Y3BEKUCTOH MUJUIMA YHUBEPCUTETHU XY3YPUJIATY ®AH
JOKTOPU WJIIMHNU JAPAKACHUHU BEPYBYM 16.07.2013.FM.01.01
PAKAMJIA WJIMHMM KEHT AL

Y3BEKUCTOH MUJLUIMMA YHUBEPCUTETH KOIIUIAT A
MATEMATUKA HHCTUTYTHU

XYJIOUBEPIUEB ABPOP XAKMMOBUY

YEKJIN YV ITYAMJIM KOMILJIEKC JEABHUIL AJITEBPAJIAPUHUHT
CTPYKTYPABUM HA3APUSICH BA HUJINIOTEHT JEVMBHUAIL
CYIIEPAJITEBPAJIAPUHHUHI TACHUDH

01.01.06 — Aaredopa
(pu3uka-MmaremMaTuKa (paHIapPH)

JOKTOPJIMK JMCCEPTALIUACU ABTOPE®EPATHU

Tomkent — 2016



VIK: 512.554.38

JIOKTOPJIMK auccepTANUsICH aBTopedepaTH MyHIAPHKACH
Oraasienue apropedepara 10KTOPCKO AUCCEPTAIMA
Content of the abstract of the doctoral dissertation

XynoiioepaueB A0Opop XakumMoBHY
Yexnu Ymuamnu komiuieke JleiOHuil anreOpalapuHUHT CTPYKTYypaBUU
HazapusCy Ba HIIMOTEHT JIeOHUIl cynepanredpaiapuHUHT TACHUGH ...... 3

XynoiioepaueB A0Opop XakumMoBHY
CTpyKkTypHas Teopusi KOHCYHOMEPHBIX KOMIUICKCHBIX anreOp Jleitoauia n
KJaccuduKaiys HUWIBIMOTEHTHBIX cynepainreop JIeHoHuma. ..........cccvevveeenneee.. 27

Khudoyberdiev Abror Khakimovich
Structural theory of finite dimensional complex Leibniz algebras and
classification of nilpotent Leibniz suberalgebras .........................oll. 51

OBJIOH KWJIWHIaH HUIJIAp pyrhXaTu
Cnucok onyOJMKOBaHHBIX padoT
List of published works.......... .o 72



Y3BEKUCTOH MULUIMA YHUBEPCUTETHU XY3YPUJIATY ®AH
JOKTOPU WJIIMHNU JAPAKACHUHU BEPYBYM 16.07.2013.FM.01.01
PAKAMJIA WJIMHMM KEHT AL

Y3BEKUCTOH MUJLUIMMA YHUBEPCUTETH KOIIUIAT A
MATEMATUKA HHCTUTYTHU

XYJIOUBEPIUEB ABPOP XAKMMOBUY

YEKJIN Y ITYAMJIM KOMILJIEKC JEABHUIL AJITEBPAJIAPUHUHT
CTPYKTYPABUM HA3APUSICH BA HUJINIOTEHT JIEVMBHUAIL
CYIIEPAJITEBPAJIAPUHHUHI TACHUDH

01.01.06 — Aaredopa
(pu3uka-MmareMaTuKa (paHIaApPH)

JOKTOPJIMK JIMCCEPTALIUACU ABTOPE®EPATHU

Tomkent — 2016



JIOKTOPJIMK JAHCCEPTALMSACH MaB3ycH Y3bexucron Pecnybiamkacm Basupaap Maxkamacu
xysypuaaru Oumii arrecranusi komuccusicuaa Ne 30.09.2014/B2014.3-4.FM22 pakam OujaH
pyiixarra oJIMHIaH.

JoKTopiuk JuccepTaiusiacu V36ekucron  Musmmii YHUBEPCUTETH KolMuaaru MareMmaTuka
WHCTUTYTHIA OaKapuiraH.

Huccepranus aBTropedepatd yd Twiaga (Y30ek, pyc, uHriam3) Miamuii keHrain BeO-caxudacu
(http://ik-fizmat.nuu.uz/) Ba «ZIYONET» Tabium  axOopor TapMmoruma (Www.ziyonet.uz)
YKOWJIAIITUPUITaH.

Namuii macaaxarum: Arwonos llaBkat Aday/uiaeBuY
¢u3KKa-MaTeMaTHKa (paHIapu JOKTOpH, podeccop,
aKaJgeMUK

Pacmmuii onnoHeHTIap: Xamxuen xaBBat
¢u3KKa-MaTeMaTHKa (paHIapu AOKTOpH, podeccop,
aKaJIeMUK

Kynaiiéeprenos Kapumoepran Kagupoeprenosuy
¢u3KMKa-MaTeMaTrKa (haHIapu TOKTOPH

AanaxkoB Ucmaunn
¢duznka-MaTeMaTika GaHIapyu JOKTOPH, JTOLEHT

ETakum TamkuJaor: Ko3orucron Pecnyboauxkacu Tabaum Ba  ¢an
Ba3UPJAUTMHUHT  MarTemaTuka Ba  MaTeMAaTHK
MOAEJIAIITUPUII UHCTUTYTH

Jlucceprarus xuMosicn Y30ekncTon Mummii yHuBepcuTern Xysypumarun 16.07.2013.FM.01.01
pakamm Wnmuii keHramHuHT «24» mapme 2016 tiun coam 1 0" naru maxamcHIa oynub yraau.
(Mamnzun: 100174, TomkenT 1., OnMazop TyMaHu, Y HUBepCUTET KydacH, 4-yit. Temn.: (99871) 227-12-24,
dakc: (99871) 246-53-21, 246-02-24, e-mail: nauka@nu.uz)

JIOKTOPINK JHUCCEpTalUACcH OMIaH Y30eKucToH MMM yHHBEPCHTETHHHHI AXGOpOT-pecypc
MapKa3uja TAaHUIIUI MyMKuH (M 14912 pakam Ounan pyiixarra onuarad). (Mansun: 100174, TomkeHT
1., OnMasop TymMaHu, Y HUBepcHuTeT kydacH, 4-yid. Tem.: (99871) 246-02-24).

Huccepranus aBropedepatu 2016 inn «19» ghespan KyHH TapKaTHIIIH.
(2016 iiun «19» ghespandacu 2 pakamiu peectp OaéHHOMACH).

A.A.A3amo0B
daH 10KTOpH WIMUIA NapakaciHu OepyBun Mnmmmuii
KeHral paucy, §.-M.¢. 1., mpodeccop

A.A.A0ay1l1yKypoB
daH H0KTOpH WIMUIA NapakaciHu Oepysun Mnmmmuii
KEHTalll WIMHIA KOoTHOH, ¢.-M.}. 1., mpodeccop

Y.A.Po3ukoB
daH H0KTOpH WIMUIA NapakackHu OepyBun Mnmmmuii
KEHIalll Xy3ypH1aru WIMHM CEMUHAP PANCH,

¢b.-m.d. 1. mpodeccop



Kupum (10KTOpJIMK quccepTanmMsiCl AHHOTALMUSCH)

Juccepranuss MAaB3yCHMHUHI J10J13apOJMIu Ba 3apypaTtu. AnreOpank
BOCHTaJap KBaHT Ha3apHACHHUHT DJIEMEHTap 3appajap, KaTTHK Ba KpHUCTAI
MOJJATAPHUHT XYCYCHUATIApH, TOMYJIAIUOH OWOJIOTHS MacaialapH, WKTUCOIUN
MacaJaJapHUHT MOJEJUIAPUHH TaXJIWJ KWIHIIAA MyXUM XpcoOiiaHamau. MyaiisH
allHUAT (IpHU akcuoma) OWJIaH aHMKJIaHTaH accolMaTUB ajredpanap CUMH(PUHUHT
KBaJpaT MaTpHUIAJIApHU KYMaWTUpHUINTa HHUCOATaH ENMUKJIWTH MabiyM Oynrad,
antepHatuB, Jlu Ba Mopnan anrebpanapm Ha3zapusCH BYXyAra Keimd Ba
puBOXIIaHa Oonuiaau. byrna anreOpanapHuHr 0y OMUJUIAPUHE MaTEeMaTHKAHUHT
TypiaH coXajapu OWJIaH XWUIIMa-XWJI ajoKaiapu MyyuMm omun Oymaw. JleiOHui
anrebpamapu  Jlu  anreOpamapuHMHT  yMymuilammacu — Xucobnmanu6, Jlu
anreOpanapuaa ypuniu Oyiaaauran Oup KaH4a xoccanapuu JleiOuui anredpanapu
yU4yH XaM JaBOM OSTTUpHII MyMKUH. JIu anreOpamapu HazapuscuIaH MablIyM
oynran Teopemasiapuu JlelOHull anredpanapu yuyyH ucOoTiam OuinaH oupra Jlu
Oynvaran JleOHuI] anreOpalapuHUHT XOCCAJIAPUHM TOMHUII OujIaH OOFJIMK
TaJAKUKOTJIAp XO3UPTH KyH/JIa HOACCOIMATHB alredpanap Ha3apUsACHHUHT YCTHBOD
HyHanuuuiapuaan o6upu 6ynub KeaMoKa.

