalues
and the corresponding eigenelements are investigated in the model problem A.
The branching equations for an eigenvalue are constructed and two theorems are
proved that establish conditions for existence of branching eigenvalues and
corresponding eigenelements and their dependence on the parameter ¢.

Because of complexity of formulated problems, many problems on
eigenvalues can be not solved analytically. Therefore approximate calculation
methods are applied to solve these problems, which in turn stimulate development
of the theory of numerical methods has been developed in this connection. A lot of
various approximate methods have been worked out to find eigenvalues from
elementary matrixes to the self-connected operators.

In the early sixties of the last century, M.K. Gavurin offered in his works a
method for calculating eigenvalues and eigenvectors of linear self-adjoint operators
based on ideas of the perturbations theory. He named it the method of
pseudoperturbations. The idea of this method consists of constructing the operator
D, such that known approximations to eigenvalues and eigenelements become

exact for the perturbed operator. M.K. Gavurin's results were developed by F.
Kunert for simple eigenvalues of the not self-conjugate operators. The method of
pseudoperturbations has received the further development in works by B.V.
Loginov, N.A. Sidorov, and D.G. Rahimov. Then the dissertant applied these
results to find eigenvalues and eigenvectors of multiparameter spectral problems.
At the beginning of this century, the method of pseudoperturbations has received
got its new development in works by B.V. Loginov and O.V. Makeeva.

The results of Chapter 2 are in substance applications of the results of Chapter
1 to computing eigenvalues and corresponding eigenelements and root elements
linearly dependent on the spectral parameter of operator-functions acting in
Banach spaces.

In paragraph 2.1, it is considered specification of Fredholm points for the
discrete spectrum of a sufficiently smooth with respect to the spectral parameter
linear operator-function, the geometric multiplicity of which is greater than unity.
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Let 4 - be an isolated Fredholm point for a discrete spectrum of the linear
operator-function A4(t)e L{E,,E, }, which is sufficiently smooth with respect to ¢ in

a domain GcC, E,E, - be Banach spaces; N(4(1))={p,}/, N*(4(1)=1{w,}!,
moreover k =det|(4'(2)p,.v,)|#0. Suppose that it is known sufficiently good
approximations of ¢y, and A to ¢,y,, i=12,...,n and A respectively:
o)~ 0l <2

As an approximation of 4p we choose one of the solutions of the equation

F'(t—-A)=f°(t)= detH<A(t)(pi0,wj0> =0.

Wj—l//jOHSS, |/1—A|£g .

Since ¢ is small, we get k&, :detH<A'(/10)g0i0,l//jo> # 0. Therefore,

biorthogonal systems of elements to {(Dl.o }, {1//i0} respectively, can be construct in
the following way:
1 & : 1 & \
Vo :_ZK;A* (/10)'7”[0 s Z = k_zKSA (/10)¢.s0 >

0 i=1 0 s=1

where K - is the algebraic complement of the element &, = <A'(/10 )goso,t//io> . Since
k, # 0, there exists a number i,, such that &/, = <A'(/10 )¢ioo=’//m> #0.

Introduce the operator-function Z(t) = A(r)+ Z<, 75 >sz :

j=2
Theorem 2.1.1. The exact eigenvalue 4 of the operator A(z) is a simple
isolated Fredholm point of the discrete spectrum of the operator A(¢), in addition
the corresponding eigenvector and defect functional have the form
@J =@, t ch¢50 > W =V.0 + st%o .
5=2 J#iy

Moreover, elements ¢, ,y. , are sufficiently good approximations of elements of

iy 0
@ and 7 respectively.

To clarify the eigenvalue 4 we apply the method of pseudoperturbations in
the one-dimensional version to the problem
Alt)x=0, 3)

for this, as the initial approximation for 1° we choose a solution of the equation
f6)=(A()p,.v,,)=0.
Define elements

~ 1 — . 1 —
Yo k'_A*'(ﬂ'O)y/iOOEEl’ Zozk_A'( 0)¢10€E29

in0 in0

which are biorthogonal to ¢,, and y, , respectively.

The pseudoperturbation operatoi is constructeii in the form
Dox = <x’ 70>A(ﬂ’0 )¢10 + <X, A% (2’0 )(//ioo >Eo .
Then N(4(2')-D,)=1p,}, N4 *(#)-D;)=1p,. |-
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Applying the Lyapunov-Schmidt method, we reduce equation (5) to the
branching equation, the simple solution of which is the exact eigenvalue 4:

F()=((D, + 4(0)- A N1+ T, (0, + 40 - AN g, ) =0, &)

where T, = [Z(Z.O)—DO +(7,)Z, ]_1.