JIu anreGpanapuHUHT KJIACCUK Ha3apHUICHIAH MabIyMKH, YeKIH ymaamiuu Jiu
anreOpanapu yctuaa onub OopunaguraH TaaKUKoTiaap euywiyB4YaH Jlu
anmreOpanapuuy TacHuduamra onub KedMHamW. Y3 HaBGatuga JIeHGHHUII
anredpanapu xam spuM cozjaa Jlu anreOpacu Ba €YMIIyBYaH paguKaTIHUHT TYFPU
wurnHIUCH mwaknuaa udonanananu. Hunpagukanm maxcyc tumnra jra OynraH
ednIyBUaH anredpanap Typiau Xuwin Qu3uk mozemap Owran Gormukaup. LlyHuHT
yuyH Jlu anreOpaiapu Hazapuscuja OYiaraHu kaOu, HUJIpaAuKald Oepuiran
YeKIM YiuaMiy edmnyBuaH JleiOunuil anredpatapHu TacHUG KWIHII XaM J0J13ap0
MyaMMOJIapAaH XUCOOIaHa IH.

Huwnmotent anreOpanap euniayBuaH anreOpalapHUHT KUCM  CHHODH
Xuco0mannd, Oapya HWINMOTEHT airedpajiapHud TacHU( KWIMII Macajllach yTa
mypakkabaup. llyHuUHT ydyH, HWINOTEHT anreOpaiapHU KyIIUM4Ya IIapTiap
acocuaa TacHU( KuiMHaAW. XycycaH, ylapHH TacHUQIANga HWIWHACKCH aHHUK
oynran anreOpanap cuHGUHMU aKpaTUO OJIMII aCOCUU OMWJUIapjaH Oupu OYnuo,
Oynnait cun@uapHuHr pactmiabkucu Qumudopm JlelOnun anredpamapuaup.
Ounudopm Jleibnun anredpanapu HuUcOATaH cojja MIapTiapra sra OYyIuinura
KapamacJaH, eTapiuda Mypakkad Ty3wiIuIlra 3ra Ba yIapHH TacHU(Iamga
rpaiydMpoBKa  IIApTUHM  KyJUlall — KyJlad  XHMCOOJaHaH. Maxkcuman
TpaydpOBKAaHUHT CaMapaJopiurd IIyHAAKd, y anreOpaHuHr KYMaWTHPHII
’KaJIBalTuIary CTPYKTYpaBUil y3rapmaciap Xakujaa aHuK MablIyMOT OepaiH.

Cukum, Oy3wnuimn Ba nedopmanus TylIyH4Yanapu anrebOpara Qusukagan
kupub kenran 6ynu6, xycycan Jlu anreOpacuHu cukuIl, GU3NK HyKTau HazapaH,
oupop ¢u3HuK Mojen OOIKACHHE MHBApUAHTIIAP TPYIMIACH TAhCHUPUHUHT JTUMUTH
épraMuia XOCH KWIMHTAHIMTMHM aHIIaTagM. Y3 HaeGatuaa, aedpopMarius
Oepwiran THNIArH OOBEKTIAp KYNXWUIMTHHUHT KUYHK aTpoPuaard JIOKai
Ty3wIMIuHN ~ Xapakrepnaad. [Hyaunr yuyn, JleilOnun anreOpanapuHUHT
aedopManusIapyu, TEOMETPUK XOoccallapH, CTPYKTYpaBH Hazapusuiapd Ba

5



KOTOMOJIOTHSICHHU YPraHWIl KyJda MyXumaup. bepuiran anreOpank KyIXHITHK
YeKJIM COHJAru KeNTHpUIMAac KOMIIOHEHTAJIApHUHT OupiammMacuial uoopar
Oymarannuru, KaTTUK anreOpaiap opOMTaTapuHUHT €MUJIMAcH 3ca KEeITHPHIMAC
KOMITOHEHTaHU Oepraniauru cabaliu, 4YeKiIu yrdamin areopagapHUHT T€OMETPUK
XOCCAJIapHY aHUKJIAINIa KAaTTUK aireOpansapHU TOMHUIN ajJOXUaa aXxaMHusTra ora.
Jleii6run anreGpanapy Ba YJIApHHUHI KOTOMOJOTHK XOCCalapuHUHT, MHopiaH
anrebpanapu, Jlu anredbpanapu, xamjaa yJIapHUHT yMymiIaliManapu OuiaH ¥3apo
IOKAZIOPJIUTH  JUCCepTalisl MaB3yCH OwiaH OOFIMK  TaJAKUKOTIAPHHUHT
3apypaTuHu udoganaam.

Jlu anreOpanmapuHUHT sHa Oup ymymiammacu xucoOmanran Jlu
cymepanreOpanapy MaTeMaTHK (QU3UKAHUHT  CYMEepCUMMETpPHUs  XOccallapH
épmamuna aHukiaHrad. JleWOuuny cynepanreOpanapu Hadakat JlenOHUIT
anrebpanapuHuHr, Oanku Jlu cymepanreOpamapuHUHT XaM yMyMIIalIMacH
XUCcOOJMaHUO, YIapHUHT XOCCAJlapWHU aHUKJIamjaa Ttadumii paumiga JlenOHUIL
anrebpamapu  Ba Jlm  cymepanreOpanapu  KYOXWUIMTHAATH  yCyJUlapiaH
dborinananunaau. JleiOuui anreOpacugard KaOu MaKcUMaldl HWIMHACKCIA EKU
HWIMHAEGKCU Yinyamura TeHr Oynran HuianoteHT JleOHuil cynepanredpanapuHu
tacHupam yeknu Yndamiau JleiOuul cynepairedpaiapu Ha3apUsiCUHUHT MyXUM
Macayiajiapujiad Oupu XucoOaHaIu.

TankuKOTHUHT pecnmy0juka ¢aH Ba TEXHOJOTUSJIAPH PHUBOKJIAHUIIN-
HUHI YCTYBOPp HyHajquuuiapura OOFJIMKJIMrA. Maskyp auccepranus
pecyOonuka ¢aH Ba TEXHOJOTHsUIap pUBOXIaHMMUHUHT D4 «MaremaTuka,
MeXaHWKa Ba HH(OpPMATHKa» yCTyBOp HyHanmuImmra MyBo(huK OakapuiraH.

Juccepranusa MaB3ycu OyiM4Ya XOPWKHHM MIMHN-TAAKHKOTIAP IIAPXH.
Yexnu Yymuamnu Jlu Ba JlelOHun anreOpanapuHu TacHUAam Ba yJIapHUHT
KOTOMOJIOTUK XYCYCHSITJIApUHU aHHWKJIANl OYlndya eTakuyd MaMIIaKaTJIapHUHT
WIMHI MapKas3jiapu Ba yHUBEpCUTeTNIapuia, kymuanad, Institut de Recherche
Mathématique Avancée, Université de Haute Alsace, Institut de mathématiques de
Jussieu (®pamwms); University of Seville, University of Santiago de Compostela,
Complutense University of Madrid (Mcnmanust); University of Dusseldorf, Institut
Computational Mathematics (I'epmanusi); University of Vienna (ABctpusi); E6tvos
Lorand University (Benrpus); University of San-Diego, University of lowa,
University of Toledo (AKIL); University of Sao Paulo (bpa3sunus); East China
Normal University (Xuroii); University of Putra Malaysia (Manaiizust); University
of Sydney (ABctpanusi); Mocksa [laBnat ynusepcutetu, C.JI.CobGoneB Homuaaru
Matemaruka uacTHTyTH (Poccus); MaTemaTrka Ba MaTeMaTUK MOCIIIAIITHPHIL
uHcTHTyTIapuaa (Ko30FUCTOH) KEHr KaMpoBIM WIMHH-TAIKAKOTIAp OO
OOpUIMOK/IA.

Yexnu ymuamnau komiuieke Jlu anreOpanapuHuHr OMp KaH4ya CHUH(IApUHU
TacHU(IA, HWINOTEHT Ba eywiyBYaH JlelOHul anreOpaiapuHu TacHU(PUHU
OJIUIII Ba YJIAPHHUHT OpOUTANap €NMIMalIapUHN TOIHII F03acHAaH OO OOpHiTaH
WIMHNA TAAKAKOTIIAp HATIKACH/IA )KaxX0H MUKECHIAa Oup KaHda J013ap0 Macananap
eywiran Oynub, >kymiagaH, KyWugard WIMHM HaTvKajdap OJIMHTAaH: TaOuui
ycynga Tpaayupnanran Qumudopm Jlm anrebpamapm Ba KUYHK YI4amiid
HunoreHt Jlu anredpanapu tacuudnanran (Institut de Recherche Mathématique
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Avancée, Université de Haute Alsace); 7 ymuamnm HwinoteHt Jlu anrebpanapu
cunuauHT TYMUK Tacaudu onuarad (University of Toledo); yu Ba TypT ymuamiu
JIu anreOpanapunuHr O6apua opOutanapu EémwiMmanapu tomwirad (University of
Dusseldorf, Institut Computational Mathematics); Hunpanukanum tabumii ycyinmaa
rpaagyupianrad ¢unudopm Jlu anrebpacupan umbopar Oynran euunyBuaH Jlu
anreOpanapuHunr tTachudu onunran (Complutense University of Madrid); kaTTux
JleitOHury anreOpaJlapyHUHT KOTOMOJIOTUK WKKHHYM TPYIIACH HOJra TEHT
skaryuru ucootnanran (Institut de mathématiques de Jussieu); Tabumii ycynmaa
rpagyupianran  2-gpuiudopm Ba kBazu-punudopm JleiOuun anrebpanapu
tacHupnanran (University of Seville); ymuamu 10 gan kwuuk Oynran Oapua
bumudopwm Jleitonui anredpanapu taBcuduanran (University of Putra Malaysia);
uxTuépuit yeknu ymdamian JIeioHuI anredGpacuHuHT spuM cojjia JIu anredpacu Ba
CUMIyBUAH PpAIUKATHUHT SIPUMTYFPH WHFUHAMCH Iakiuaa uQogaiaHuIIm
ucootmmanrad (University of Sydney).

Hunpagukamun wmabaym Oynran eunmnmyBuaH JleiOuun —anreOpanapuHu
tacHuam, Kuuuk ~ youamiau - JIeWOHun  anreOpaidapuHUHT  opOUTAIapu
¢nunManapuau  Tormm, JIeWOHWIT anreOpanapyd KYNXWUINTHOATH — KaTTHK
anrebpanapau anukiam, Jlu Ba JleilOuui anrebpanapu jaedpopManusiiapuHu
TaBcu(IIalll, Xamaa YIApHUHT AuddepeHuuamuaniapy Ba HHPUHUTEIUMAI
aepopManusUIapuHu TacHUQIIA Kabu ycTyBOp HyHanmumuiapaa OyryHTHM KyHJa
WIMHNA TAAKAKOT MIIUTAPU amalira OMIHPUIMOK/IA.

MyaMMOHMHI YPraHWITaHJIUK Japaxacu. Jlu anreOpallapyHUHT KJIACCHK
Ha3apusACHJIaH MabIyMKH, UXTUEpUN yeknu ymuamuu Jlu anreOpacu sipumconia
KACM anredpa Ba MakCUMall €YMJIYBYaH HJCAIUIAPHUHT SPUMTYFPH WHAFHUHANCH
makiauaa ugonananaau (Jlesu reopemacu). Apumconna JIu anrebpacu sca conna
anreOpamapHUHT TYFpu WuruHAMCH cudaTtuna Eimnaan. JleBu TeopeMacHHUHT
JletiOuun anreOpanapu yuyH anaigoru 3ca 2011 ¥unma J[.bapHc TomoHuIaH
UCOOTIIaHTaH.

H.Jl)xexkoOCOH TOMOHMJAH, XapaKTepUCTHKACU HOJ OYyiraHn MaiioHaa
oepwiran JIu anredbpacu xocmac auddepeHnuanra 3ra 0yica, YyHUHT HUJIMOTEHT
skaHimru wucOotTnanradn. by wmacamara teckapu Oynran Jlu anreGpacuHHHT
HWIMOTCHTIUTHAH YHHHT XocMac nuddepeHnmanra sra OYIuIIM XaKugaru
macanara JX.Jluckmbe Ba B.I'.Jluctep TomoHunan >xaBo6 TomwiuO, yHAa Oapua
muddepeHnrany HUINOTEHT (XycycaH, Xoc) Oyiran HuinoteHt Jlu anrebpacura
mucon kentupwirad. KeimHyanuk Oapya auddepeHnuamianiapy HIIMOTEHT
Oynran anreOpanap XapaKTepUCTHK HUJIMOTEHT aireOpanap neb aranu0, OyHmai
JIn anre6panapununr tacuuduapura FO.Xaxummxanos, @.K Kactpo-Xumenes,
X.H.Banzaec Ba 6011Ka OMMIIApHUHT UILIapy OaFUIILIaHTaH.

Kuunk ymuammm wunmoTteHt JIu anreOpanmapu, Xamaa n-yadamid TaOWHiA
ycynna rpanyupianran anreopamap X.M.Ka6ezac, O.Ilactop, X.P.I'omes,
X.M.Ankouea-bepmynec, A.Xumene3-Mepman, M.I'oze, HO.b.XakummaxaHoB,
XK. Peitec Ba Oomikanap TomMoHWAaH TacHU(aHraH. JlelOHuia anrebpanapu sca
[I.A.AromnoB, b.A.Omupos, 1.C.Paxumos, U.M.Puxcuboes, X.P.Kazac, M.JIanpa,
X.P.T'ome3, JI.M.Kamauo Ba A.P.I'oHcanecnmap TOMOHMAAH TacHU(IIaHTaH.
Maxkcuman y3yHnuknaru rpaayupoBka HO.b.XakummkaHOB TOMOHUZAH TaBCHS
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stiiiran 6ynu6, X.P.I'ome3, A.Xumene3-Mepuian, XK.PeiliecnapHunr wuiiapuia
Makcuman y3yHnukaaru ¢unudopm Jlun anredpanapu tacHuduanrad. Makcuman
y3ywiukaaru guiudopm Ba  kBaszu-puiaudbopm JlelOnun anreOparapuHUHT
tacaupu 1. A.AwmnoB, b.A.Omupo, X.P.I'ome3 Ba JI.M.KamauonapHuHr
MIUTAPHUIA OJIMHTaH.

AN ManbiieB tomonunan 1945 iiunnga, euwnyBuan Jlu anreGpanapunu
yIApHUHT  HWIpaJuKaUlapd OpKajdud aHUKJIAHWIIKM  ucOOTIIaHraH  Oyica,
keiinnuanuk 1963 dwunga ['.M.Mybapsax3sHoB eunnyByaH Jlu anreGpaniapunu
YJIApHUHT  HWIPAJUKAJUIAPW  BAa  HWIPAAUKAIHUHT  YM3UKIM  HUJI-DPKIU
muddepenumamansiapu EpaamMmuaa TaCHU(IOBYM siHAa OUp YCYJIHH KOPUM KUIIIH.
Ymby ycyn épnamuga X.M.Aunkouea-bepmynec, P.Kammamyp-Ctpycrbepr,
B.boiixo, XK.C.Hnormo, I1.Bunrepuutc, JI.CHOOn Ba ﬁ.BaHFHapHHHF uiuiapuaa
eywnyBuYaH Jlu anreOpasiapuHuHr Oup KaH4ya cuHIapu TacHU(JIAHTaH.
b.A.Omupos, N.A.KapumxaHOB, X.M.I'acas, M.JIagpa, JI.bocko,
KA. dymOapinapHUHT HILIapu HWIpaIUKaau OepuiraH euwiyBuaH JlenOHUIL
anrebpasapuHu TacHUGIAI Macaiajgapura OaruiIaHraH.

AccomatuB  Ba Jlu anrebGpanmap yuyH Jaedopmanusuiap Hazapusicu
M.I'epcrenxabep, xamaa A.Helenxeiic, P.B.Puuapnaconnap tomoHuaaH YyTrax
acpHMHr 60-Hwapuaa KupuUTWIraH. YJap TOMOHUAAH Oup mapaMmeTpiu
nedopmanusuiap Ypranuwiaran OVnu6, Jlu anreOpaslapuHUHT KOTOMOJIOTHSICH Ba
uHpuHUTE3UMAN AedopMalMsuiapy opacuaard OoriaHunuiap YpHaTwirad. Jlu
anreOpanapuHuHT Typau aedopmanusiapu A.Duanoscku, M.IlenkaBa, M.I'unb,
J.B.MunnnoHmukoBIap Ba OomIKaiap TOMOHUAAH YpraHuirad O0yiau0, yJaapHUHT
Ooup xaHua xoccanapu ucoornanrad. FO.b.Xakummxanos, P.M.HaBappomnapHunr
unutapuaa 3ca  Gwmdopm Jlm  anreOpanapu  Ba  cymnepaireOpaiapuHUHT
nHpuHUTE3UMaN nedopmarusaapu TacHudanrad. JledOHui anrebpamapuHUHT
KOromMoJIoruk xoccasiapu Ba naedopmarusnapu  K.JILJlome, T.IlupamBuiy,
J.banosan, XK.M.Jlogaep Ba A.PuanoBckuiiiap TOMOHUAH YPraHWITaH.

JIn cynepanreOpajapuHUHT acOCHUW TyIIyHYajapu Ba TacHUpuUN OaéHu
B.Kainunar wmosorpadusicuga xentupwirad. Conna Ba  spum  coana  Jlm
cynepanreopaiapuy @D.A.bepesun, B.I'.'Kan Ba [[.A.JlefiTcnapHuHr umuiapuaa
ypranunran ~ Oynca, HwimoreHt Jlu  cymepanrebpamapu  X.P.I'omes,
10.b.Xakumxonos, P.M.HaBappo, M.I'usipn Ba Oomika oJMMIapHUHT OUp KaTop
unutapuaa kapairad. C.Ans6esepuo, 1. A.Aronos Ba b.A.OMmupoBiap TOMOHUAH
JleliOuui cymepanreOpapuHUHT  MakKCUMaJl HWIMHAEKCH n+m+1 Oynuiu
KypcaTtuirad, xamaa Oynaait JleiOuun cynepanredpalapuHUHT TACHU(U OJIMHTaH.
Hunuanekcu — cymepanreOpaHuHr  yndamura  TeHr  Oynran  JleiOHuUII
cynepanredpaiapuan TaBcudiam Oopacuaaru aactiabku kagam JI.M.Kamauo,
X.P.I'ome3, P.M.HaBappo u b.A.OMupoBnapHuHr umuaa Kynuiaran 6yiaub, yHna
XapaKTepUCTUK KeTMa-KeTiauru (n | m—1, 1) ra TeHr Oynran n+m HUIUHACKCIU
Jleitbnui cynepanredpasapuHUHT TACHU(PU KEITUPUIITaH.