Theorem 2.1.2. If the initial approximation is sufficiently good, there are
numbers C, C;, L; and K such that for h:Cg(Jkino —Clg)_l(1+L1 JK<1 the
unknown A can be calculated by the Eitkein-Steffensen method from equation (4):

A0 = 20 _[F(A" oA ) F(A™), m=012,.... 2% =2, (5)
where ®(t)=t—F(t), F(t',t")= (F()-F(@ "%._t..).

Theorem 2.1.3. FEigenvectors ¢,,y,,i=12,...,n , corresponding to the

eigenvalue / of the operator A(4), are solutions of the equations

n

AW Sz [r= 0 (44 @) S0 =7 =T

i=1 i=1

At the end of the paragraph, as an application, four examples are considered:
eigenvalue problems of the matrix, the Sturm-Liouville problems, the Laplace
operator for a perturbed square and an elliptical domain.

In paragraph 2.2, calculation of an eigenvalue with the chain is considered.
The regularizing operator is constructed that reduces the algebraic multiplicity up
to the unit, i.e. this operator turns the initial eigenvalue into a simple one for a
regularized operator.

In paragraph 2.3, for an operator-function linear with respect to the spectral
parameter, it is considered the case of a multiple eigenvalue with many finite
chains.

Let E; and E; - be Banach spaces, 4,:E > D(4,)—E,,
A :E 5 D(4)— E,, be the densely defined closed linear operators, moreover
D(4,)c D(4,) and A4; is subordinated to Ao (i.e. $HA1x . SHAOx
D(4,)) or D(4)cD(4,) and Ao 1s subordinated to 4; (ie.
[4,x],. <[4, +|x], on D(4)).

Consider the eigenvalue problem

(4, —t4,)x = 0. (6)

Let N(4,—Ad)=spanip,,...,p,}, N(4 =24 )=spanly,,....y }, and the

corresponding A - and A4:* -Jordan chains have the lengths p, < p, <---<p |,

(4, = 24)p" = 4@, (4y =24 W1 = Ay, s=2,p,i=1n, ()
K =det|(4,0"),y")|#0, L=detL, #0, L, =|( 40" ,y")

i(k)zl,_n, j(l): 2,piipk ).

+[x, on
E, E

b
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Assume that we know sufficiently good approximations A (P,o ,wY to the

) Yyl
with the corresponding values of Ky and Lo close to the unit.
We perform the regularization

A()=(4, —t4) = A, —14 +Z< PN L3S (W) (g)

i=2 k=2

unknown eigenvalue 4 and GJS: Hgo <ég

Following theorem holds

Theorem 2.3.1. The unknown eigenvalue 4 is a simple eigenvalue of the
operator-function (8). Moreover, the eigenvector and defect functional of A(A)
are defined by the formulas

¢ qo pl +zctl¢ +chl8‘¢ + zclv¢1 > (9)
i=2 s=2
V=, +Zd,1l// 3 Al (10)
i=l s=2
As initial approximations for 7 and v it should be taken
P, ="~ and 7, =y,, respectively. As the initial approach to 1 we
choose the solution of the equation <A (t)p,. 7 0> =0, ie
A :<A150,;70>+/ o
(4,0,,7,)
Since ky =(A3,.0,)= (40", 7,)— (40! ".7,) = (40 7,) %0,
o~ 1 i~ - o~
supposing 7, = k—A1 W, Z, = k—Algoo, we obtain (@,,7,)=1, (Z,,7,) =1.

0 0
The pseudoperturbed operator is constructed in the form of

D,x = <x, 7, >Z(lo )3, + <x, A*(4, v, >EO ,
D,y = (A(2,)5,2)7, +(Z,. A* (2 o ) A * (2, -
Then D,p, = A(4,)@,, Dy, = A*(4,7,, ie. N(Z( 0)— ): @,
N *(2)-D;)=1{7,}
The exact eigenvalue /4 is a simple solution of the branching equation
F(r)=1=([r+T, (D, + 4()- 4(2,))] '2,.7,) = 0, (11)

-1

where T, = [Z(/lo)—Do +<-,770>30] :
Let S(4,;p) be the ball with the radius p and the center o .
Theorem 2.3.2. If initial approximations are sufficiently good, then there