Juccepranus MaB3yCHHUHI JUcCcCepTanus 0aKapUJIaéTral OJMid TabJIUM
MYyacCaCaCHHMHI WIMMUA-TAJKHMKOT HILIaApH OWiaH OoraMKIuMru. /{uccepranus
TAaJKUKOTH MaTemaTnka MHCTUTYTUHHHT DPE4-DA-D016 «dpumconna JleiGHuIy
anredpanapu Ba ynapHuHr auddepennuannanapm» (2012-2013 i), E®4-OT-
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0-20581 «EuunyBuan JleiOHul anreOpaqapuHUHT YU3UKIH JTaBOM STTUPUIYBUYU
Ba uHpuHUTE3UMan aepopmaumsuiapu» (2014-2015 i), O4-OA-O013
«HoaccomnmatuB Ba oneparopiap ainredpanapu, AUHAMUK CHCTeMayap, Xamja
yJIApHUHT CTAaTUCTUK (PU3MKa Ba MOMYJSIMOH Owojorusra tanoukiaapu» (2012-
2016 iiit.), V36exucron Mummmit yuusepcuternuar ®-4-09 «HoaccommaTns
anreOpaJlapHUHT CTPYKTypaBuM Hazapusicu, banax woaymnapu Ba JHCKPET
auHaMuK cuctemanap» (2012-2016 iii.) maB3ycuaaru TaAKUKOTIAp TapKUOUM
KHUCMHTIa KUPUTHUIITAH.

TaagKMKOTHUHI MaKcaau YeKiIH Yindamian koMmiuvieke JleiOuun anredpanapu
Ba yJnapHuUHTr guddepeHnUaUIalIapUHU  TaBCcU(  KWIUII, HOACCOLMATHB
anredpanapHuHr jAedopmManus Ba OY3WIMII Ha3apHsUIAPUHU PUBOMXKIAHTHPUIL,
xamza HuinoteHT Jleionu cynepanreOpanapuHu TacHuduiamian uobopar.

TaagkukoTHUHT Bazudangapu Kyiuaaruiapaad noopar:

yexian Ymuamiau JleiOHul anreOpajapuHUHT HUJINOTEHTIMK XOCCallapuHU
TOTIUIIL,

apuMmcoana JleiOHul anreOpalapyuHUHT XOCCaJapUHU aHUKJIAIl Ba COAJA
anreOpaJapHUHT TYFpU HUFUHAMCH IIaKiuAa udoialaHMaiural spuMm conaia
JleitOouu1l anredbpanapyu MaBXyUIMTUHU KYPCATHUILI,

XapaKTepUCTUK HUJIMOTEHT Oynmaran guiudopm, xamaa n—1 ra Tedr 6yiaran
n-ymyamin komruiekce punudopm JlerOuui anredpanapuHu TacHu Il

KHYMK yIuyamiid edusiyBuaH JleOHuil anreOpatapuHu Ba HUJIpAIUKaIA HOJ-
bumudopm JleitbHul anreOpanapuHUHT TYFpU HUFUHAMCHIAH uOopat Oynran
eumnyBuaH JlelOnul anredpanapuau TacHUIIAI;

Oepunran anrebpanap KYNXWUIMTHAArd KyHd carxjgard airedpaiapHu
aHUKJIAII;

Hos-punmudopm Ba dunudopm JleiOuui anredpasapuHUHT KOTOMOJIOTHUK
rpynnajsapyuHy TOMHILL

TOK Ba JKy(pT KUCMJIAPUHUHT Yyiyamjapd MOC paBUlla n Ba m ra,
HUWIMHJEKCHU 3Ca n+m ra TeHr Oyiran HuianoteHt JleOHun cynepairedpanapuHu

TacHH A1,
TaaKMKOTHUHTI 00BEKTH HWINOTEHT, CYMIyBYaH, spuMcoama JlehOHwmIy
anreOpanapu, nuddepeHuuanianap, nedopmanusiap, CUKWIHIILIAP,

KOT'OMOJIOTHK Ipymnnanap, HUWINoTeHT JleOuuil cynepanredpanapuaan uoopar.

TaagkKuKOTHUHr  mpeaMeTH  rpaayupianrad  Quimudopm  JleiboHMI
anreOpanapy, XapakTePUCTUK HIIMOTEHT, TYpT Ba Oem Yymuamiu JleHOHUIL
anreOpanapu, Hol-punudpopm Ba Puaudopm JleitOHu anredpamapuHUHT
mubdepeHunamianiapy  xamaa Jaedopmanusiapu, MaKCUMal HUIUHACKCIU
HunnoTeHT JIeioHu cynepanredpanapuaal uoopar.

TaakuKoTHUHT ycy/uiapu. Juccepranusga 4eKiau yiadamid aiaredpaiapHu
TaCHUQUIAITHUHT ~ YMyMHUH  yCyJUlapuiaH,  TpaAyupoBKa  yCYJUIapHJaH,
CTPYKTypaBuil y3rapmaciap ycyiuiapujiaH, aegopmauusaiap, Oy3uaunuiapiap Ba
WHBapUaHTJIAp Ha3apUsACH yCyJiapuaan (ponganaHuIraH.

TagKNKOTHUHT MIIMHUII SHTWIMIM Kyduaarmiapian uoopar:

xocmac JleOuun, auddepeHnumamianiap EpaaMuga  YEKIU - YIdaMiu
HWIMOTEHT JIeHOHUIT anreOpatapuHUHT XyCyCHUATIapU aHUKJIaHTaH;



XapaKTePUCTUK HUIMOTEHT Oynmaran dwmdopm JleitbHul anredpanap,
XamJia y3yHJIurd n—1 ra TeHr OyniraH n-ymyamiu komruiekc ¢puiaudopm JleOnum
anredpanapu TacCHU(IaHTaH;

apuMmcoana Jlu anreOpanapuHu coija WACAUIAPHUHT TYFPU HUFMHAMCH
makauaa udopanam  MyMKUHIuTH JlelOuui anreOpanapu y4dyyH YpUHIU
OYIMaciauru KypcaTHiraH;

TVpT Ymyamim kKoMmiuiekc JleiOHuIl anreOpanapy Ba HWIPAIUKaIM Y4
yiuamiu Oynran Oem Yiaaamu JleiOnui anreOpanapu TacHU(IAHTaH;

HUWIpagukanu  Hod-Qumudopm  JlelOHun — anreOpalapuHUHT  TYFpU
HuruHAMCHIaH nbopat OynraH eunnyBuaH JleOHu anredpanapu TacHU(IaHTaH;

OMpMHUM caTXjard Gapua anrebpanap, xamjaa accouuaTus, Wopnan u JIn
anrebpanapy  KYOXWUIMTHAA HMKKUHYMA ~— caTXJa OKOWjamraH —anredpainap
aHWKJIaHTaH;

Hos-punmudopm  JlelOuun — anreOpaiapuHUHT  KOTOMOJIOTHK — MKKHHYHU
rpynnainapyu TaBcu(iIaHraH Ba Tabuui ycynna TpagyupiaHran dunudopm
JleitOouu1 anredpanapuHUHT HHOUHUTE3UMAT AedOopMalMsIapy TOTUITaH;

HUJUHIEGKCH n+m ra TeHr Oynran ©Oapua JleiOuuil cymnepanredpanapu
taBcudaanub, Hoi-pumudopm Ba Guaudopm JlelbHul cymnepanredpaiapuiaH,
XamMjJa  XapakTepUCTHUK  KeTMma-keraura  (njm—1,1) ra  Tenr  OynaraH
cynepanreopanapaan 6omika 6apua HIMoTeHT JleioHuI cynepairedpanapuHUHT
HWIMHJEKCH N+m JaH KUYHUK SKaHIUTH UCOOTIaHTaH.

TagKuKOTHUHT amMaJuil HaTH:Kacu. JIelOHuI| cynepanrebpanapu ycTuaa
om0 OopwiraH H3JIaHUIUIApJA CylnepanreOpaHuHT KYyPT KUCMU Yy4yH
KYJUTaHUJIAAUTaH SIHTU yCyJulap sipaTwiral. XycycaH, MakcuMall HUunuHaekenu Jin
cynepaireOpaJlapyHMHT TacHU(U aHuYa COAJApOK Ba camMapanu Hyn Ouiad
OJIMHTaH.

Jucceprauusiarn KU4MK Ya4amiid edusiyByaH JleOHun anreOpanapuHUHT
tacHu(Ura J0oup HATWKaAIAp UXTUEPUM Yiuamian  edywiyBYaH JleHOHUII
anrebpanapy ydyyH KyHwiran OWp KaHya THUIIOTe3aJapHUHT OaKapUIUIINHU
TEKITUPUIIT IMKOHHHU OepraH.

TaagkukKoT HATWKAJAPDUHMHI MIIOHWIWIMrd Jlu anreGpamapu Ba
cynepanredpaiapu Hazapusicufard (QyHIaMeHTand HaTWXKaJapHUHT KYJUIAaHUIIH,
anreOpasapHuHr  Oomika  cuH(uapugaH ~ MabiyMm — OynraH  ycyiiapaad
doiiaNaHUATaHINTH, XaMJ1a MaTeMaTUK MYJIOXa3aJlapHUHT KaTbUMIWTU OuiaH
acocnaHaau. byHpaH Tamkapy KHYMK YiyamuiM anreOpajlapHUHT TacHU(Ura
Oornuk HaTwkamap Mathematica 12 makeTuma Ty3wiraH Maxcyc AacTypiap
épllamMuJia TEKIUPUO KYpUiTaH.