1-1—4h
2h

exists the ball  S(4,:r), where r= :\F'(EOX_IL\F(EO){Si,

= ‘F '(ZO)HF (4, )(, such that equation (11) has in it the unique solution ¢=A.. The
iterations, defined by the Newton modified method:
A, =i —[F'(A)]'F(1,), m=012,.... (12)

m+1
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converge to this solution.
Note that if we realize iterative process (12), we should solve on the each step

the operator equation -
[A(/Im )+ < }70>301X = Zo‘

Theorem 2.3.3. The elements of GJS {(o }
following recurrent systems:

(4, =24, + (o p )z, b= 2,0 40 =247 + (2,07, v = 7
[A /1A+ )/0 ]x =Ax_ +z, xlzgo,xszgo(s),

{y"}, are the solutions of the

i=12

(s)

(4, =24, + (2,07, v, = Ay + 70 vi=w, v, =", s=2,p.

In paragraph 2.3.2, the case of analytical operator functions is considered.
Since it is impossible in this case to construct biorthogonal systems with certain
properties, the analytical case is reduced by a linearization method to a linear one
analyzed in paragraph 2.3.1.

At the end of the paragraph, it is given the method of finding eigenvalues and
the corresponding elements of GJS based on the perturbation theory.

In paragraph 2.4, the Noether case of an eigenvalue is investigated.

Let A(t) - be the operator-function sufficiently smooth with respect to
t € G c C acting from a Banach space E; to a Banach space E£> and let 4 be a

Noether point of the discrete spectrum with the GJS {(pi(j )}':—7 . Analogously, let

${l//.(j )}'_j:E be elements of the GJS for the operator 4*(4). For definiteness, we

i i=1,m

j=Lp;
zl

consider »n > m and suppose that the GJS { @, } i1s a m-complete system.

Without any loss of generality, we can suppose p, >max p,, j>m. We suppose

1<i<m
that some sufficiently good approximations A,p", w': Hgol.(s) — "

(s) (s) <¢ nmpui=m+ln, s<maxp +1, opu i=Lm,s=1p,.

1<j<m

<¢g,

—yh
Denote by {71.0 %

1

v
and {z,}" the systems of vectors biorthogonal to {p, |’
and {y,}" respectively.

Expand the space E, (E, respectively) on the subspace spanned on ideal

elements z ., 0,2, 5053200 (Wi 0oWinos---»W,, TESpectively) as it was made in

§ 1.3, Chapter 1.
Without any loss of generality, we can put <A" (/1)(01 ,1//1> #=0.

Construct the operator-function A(¢)= A(z)+ n (¥ 10)Zi0 -

i=2
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Lemma 2.4.1. The eigenvalue A is a Fredholm point for the operator-

function A(t)  with the zero @ =g, +Zn:ck¢k and defect functional
k=2

W=y, + :Z_;d R/

It is proved that ¢, .y, are approximations for the zero ¢ and defect
functional  of the operators 4(1) and A4 *(4).

By virtue of smallness of coefficients 7,, d,, k = 2.m, k = <Z'(/1)5,ﬁ> #0.

Further, to refine the eigenvalue A, the method of pseudoperturbations is
applied to the problem A(t)x =0, for which we take as an initial approximation of

Jo the solution of the equation f(¢)= <Z (t)(plo,(//10> =0.
The branching equation, defined the unknown eigenvalue, has the form:
F()=((D, + ()~ A2 )1 + T, (D, + 4() - 4(2))] povr) =0. (13)
Theorem 2.4.1. If the initial approximations are sufficiently good, there are

numbers C, C;, L; and K such that for 4= ng&bo —Clg)fl(l—kL1 )K<1 the

unknown A can be calculated from the equation (13) by the Eitkein-Steffensen
method:

1

A = 2 _[F( oA )] F(A™), m=01,2,..., A% = 2,
where  @(t)=1—F(¢), F(r, )= (F)=F (f'%_t,,).