TagKUKOT HATHKAJIAPMHUHI WIMHHA Ba aMajJuMd axaMUATH. TagKukoT
HAaTWKAJIAPUHUHT  WJIMHHA ~ axamMusiTh  Oomka  Typjaarm  anrebpa  Ba
cynepairedpajiapu HazapHsUIApUHUA PUBOXKJIAHTUPHUIN y4yH QoiinanaHuin OuiaH
M30XJIaHa . XycycaH, ymOy AuccepTauusiia OJUHTaH HaTHKajap Ba TOMMJITaH
ycymiapaaH Jlu anrebpanapy KYIXWUIMTHAIA KATTUK HUINOTEHT ajnreOpaiapHUHT
MaBXXyJ SMacluru Xakujaaru ['proHeBanj MyaMMOCUHHU euuijga (oigaraHuin
MYMKHH.

10



TankukoT HaATWXKAJIAPUHUHT aMalui axaMHusSITH JUccepTalusia OJUHTaH
KMYUK YIIYaMJId €4YWIyBYaH aireOpalapHUHT TacHU(Iapu HXTUEPUIM Viuamiu
Jleitouuiy anrbepanapy ydyyH KyWWiIran OWp KaHYa TUIIOTE3aJapHU TEKUIUPHIL
MMKOHUHU Oepuinu OunaH Oenrmwnananu. bynnan Tamkapu OMpUHYM Ba UKKUHYHU
caTxJa >OKoimamraH anreOpanapHUHr TacHu(uapu Oepwiran —anredpanap
KYIXWIIMKIApU Oy3WIMIIIIapUIaH TY3WIraH JapaxTiap XaKuaa TYIUK TacaBBypra
sra OVJIHII y4yH MyXUM XUCOOJIaHAIH.

TagKNKOT HATHKAJAPMHMHI KOPUIl KWIMHUINM. Y3yHIUTH n—1 ra TeHr
Oynran n-ynmuyamiu Komiuiekc ¢uiaudopm Jleitbnun anreOpanapuHUHT Ba
XapaKTepUCTUK HUIMOTEHT Oynmaran JleitoHul anreOpaniapuHUHT TacHU(Ura OuI
Hatwkanap project FQMI143 (University of Sevilla, Spain, 2015 i#un 25
CEHTSOp/Iard MabJIyMOTHOMACH) XOPWXKHMIM TpaHTHAA KYJUlaHWIraH O0ynuo, ymoy
HaTWXayap €épaamuaa Tabuuid ycynnaa rpajayupiaanrad Jleitonur anrOpatapuHuHT,
xamaa Hwipaaukanu dunudopm anredbpacuaan mbopar Oynran Jlu Oynmaran
eurstyBYaH JleOHuUI anredpalapuHUHT TaCHU(IApU OJIMHTaH.

Hucceprauusna  onuHran  HuiAnoTeHT  JleOHun — anreOpanapUHUHT
nedopmanusuiapu Ba spuMmcoana JleOHun anreOpalapuHUHT  XyCYCHUSITIApU
oyinuaonuuran Hatwxanap MTM2009-14464-C02 (Institute of Mathematics at
the University of Santiago de Compostela, Spain, 2015 #wun 4 HosiOpnaru
MabIyMOTHOMAcH) rpaHTuaa cojna JleiiOuuil anreOpaiapUHUHT KOTOMOJIOTHUK
MKKUHYM TpynnajapuHu TacHudama GonganaHuiray.

Hunnorent JleitOnun anreOpanapuHUHr MHQUHUTE3UMAN JAedopMalusiiapu
tacaudaapuaad I[lytpa Manaizus yHuBepcutetuga Manaizus Onuil TabiaiuM
Ba3UpAUTH ToMOHUAaH axpartwiradn 05-02-12-2188FR  (Ilyrpa Maunaiizus
yHuBepcutetd, Manaizus, 2016 iun 2 ¢eBpanmaru MabIyMOTHOMACH) WUIMUUN
noiinxacuga JleMOHuI anreOpanapu KYNXWUIMTUTa YU3UKJIA TpyHHalapHU
Tabcupu €paamuaa 0ab3u JlelOHul anredpanapuHUHT opOuTanapu ENUIMacUHU
TaCHU(DUHM ONUILJIA KYJUTAaHUITaH.

TagKMKOT HATHXKAJTAPDMHMHI anpodauusicu. J(MccepTalUMsSHUHT acOCHi
Ma3MyHUd KyHuJard Xajgkapo Ba pecrnyOnuka MHUKECHAA YTKa3WiraH WIMHUN
amKyMaHjiapia Myxokama KuwiuHran: «Omnepatopiap anredpacd Ba KBaHT
sxtTumMoiUikinap  Hazapuscu»  (Tomkent, 2005 #wn), «duddepenunan
TeHrjaamanap Ba yhapHuHr tanouxiapu» (Hykyc, 2009 i#un), «Omnepatopiap
anreOpacu Ba KBAHT OJXTUMOJUIMKIAp Hazapuscw» (Tomkent, 2012 #un),
«Kommiiekc Ba (pyHKIMOHAT aHATU3HUHT 3aMOHaBui myomMmonapu» (Hykyc, 2012
Hun), «Marematuk aHanM3HUHT [oi3ap0 myammonapu» (Yprawy, 2012 iun),
«duddepennnan TeHrIaMalapHUHT 3aMOHABUW MyaMMOJapu Ba yJApHUHT
tanouknapu» (Towmkent, 2013 ¥un), «3aMOHaBUN TOMOJIOTHS MyaMMOJIapu Ba
ynapHuHr Ttanoukiaapu» (Tomkent, 2013 i), «MartemMatuk (QU3UKAaHUHT
HOKJIACCUK TEHrjamMajapu Ba ynapHuHT Tanaoukiaapu» (Tomkent, 2014 i),
«Anrebpa, aHanu3 Ba KBaHT ’XTumosuinkinapu» (Tomkent, 2015 Hun). Tankukor
HATIKATApH Y30eKMcTOH MMM YHHMBEpPCHTETH KOIMJard MaremaTHka
UHCTUTYTUHUHT  «Omepatopiap anredpaiapd Ba YJIAPHUHT  TaaO0UKIApH»
pecryoyinKka ceMuHapuia, V36ekucron Mummii YHUBEPCUTETUHUHT «3aMOHaBUI
anredpa Ba YHUHT TaTOMKJIapu» Ba «OYHKIMOHAN aHAIU3 Ba YHUHT TaTOUKIApU»
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cemuHapiapuaa, Canrsaro ae Kommocrena yHuBepcuTeTd Kommuaarn MaTemaTrka
uHctuTyT cemunapuna (Mcmanus, 2012 #nn), [lytpa Manaiizus yHuBEepcUTETH
«On recent achievements on harmonic analysis, algebras and their applications»
cemuHapuna (Manaiizus, 2013 i#un), CeBuis yHuBepcutetd «Non-associative
algebras» (Mcmanus, 2014 iinn) cemuHapiiapyaa Myxokama KuiauHrad. OJauHTraH
Hatwkanap «International Congress of Mathematicians-Seoul 2014» (Kopes, 2014
i), «TWAS 25" General Meeting. 2014» (Ymmon, 2014 i) xaiakapo
KOHTpEccliap/ia XaM Mabpy3a KUJINHTaH.

TaakuKOT HATHKAJTAPUHHMHI IBJOH KWJIMHHMINM. J[MccepTamms MaB3ycH
Oyitnua >xamu 40 Ta WIMHIA W1, )KyMiagaH, MUJUIMKM KypHaUIapjaa 5 ta, Xajakapo
KypHayutapaa 18 ta makona, wiMuii aHXyManiaapaa 17 Ta Te3uc Haip dTUJITaH.

JluccepTanMsIHUHT Xa:KMH Ba Ty3wiaumu. Jluccepramusi KUPUII KUCMH,
TyprTa 600, Xyjnocanap Ba QoinanaHuwirad anabuériap pyWxaTugaH TalIKHII
tonrad. Wmuunar ymymuit xaxmu 200 OernaH, anabuérnap pyixatu 184 Ta
HOMJIaH ubopar.

JINCCEPTAIIUSTHUHT ACOCHII MASMYHH

Kupum xucmuaa aumccepranus MaB3yCHHUHT J0J3apONMru Ba 3apypaTu
acocllaHraH,  TaJKUKOTHUHI  pecnyOiuMka  ¢gaH  Ba  TEXHOJIOTHUsJIApH
PUBOXJIAHUIIMHUHT YCTYBOp WYHAJMIIJIApUra MOCIHMIH KYpCAaTWITaH, MaB3y
Oyiinya XOpPWXHUM WIMHH-TaJKUKOTIAp IIApXd, MYAMMOHHHI YPraHuJIraHJIuK
Japa)kacu KeITHPUIITaH, TAAKUKOT MakKcaau, Bazudanapu, oOObEKTH Ba MPEIMETH
TaBcU(JIaHTaH, TAAKUKOTHUHI WJIMUN SHTWINTA Ba aMajuil HaTwxkaiapu OaéH
KWIMHTaH, OJIMHIaH HaTWXAJapHUHT Ha3apuil Ba aMaluid axaMHsITH O4u0
Oepuiras, TaAKUKOT HATHKAIAPUHUHT KOPUM KUIMHUIIM, HAIIp STUJTAH HUIILIap
Ba JIUCCepTaLMs TY3WINIIN OYiinya MabIyMOTJIap Oepuira.