The eigenvectors ¢,y ,,i=12,...,0 , corresponding to an eigenvalue A of
the operator A(A) are defined as the solutions of the equations

n

AR Sz =z |44 @4 Sz, =7 i1,

i=1 i=1
For the operator-function A(t)= B —t4 in the case of the presence of the m-
complete generalized Jordan set, the following regularization

A(t)= A@)+ Y70z,

i=m+1
is carried out.
Lemma 2.4.2. The eigenvalue /1 1is a Fredholm point of the operator-

function  A(¢) with zeros ¢, =@, + icikgok and defect functionals

k=m+1

V,=y, + zdikl/lk9 i=1,m.

k=m+1

Lemma 2.4.3. If {ai“’}ji? is the GJS of the operator-function A(1)

=1,0

corresponding to the eigenvalue A, then the approximations (oi(g) will be also

approximations for @', s = E, i=1m.
Applying further the technique of § 2.3, the unknown eigenvalue and the
corresponding root elements are defined.
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Paragraph 2.5 is devoted to finding the multiple eigenvalues and
corresponding eigenelements of the model problem A. The case of a multiple
eigenvalue is reduced with the help of regularization of the initial problem to the
case of a simple eigenvalue. Then, by the method of pseudoperturbation, the
unknown eigenvalue and corresponding root elements are refined.

Chapter 3 is completely devoted to questions of a multiparameter spectral
problem. The concept of a joint range is introduced for the commutative set of
linear operators through their algebra generated by these operators. As the joint
range depends on the choice of an algebra, it is defined ambiguously. In paragraph
3.1, the Dash results are transferred to a non-commutative set of linear operator-
functions. The essential sign of points of a regular set is established. It is proved
that the joint spectrum (a joint discrete spectrum) is equal to the Cartesian product
of the spectrums (discrete spectrums) of the operators belonging to this set. It is
established that the joint zero subspace is the tensor product of the zero subspaces
of its components. The concept of a joint limit spectrum is introduced, and
interdependence between the joint spectrum and the joint limit spectrum. The
concept of a joint numerical set is given, and the representation of a joint numerical
set 1s proved through numerical sets of components of this set.

In paragraph 3.2, it is considered the multiparameter eigenvalue problems by
F.Atkinson. The main definitions are given, the F.Rellich result is transferred to
multiparameter eigenvalue problems. The G.A.Isaev result is generalized on the
case of symmetric operator-functions. The known F.Atkinson results, obtained for
finite-dimensional spaces, are generalized on the case of the Banach spaces. These
results are a base for separation of a spectrum on the multiparameter problems on
eigenvalues. Following to F.Atkinson, on the basis of the theory of the tensor
product, the special operators A — A A, are constructed which compose the family

of the operators A separating the spectrum of multiparameter problems. It is
proved that the joint resolvent set p of the family A enters into a resolvent set of a

multiparameter problem. The F.Atkinson result on belonging of points of the
discrete spectrum of a multiparameter problem to the joint discrete spectrum of the
family A is generalized. It is proved the condition at which they coincide. The
concept of a joint numerical domain is introduced, and it is proved that in the
general case, the joint numerical domain of a multiparameter problem belongs to
the joint numerical domain of the separating family of operators. It is also
established that these two domains coincide at w-independence of the
multiparameter problem. It is also proved that in certain conditions the limit
spectrum of multiparameter problem is separated into eigenvalues.

Paragraph 3.3 is devoted to perturbations in the multiparameter spectral
problems. Both the case of a simple eigenvalue, and the case of a multiple
eigenvalue are investigated.

Let E,F,, j=1,n be Banach spaces, and a linear operator-functions

T(t)e L(E,,F,), j=1n analytically with respect to ¢ in a domain Gc C". Let
further, 2’ = (/110,...,/13) is an isolated Fredholm point for a discrete spectrum o, (T)
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of the multiparameter eigenvalue problems 7 (t)x,=0, j= Ln, such that
Ker(T‘(/IO)): {("jlo’""(pjno}’ Ker(Tfk( 0)): {‘//ﬂo"""//jno}’ {7110}7711 and {Zﬂo}” is

i,j=1,1
,n

biorthogonal systems to {(oﬂo} ", and {1//_].,.0 }f’;’;l | respectively.

Following perturbed eigenvalue problems is considered
T(te)x, =0, j=Ln, (14)
where 7,(:,0)=T,(¢), j=Ln, and T,(se) be analytically with respect to the small
complex parameter ¢ .

For every j =1,n we introduce the operators T t 6 l g +z< ,7/,,0> Zi

J#

Lemma 3.3.1. For sufficiently small ¢ and for every i=1,2,...,n there exists
constants ¢, ,d, j,s=12,....n, such that unknown eigenvalues A (s) appear simple

Jis > " jis
Fredholm elgenvalue for the multiparameter probleme
fj(t;g)xj =0, j=1n, (15)
Applying to (15) the Lyapunov-Schmidt method, branching equation for
eigenvalue are constructed

L(;)(yi;g)z ZL(jfisyf’gs =0,i,j=12,...,n, (16)
s+|a|=1
where 1Y) = (a,s)_(a(o),so)m(ag;]%---km(a<"”,s,,,)+---<Tj“( s, (F,T,am } (FJT,C, } --.¢ji0’l//ji0> =0.