HMucceprauusgHunar «Spumcoana Ba puaudopm Jleiibuun aaredpanapu-
HMHI TacHuwmw» 1e0 HOMIaHraH OupuHYM O600uAa 3apypuil Tabpud Ba TYLIyH-
yajap KenTupuiaub, spumconana JleiOnun anreOpaJlapyHUHUHT OUp KaHya
Xoccajapu TOMNWITaH, XapaKTepUCTUK HWINOTEHT Oynmaiauran Quindopm
JleliOuun anrebpanapu Ba y3yHJIWUTH n—1 ra TeHr OYiraH n-yadamiaud KOMIUIEKC
bumudopm JleloHun anredpanapu TacHU(IAHTaH.

Tavpug 1. F maiiion yctuaa anukianrad L anreOpaHuHTr UXTUEPUH X, Y, Z
AIIeMEHTIIapH yuyH Kyinaaru Jleiiouuil aitHusTi Oaxkapuica,

[Xa [YJ Z]] - [[X: Y]: Z] - [[Xa Z]a Y]a

L anrebpa Jleitonun, anrebpacu neviunanu, Oy epaa [-,-] — L anreOpana
AQHUKJIAHTaH KyNaWTUPUIL aMaJIH.

Uxtuépuii L JleitOuun anrebpacu yuyyH KyHuJard KeTMa-KeTJIMKIapHU
Kapanmus:

a) L=, L™= LI, 6)L'=L, L™'=[L",L"].

Tavpug 2. Arap 6upop meN comu yayn L™=0 mapr Gaxapmica, L
Jleii6unr anre6pacn eunmnysuan aeimtagn. L™ =0 a L™=0 maprmap ypurmu
Oynca, m HaTypasi conu L anreOpaHUHT eYMITyBYAHIUK UHIEKCH JeHnIaan.
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Arap 6upop seN conn yuyn L*=0 mapt 6axapmica, L JleiiOuuI anredpacu
HWITIOTEHT JAcHWIaau. By ImapTHH KaHOATIAaHTHPYBYM SHI KWYUK COHra ica L
anreOpaHWHT HWINOTCHTIUK WHISKCH KU HUJIMHICKCH JCHIIIA N,

JleiiOHMI] aNreOpacHHUHT MaKCUMajl HUIMOTCHT (€YWIIyBYaH) HUCaTd YHHHT
HUWIpaauKaiu (paJuKaiin) JeHunaiu.

Masbnymku, uxtuépuit JIu 6ynmaran L JleiOuul anredpacu 3JaeMeHTIapHUHT
KBaJIpaTiapujal Ty3wiran xoc Oymmaran I = span{[x,x], xeL} wuaeanra sra
o6ynuo, dhaxtop anredbpa L/ aca JIu anre6pacuuu Tamkwi Kuiaau. [IIyHuHT yayH
Jleitbnun anreOpanapu Kiaccuk MabHOna coxga smac. A.C.Jxymaaungaes
TOMOHUJaH coanaa Jleronury anredpacura Kyiunarunya tTabpud Oepuira.

Tavpugp 3. @axar {0}, I, L wumeammapra osra 6yam6, L’#l maprau
KaHoatnanTupyBuu L JlelOuui anredpacu coana nelnnaiu.

Tavpugh 4. Makcuman eumnyBuyad uzaeanu | ra tenr Oynran L JleiOHun
anredpacu sipuMcoaa Telunaam.

Papmianku, comna Jlei6uun anredbpacununr 1 6Vitnua dakropu L/I cogna Jin
anreopacu OVmanu. JICKHH TECKapuCH Xap JOMM XaM YPHUHIIU 3Mac, SbHU (aKTop
anredpacu L/l comnma JIu anrebpacu 6ynu0, y3u coama OynMmaiinuran JIeHOHUIY
anreOpanapy MaBxXy/l.

Tavpugh 5. 1 O6yimua dakropu L/l comma Jlu anreOpacu Oynaguran L
Jleti6uun anre6pacu JIn-conna aernnaay.

FOxopuna scnatu6 yrunranu kabu JleBu TeopemacuHuHTr aHaynoru JIeHOHMIT
anreOpanapu yuyH J[[.bapHc tomoHuman wucOGornanraH. Spumconna JlerOHMIY
anreOpaJapuHu  COJaJla HJICAJUIAPHUHT TYFPU HUFWHAWCH INAKIHAa HQOIaarl
MYMKHHMH JIeTaH CaBoOJITa JIUCCEPTAIUSIHUHT OWpUHYM O0OM HMKKWHYHU
naparpadua xaBoO TONWITaH.

Avitaitnuk, L sapumconna JleiOuuir anreOpacu Ba | yHHHT 3JeMeHTIapu
KBaJpaTiiapyuJiaH Ty3uwirad ujaeanu o6yncud. Y xonna L = S + I 6ynanu, Oy epna S
— spumcoana Jlu anre6pacu Ba [I, S] = L. Spum conna Jlu anrebpacu S Kyiinnaru
S=S,®S,®...®Sy, Eitmnmara sra 6ynranu yuyH L = (S;@S,D...@©Sy) + 1 Hu xocun
kunamus. bearmnam kuputamus I = [1, §i], 1 <j<k.

Kyiinnaru teopemana S, S,, ... , Sk conna Jlu anrebGpanapu yd yadamiau
anreodpa sl, ra nzomopd 6ynu6, 6apua I; map S; na kenTupuamac Monyn Oyica, y
xonaa L spumconna JleiOuun anredpacu coana uiacasiapHUHT TYFPU UUFUHIUCH
Hrakiauaa ugoIasaHuIg UCOOTIaHTaH.

Teopema 1. L spumcomna JleitOuun anre6pacu 6ymmu6, L=(sl, ®sl:®
@sllz"l@sk) + 1 Ba [ map sl) (15j<k-1) S; na, I aca S* a kenTHpHIMac MOTyI
o6yncun. Y xonaa L conna naeamiapHuUHT TYFpU HUFUHAKMCH IIAKIMIA Kyinaarnya
udonananaau

L = (s, +1)®(s2 +L)@® ... (sl +I.;) (S +Iy).

Tabkuanam xousku, arap Ij momyn S; na kenTupuiyBud O¥yiica, y Xonga

Oepunran sgpumcogna JleiOuun anreOpacu coada HACAIUIAPHUHT  TYFpPU

WuruHaucH makinuaa udonananMaiian. Jlekun yHu Jlu-conma wmaeassiapHUHT
TYFpU HuFMHIMCH Wakiauaa udopamam MymkuH. Jlemak TaOuuil paBuijga
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apumcoana Jlenonur anredbpanapunu Jlu-conna uaeasIapHUHT TYFPU UMFUHIUCH
maksuaa udoaanam MyMKUHMU JIETaH CaBOJI TyFUJIA]IH.
Kytinnaru Mucos ymly CaBOJHUHT )KaBOOU M)KOOUM dIMACIUTUHU KYpcaTau.
Mucon 1. bacusu {Xi, Xz, X3, X4, €1, f1, hy, €, 5, ho} OYnran, 6y epna I = {x,
X2, X3, X4}, sllz= {ei1, f1, hi}, sl§={e2, f;, hy} Ba KyMmaaru kynaitmara sra Oyiras
10-ymuaminu spumcoa JlenOuun anredpacu L Hu KapaiMu3:

[s,,sl}]:  [en, hi] =2e, [fi, hi] =21}, [e1, fi] = hy,
[h, €] =—2ey, [hy, 1] = 21}, [f1, €] = —hy,
[sl3,sI2]:  [es, ho] = 26, [f, hy] = 26, [e2, 5] = hy,
[h,, ez] =-2¢,, [hy, £] = 213, [, e;] = —hy,
[, sl1 ]: [x1, fi] = [x1, ] =x [X2, €1] = X1, [X2, h1] = —x,,
[x3, fi] = x4, [x3, hi] = x3, [X4, €1] = —X3, [X4, hi] = —x4,
[, slz] [x1, 2] = X3, [x1, hy] = x4, [x3, €] = X1, [x3, hy] = —x3,
[X2, ] = X4 [X2, ho] = X5, [X4, €2] = —Xa, [X4, hp] = —x4.

K¥ynaitrmanapnan [1,sl, ] =L [I, sl5] = I rearnuxnapru Ba I moayn sl ga {xi,
X2} @ {x3, X4} KypuHMIIHKIQ, sl 1a oca {Xi, X3} D {Xy, X4} KYypUHUIINIAA EHUIUIITHY
xocu1 Kwiiamu3. bynnan L= (sllz@sli) + I spumconna Jleitonur anredGpacunu sll2

+ I, Ba sli +1, Jlu-cogna waeamapHUHT TYFpU WUFUHAMCH Makiuaa udoaanad
OyIMacIuru Keiauod YuKau.

Jleitonun anre6pacu yuyH JleiOnui auddepeHuuamianuiapu TyIIyHYaCuHA
KHPUTAMU3.

Tavpugh 6. L Jleitbnun anredbpacuaa aHuKIaHral d YM3UKIM aIMaIITHPUII Ba
UXTUEPUH X|, X2, ..., Xy €L 1ap yqu

d(...[[x;,X, ], X5]....x, D) = Z ...... (X, %5 ] X LA(X)],-0 0, X, ]

TEHIVIUK Oaxkapuica, y Xoiga d YM3UKIM aaMalITHpUII n-TapTuOnu JlenOHuI
nuddepeHnmamiany JeHunam.

Kyiinnarn Tteopemana komruiekc JleiOHuiy anreOpanapuHuar JIeHOHUIL
b depenumamiamy EpaaMuaary HWINOTEHTIMK X0CCACH UCOOTIIaHTaH.

Teopema 2. XapakTepUCTHMKAacH HOJTa TEHI MalJIoH ycTuaa Oepuiras
Jleitbuui anre6pac HWINOTEHT OVYIMIIM Y4YyH YHUHr Xocmac JleiOHul
muddepenuumanra sra OYIUIIM 3apyp Ba €Tapi.

Tavpugp 7. Arap dim L'=n — i (6y epaa n = dimL Ba 2 < i < n) 6yuca, L
bumudopm JlenoHuI anredpacu nerunam.

Mabnymkn, uxtuépuit n-ymuamum ¢unudopm JleitOnun anredbpacuna

myHaau {e;, €, ..., €,} 0a3uc Tonunaauku, 0y 6azucaa aareOpaHuHT KymaiTMacu
KyHugaru KypuHuiapan Oupura Kenaiau:
Fi(oy, as, ..., oy, 0): [e1, €1] = €3, [ei, €1] = €i+1, 2<1<n-1,
[e1, €] = ayeqtasest ... Toy e, 11+0e,,
e}, €2] = auejiataseiist ... Fotnia-j€n 2<j<n-2,
F2(Bs, Bs, -, Bu, ¥): [€1, €1] = €3, [ei, 1] = e, 3<i<n-1,
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[e1, €2] = PaestPsest ... +Pnen, [€2, €2] = yen,
[ei, €2] = BacjratPsejst ... +Pnr2jCn, 3<j<n-2,
F3(01, 02, 03): [C el] Ci+1, 2 < 1 <n- 1,
[e1, €] = —€i+1, 3<i1<n-1,
[e1, €1] = 01€n,  [€1, €2] = —€310se,, [e€2,€2] = Osen,
[e2, €] = —[ej, e2] € {€j+2, €43, ..., €n}, 3<j<n-2,
[ei, Cj] = —[Cj, Ci]E {ei+j, Citjtly «-e» en}, 3 < 1 < [g], ISJ < I'l—i,

Oy epna ay, 0, B;, ye C Ba kenTupuiMaras Kymairmanap HOJIra TCHT.

Tavpugp 8. Uxtuépuit auddepennuamianmm HWINOTSHT Oynran JlelOHuUIl
anreOpacu xapakTepUCTUK HUINOTEHT JIeiOHuIl anredbpacu aermmanm.

Kytinnaru teopemanapna Fi(oy, ds, ..., o, 0) Ba Fo(Bsa, PBs, ..oy Pu, ¥ )
cuH(iapga  €TyBUM ~ XapaKTEPUCTUK  HWINOTEHT  OYynmaran — JlewOHUIT
anredpasapuHUHT TaCHU(]IIApU KEATUPUIITaH.

Teopema 3. Fi(04, ds, ..., Oy, 0) cuH(dIa ETyBUM XapaKTEPUCTUK HUIMOTEHT
Oynmaran JlelOnun  anreOpacu  Kydugarun  y3apo u3zomopd  Oynamaran
anreOpanapaan oupura uzomopd 6ymaau:

E(a,,0s,...,a,,0, ), 4<s<n,

Oy epaa
0, arap k #s (mod(s — 3));

(-D)'Q,, arapkzs(mod(s—3))fort=k—_;,

oy =

4<k<nBaQ’= ! . (pn)! — p napaxanu Karanan connapu.
(p—1Dn+1 n!l((p—1)n!)
Teopema 4. Fr(B4, Bs, ..., Pn, Y ) cuHpAa ETYBUN XapaKTEPUCTUK HUITIOTEHT
Oynmaran JlelOnun  anreOpacu  Kydugaru  y3apo uszomopd  Oynmaran
anreOpanapaan oupura uzomopd 6ymaau:

. J
n xy¢t 6ynranga: F)(0,...,0,1,0...,0,0), 1 <j <n-2;
. j
n Tox 6ynranga: F, (0,...,0,B3..,,0,...,0,1)Ba F;(0,...,0,1,0...,0), 1<j <n-3.

2
Onnu F,(0,,0,,0,) cundna érysuu Jlelibnun anredpacunu Kapaimus. Arap L
yUYUHYA CHUH(IAa eTYBUYM XapaKTePUCTHK HHIMOTEHT Oynmaran JleiOHuI
anrebpacu Oyica, y XOJjJa YHUHT KYNAWTUPHUII >KaJIBajld KyWHUJard KYpUHHILTa
ara Oynaau:
e.e]=¢ <n-lI,

1<n-1,

i+12 -

[e;

[epe]_
le.e,]=
ey,
e,
[e:

i+12 -

L(6,,0,,0,)=
P e,]=—¢, +926n,

e,,e,]=0.e,

n+11]_ [n+l 176]_a( l)e 2SISH—1
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Teopema 5. L amrebpa F(0,,0,,0,) cuHpna €EryBuMm XapaKTepUCTHK

HUJITOTEHT OYynMaran JlelOuuil anreOpacu Oyica, y Xonjaa y KyWuaaru ysapo
n3omop@ OYmaran anrebpanapaan oupura usomopd 6ymaau:
L(1,0,0), L(0,1,0), L(0,0,1).

Anttaiinuk L yexnu conparu HonaaH (apkiu daszonapiaH TalIKWI TONraH Z-

rpaayupianrad Jleionun anrebpacu OyiacuH, spHu L= @ v, Oy epaa uxTuépui i,
ieZ

J€Z yuyn [V, V;] C Vi 0ynann.

Arap L=V, ®V, ©® ... ®V, na 6apua i (k; <1<k nap yayn V;#0 06yica, L

HumoreHT JleWOHu anreOpacu OOFIMKIM TpaaydpoBKara MyBOGHUKIAIIATH
pevmnann. [(Ly=max{len(®L)=kk,;+1 | L=V, ®V, & ... ®V, Oornmuknu

rpaayupoBka} coHnHu L JleiOnuI anreOpaHuHr y3yHiauru 1e0 aranMus.

bupunun G0OHMHTr OemMHYM maparpagu acocol HaTHXKACH XHMCOOJIaHTaH,
y3yHIurd n—1 ra TeHr OynraH n-ymdamiau kKomruieke Qumudopm JlertOHMI
anrebpanapu TacHU(IAHTaH TEOPEMAHH KEITHUPAMU3.

Teopema 6. Y3yHnnuru n—1 ra TeHr OyiraH UXTHUEPUM N-YIUaMIIU KOMILIEKC
bumudopm  JleiOuury anrebpacu Kyhmmaru y3apo wu3omopd  OYiamaraH
anreOpanapaan oupura uzomopd 6ymaau:

Fz,{[ypyl]=y3,
YL Y= Y 3<i<n-—1,
F3,{[yi,yl]=—[yl,yi]=ym, 2<i<n-1,
! [ i9Yn+l—i]=_[yn+l_i9yi]=(_1)l+lyn, 2Si£n—l,
19 = i1 lgiﬁl’l—z,
M. (K): [Yi> Y11= Yia i
(Vi Yul= Yisias 1<i<n-k,3<k<n-1,
(Y ¥11= Yias 1<i<n-2,
. _n-1
M, Yo Y= Yan . o 1<i<—,
TH_] 2
(Yo Yal= 0y, a#0,
M3:{[yi,yl]=yim 1<i<n-2,
[Yn7Yn]=Yn—l7
[YIDYI]ZYn7
M, <YLY 15 Vi 2<i<n-1,
[V, Y 1= =Y 2<i<n-1,
oy epma {yi, V2, ..., Ya; — anreOpanapHur Oasuciapu Ba KeJITHpUIMaraH

KylauTMaJiap HOJIr'a TEHT.

Huccepranusaauir « Knunk yayamoum ednnyBuan JleiOuun aaredpanapu-
HMHI TaBcu(pwu» 1e0 HOMIIAHTAaH MKKUHYM 000MAa TYpT YIyamiau KOMILIEKC
Jleitouui anreOpanapuHUHT TaCHU(DHU Ba HWIpAIUKAIW y4 Yiadamiu Oynran oOer
Yyiuamin ednsyBuaH JIeHOHUI anredpanapuHUHT TaBCU(IIapy OJIMHTaH.
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Tabkuanam >KOu3ku, TYPT Yiuamiud edwsiyBuaH JleOHuI anreOpacMHUHT
HWIPAJUKAIM UKKU €KM y4 Ymuamid Oynmanu. Mkku Ba yd ymyamiau HWINOTEHT
Jleii6nun anrebpanapu 3ca moc pasuiaa JK.JI.Jlome Ba b.A.OMupoBiIapHUHT
UIuIapuaa TacHU(IaHTaH.

N3oMopdpusM aHUKIMIUAA KyWHIard HMKKUTa WKKA YI4amJid HUINOTEHT
JleliOuu anredpanapy MaBxy/1:

K [er,el]=e, L,: aben anredpacu.