Applying to (16) the Kronecker elimination method, their reduction to an one-
dimensional equation. Further applying to an one-dimensional branching equation
Newton diagram method, all eigenvalues and their orders of dependence on the
perturbating parameter are determined.

At the end of the chapter, branching of the Noether eigenvalues is considered.
Results of paragraph 1.3, Chapter 1 are transferred to the multiparameter problems
by Atkinson. Both the case of a Noether point of the first kind, and the case of a
Noether point of the second kind are considered.

In Chapter 4, results of the previous chapters are transferred to
multiparameter eigenvalue problems. The cases of simple and multiple eigenvalues
without the Jordan chains are considered there.

Let 2= (/11 /1) is an isolated Fredholm point for a discrete spectrum o,(7)

of the multiparameter eigenvalue problems 7,(t)x,=0, =1,n, such that
Ker(T,(2)= 10,50, Ker(T[(2))=1p s, |- Assume that knows sufficiently

(0) )
good approx1mat10ns @iV si=hn,j=Ln, 0 ¢, v, i=1n,]j =1n respectively:
y Hs(9,||/1—A||£g.

oot <5,
As initial approximation A’ = (210,...,/1,,0) it is possible to choose the decision
following system

F( detH (pﬂ),l//fs)>
Biorthogonal systems of elements {;/(“)}, {20} to {p} {9} construct in the

Jt Jt

0, j=Ln.

form
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Ji 0 Jsi Js 2 Ji 0 Jis Js ot
o, o

0 _ I < K aTj*(’lO) 0 0 _ 1< K T, (’10)(0(0)

i s=1 i s=1 Jj

We perform the regularization

T,0)=T,(0)+ {7720

Following theorem holds
Theorem 4.1. Unknown eigenvalue A=(4,...,4,) is a simple eigenvalue of

the problem

T()x,=0, j=Ln, (17)
which the corresponding eigenelementp =@ ®---® @, and the defect functional
Y= 1/71 ®"'®l/7na where 5] =@, T chi(pﬂa V7j =V T Zdjil//ji .

i#s i#5y

Branching equation for a problem (17) have the form
/()= <(Dj0 +Tj(t)—Tj(l°)11+Fj0(Dj0 +Tj(t)_Tj( O))]_l(pj('gg"/ﬁ('w =0, j=Ln.(18)
For determed 1 =(4,,...,4,) to system (18) applied Newton method:
A0 = 40 _[5(a)] F(A) m=012,...,
where #()=(£.(0)....1. () s(w){g_f](w).
After it is found A =(4,,...,4,) the corresponding eigenelements are determined
from the following linear equations

n;

LD N O R P A A

i=1 i=1

Regularization Noether points of a discrete spectrum it is devoted §4.2.
Let 2= (/11 ,...,/1”) is an isolated Noether point for a discrete spectrum o,(7') of

the multiparameter eigenvalue problems 7,(t)x, =0, j=Ln, such that

Ker(T,(2))= 10,10, } Ker(T/.*(ﬂ,))={l//jl,...,l//jm/_}, for definiteness assume n,>m,

for all i, 1.e. 4 is a Noether point first kind.
. . . 0) - .
Let knows sufficiently good approximations (pf?), ://j(,),z =Ln,j=Ln, to

Vi~ ’//ﬁi))u <e, [A-A

@, Wi =1Ln,,j=1n respectively: Hgoﬁ —gpﬁ?’” <e, <e.

Expand the spaces F  on the subspace spanned on ideal elements

oT(A) o
< o OV

Constructed biorthogonal systems {*'}, {z®'| we perform the regularization

Ji

v vl . wl), i=1n, we assume that k, = det #0, i,j=1n.

Tj(t)z Tj(t)+ zj<'97§?)>z£‘?) ’ J = la_n .
i:mj+l

Theorem 4.2. The exact eigenvalue 1=(4,...,4,) is a isolated Fredholm
eigenvalue of the problem




We perform the second regularization T(r)=T,(r)+ n < ¥

. >z§°) it is proved
i=2

that A =(4,,...,4,) is a simple eigenvalue of the problem
T(e)x, =0, j=1n. (19)
Further applying to (19) the Lyapunov-Schmidt method, branching equation

for eigenvalue are constructed, from which further for Newton method calculated
unknown eigenvalue 1 =(4,...,4,).

n

Remark. If 4=(4,...,4,) be Noether point second kind, i.e. n,>m, for all
j=Lk and n,<m, for j=k+Ln , then we assume 7 (t)=T,(¢)for j=1k and
T(¢)=1, (), for j=k+1n , we come to a conclusion that 4 =(4,,...,4,) is a Noether

point first kind for the problem 7,(¢)x, =0, j =1Ln.

J
At the end of the chapter to illustrate obtained results, the computing
experiment is carried out for the differential operator of the second order with a
shift in boundary conditions
d*u
A. P 21 +(3/11 +24, )“1()‘1): 0, “1(0): 0, ”1(x0): ”1(1)=

1

d2
1422 +(24 =32, Juy ()= 0, u,(0)=0, u,(x,)=u,(1),
2
d2
B. d b;l + (3/11 +24, )"‘1 (xl ) =0, u (0) = ”1(1)’ u '(O) =u '(1),
1
d’u,

2 +(211_312)”2(x2)20’ ”2(0):142(1)5 ”2'(0):142'(1)'

2
The experiment is realized by means of the software package Maple 11. As a
result, numerical approximations are calculated.

CONCLUSION

In the dissertation, regularizations of given analytical operator-functions are
considered to determine their multiple Fredholm and Noether eigenvalues and the
corresponding eigenelements both for the one-parameter, and multiparameter
spectral problems. These methods in combination with the method of
pseudoperturbations are applied to refine approximately given eigenvalues and the
corresponding root elements.

All main results of the work are new. The obtained results allow to make the
following conclusions:

1) In the case where a Fredholm operator, consisting of GJCs of a finite
length, has the incomplete GJS set, the analytically perturbed linear equation has a
solution of the form

n—1

y(e)=y (g)+ 5{5(1—28"1“4)1 o, +([—gngAkjl goj]

Jj=1 =
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2) Since for an incomplete GJS, to apply the method of the Newton diagram
for the branching equation of eigenvalue, it will be necessary the additional labor-
consuming calculations, the regularization is carried out for such cases allowed to
reduce a multiple eigenvalue with the root number N to a simple one for the
regularized operator. It is proved that the perturbed operator-function has exactly N
eigenvalues. The orders of dependence of these eigenvalues and the corresponding
eigenelements on the perturbation parameter are established.

3) In the case of Noether points of a discrete spectrum it is practically
impossible to construct the branching equation of an eigenvalue in the perturbation
problems of eigenvalues. In the dissertation, introducing ideal elements in the
space A, (in the space A, respectively), the regularization is realized, as a result of

that a Noether eigenvalue becomes a Fredholm one for the regularized operator.
Applying the Lyapunov-Schmidt method and the method of the Newton diagram,
it is proved that the regularized operator-function and, hence, also the initial
operator-function have exactly N eigenvalues represented with the convergent
series in integer and fractional powers of ¢.

4) It is considered the perturbed eigenvalue problem by E.Schmidt. Applying
the regularization method, it is proved that there are N eigenvalues continuous by
¢ presented with the convergent series in integer and fractional powers of ¢.

5) The regularization method in combination with the pseudoperturbation
method is applied to approximate calculating multiple eigenvalues both in the one-
parameter, and in multiparameter spectral problems. While these methods in cases
of the incomplete GJS did not allow to construct iterative processes for
determination of eigenvalues, and for multiple eigenvalues with the complete GJS
it was be necessary immense calculations, the regularization method reduces these
calculations in 2” times.

6) An algorithm for calculating multiple eigenvalues of analytical operator-
functions is constructed by the linearization method.

7) Using combination of regularization methods and pseudoperturbations
methods, iterative processes were first constructed for refinement of the Noether
eigenvalues.

8) Eigenvalues of the Laplace operator are defined by the regularization
method for a perturbed square and an elliptic area.

The author expresses his gratitude to Academician Shavkat Arifdzhanovich
Alimov for useful consultations, to Rusak Yuriy Borisovich for wvaluable
discussions which very much helped in clarifying some of the facts, and especially
to Professor, Doctor of Physical and Mathematical Sciences Boris Vladimirovich
Loginov for ongoing consultations, support and statement of some problems.
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