Yu ynuamum HuianoteHT JleiOHuil anreOpanapu 3ca KyWHaard OJITUTA
anreOpanapuaan oupura uzomopd Oynaau:

ISk [e1, €2] = €3, [€2, €1] = —€3;
Ma(a): [e2, €1] = €3, [€1, €2] = ae3, oF —1 m A ()=Ax(a'), ecn oa'=1;
A3 €1, €1] = es;

[
[e1
Ay [e1, e1] = e, [e2, 1] = e3;
As: [e1, e1] = €3, [e2, €1] = €3, [e1, €] =—e3;
Ae: abein anredpacu.
Kyliugaru TeopeMana HWIpaAUKaId WKKWA Yoyamid OYiaran TYpT Yiuamiu
eunyBuaH JleHOHMIT anreOpanapiHUHT TACHU (DY KEITUPUIITAH.
Teopema 7. Hunpaaukainyn UKKA YiadaMiau OYiAraHn uXTHEpuil TYpT Yadamiiu
eunmnyByaH JleiOHun anrebpacu Kymparu y3apo wuszomopd Oyiamaran
anreOpanapaan oupura uzomopd 6ymaau:
Ri: [e1, x] = ey, [€2, Y] = €2,
Ry: [er, x] = ey, [€2, Y] = €2, [X, €1] = —€1, [y, €2] =—€2,
Rs: [er, X] =€y, [€2, Y] = €2, [V, €2] =— €5,

Oy epna {Xx, y, €, €} — anreOpaHuHT Oa3HCH.

HapOatnaru teopemana HWIpagukanu A ra uzomopd Oyiran Typt yimuamian
eumtyBuaH JleOnuil anredpanapu TacHU(IaHTaH.

Teopema 8. L — uunpagukanu A; ra uzomopd Oynaran TypT Yyadamuiu
eumnyBuaH JleiOuuiy anrebpacu OVicuH. Y xonma L kyiumaru y3apo uzomopd
OynMaraHn anreOpanapaan oupura uzomopd Oynanu:

[elaez]zep [e,.e,]=¢,, [elaez]:ep
[e,.e,]=—e,, [e,,e,]=—¢;,
[e,.x]=c,. AN | Sy
[e,,x]=7ye [e,,x]=¢,, le,.x]=¢
Ly, i silenx]=—e, Lyg 70 ¥
[639X]_(1+Y)e33 _ [63,X]_2C3,
[x,e,]=—¢,,
[X,€, €, [x,e, €~ €y
_ [x,e,]=¢,,
[X,62 __'Yez, [X X]=C [Xaez] _eza
[x,e,]1=—(1+7)e,. ’ ’ [x,e,]=—2e..

FOxopunarun Teopema kabu HUIpaaMKaIM yd yiadyamiud Oynran Oapya TYpT
Yymuamnn eunsiyByaH JleiOuui anre6panapu TacHudiaanran O0ynub, Kyiluparuya
HaTWXKaJlap OJIMHTaH:

® HWIpaguKamu Ay(o) 6yaran 5 ta TYpT yomyamian anredpa MaBxy;
e Hwipagukanu Az 6ynran 11 ta anredpa MaBxKy/I;
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® HUIpaaAuKaiu A4 Oynran 1 Ta anreOpa MaBXy/I;
® HUWIPAJAUKAIU As OYJIraH TYpT Yadamiin ajredpa MaBxKyJ dMac;
® HUJIpaJUKAIU Ag Oysran 23 Ta airedpa MaBxy/a

OHIU HWIpAAUKAIN Y4 Yadamin Oynran Oem yinuamiu ednnyBuad JleHOHUI
anreOpanapuHu KapamMui. Y Xojja HUJapagukal Aj, Ax(a), Az, A4, As Ba Ag
anreOpanapaan oupura uzomopd 6ymagu.

Teopema 9. L — nHunpagukanu A; ra uzomopd OYynran Oemr Yymyamiu
eumnyBuad JleiOnui anrebpacu OynacuH. Y xonma L kydumaru anrebpara
nzomopd OVnaau:

Mll [62, el] = Cs, [C], X]] =C1, [62, X2] = Cy, [63, X]] = C3, [63, X2] = C3,
[C], ez] = —C3, [X], el] =—€1, [Xz, ez] = —C», [X], 63] = —Cs, [Xz, 63] = —Cs.

Typt ymuamnm anreOpanapHUHT TacHU(IApU KaOU HIIIPAAUKAIN Y4 YII9amIId
Oynran Oapua Oerm Yymuamun edwnyBuaH JleOHuI[ anreOpanapu TacHU(IAHTaH,
XaMJia Kyiuaarnda HaTrKajaap OJIMHTaH:

e Hunpaaukanu A,(0) 6Ynran 1 ta Gemn yiruamiu anredpa MaBKy/I,

® HUIpaaAUKaiu A; Oyniran 2 Ta anreOpa MaBxXyI;

® HWIpaAUKAIW Y4 YIuamiid A4, As, Ay(a), o0 anreOpanapaan oupura
n3omop@ Oynran 6em yauamian anredpa MaBxKyJ IMac;

® HUJIpaJAUKAIU Ag Oynran 18 ta Oemr yiuamiiu anredpa MaBKy/I.

Huccepranussauar «bab3u anredpanap KYNMXWLTUKIAPUHUHT OYy3WIHII-TIapH
Ba Jleitouu1 asnire6anapuHuHr HHGUHATE3UMAN epopManusaapu» 166 HOMIaHTaH
yuyuHYH OOOM KOMILJIEKC COHJIAp MaiJoHU ycTHaa OepwiraH anreOparapHUHT
TE€OMETPUK YCyJ EpaMuia TATKUK KUJIAINTA OaFuIlUTaHTaH.

Alg,(F) tynnamra GL,(F) rpynnanusr TabCUpUHUA KylHlaruya aHuKIaiMu3:

[xyle=g[g'x.g Y],
oy epna geGL(F) u x, yeL.

Orb(L) opxanu L anrebpanuHr opouTacuHu Oenrmianmus.

Tavpugh 9. Arap M Jleitbuun anredpacu L anreGpaHuHr OpOUTACHHUHT
énuruna €rca, M anre6pa L HUHT Oy3WIMINN HaTWXKACUIA XOCUJ KWIMHTaH, €ku L
HUHT OYy3WIUIIM Aehunaau, xamaa L—M kabu OenrunaHaay.

LSolv(N) opkanu Hunpanukanu N ra uzomopd O0ynran eunnyBuan JlenOHUIL
anreOpanap TYIJIaMUHHN OeJIrnaaiMus.

Teopema 10. Arap R;eLSolv(N;), R,eLSolv(N;) Ba R, Orb(R,) O¥ica, y
xonaa dim(N,) > dim(N,) 6ynanu.

Arap L Ba M uzomopd O6¥yica, y xonga L — M Oy3unuin TpuBHuan aeiunaiu.
Opacuga HOTpUBHAN Oy3WiIHINTa 3ra OyIMaraH HOTpHBHAJ Oy3wiHiIra O€BOCHUTa
Oy3WiHII AeHuIaIm.

Tavpugp 10. n-ynuamnu aben anredOpacu a, ra Oy3wiIyBuM OEBOCHTA
Oy3wnumuiap 3amKHUpIApUHT MakcuMaja y3yHiaurura L anreOpaHUHT caTxu
NeUnIIaau.

VYyuHun OOOHUHT MKKMHYM Naparpaduua n-yiryamian KOMIUIEKC aiaredpanap
KYTIXWUTUTHIa OMpUHYN caTXJIu anreOpanap TacHU(IIaHTaH.
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Teopema 11. n (n>3) ymyamiau KOMIUIEKC anreOpacu OWPUHYHU CaATXJIH

OYNUIY y4yH YHUHT KyHujaru y3apo uzomopd Oynmaran anrebpanapaaH Oupura
n3omop@d OYIuIIM 3apyp Ba eTapiiu:

p,: € e =e¢, ¢€-¢=—¢€, 122,

n,®a, ,:e-e,=¢, €€ =-¢,,

A,@a_,:e e =e¢,,

v.(a): e e =¢, €-¢=ae, e-¢ =(1-a), 2<i<n.

Kyiiuparn — Teopemajga n-yiuamMim — KoMIiuiekc  Mopman — anre6panap
KYIXWIINTUAa MKKUHYY CaTXJIM ajre0panap TYJIUK TaCHU(]IIaHTaH.
Teopema 12. VXTHEpUl n-ya4amiiM HKKUHYU CATXJIM KOMILJIEKC ﬁopﬂaH
anreOpacu Kyiuaaru y3apo nzomopd Oyiamaran anredpanapaan oupura usomopd:
J,={e}®@a_,: e-e=¢;

J,={e,e,,e;,...,,}: € -e =¢, ¢ -¢€ =¢, 251<n;
J,={e,e,.e;}@a ,: e -e,=e,.

JI.bypaeHuHr ummaa y4 Ba TYpT yadamuiu komiuiekce JIu anrebpamapuHUHT
reoOMETpUK TacHUGU TYIUK OJMHTAHIWUTU yuyH Jlu anreOpanap KYNXWIIUTHAArA
MKKUHYM CaTXJIM anredpaiapHu TacHU(Iamga n > 5 OYiran X0JIHU KYpUO YMKHUIIT
€TapJIu.

Teopema 12. Vxtuépuii n (n=>15) ynuaMid UKKUHYU CaTXJIu KomIuieke JIu
anreOpacu Kyinaaru y3apo uzomopd Oyiamaran anredpanapaaH Oupura u3omMopd
oynau:

ng, ®a, s [e,e;]=e;, [e,e,]=e;,
ns, ®a, ;0 [e,e,]=e, [e,e;]=es,
rZ@an—Z: [el7ez]=eza

. b3
g..(@):  [e,e,]=ae,, [e,,e.]=¢e, 3<i<n,azl,aeC
goo: [e;,e,]=e, +e;, [e,e]=e, 3<i<n

AcconatuB anrebpanap KYOXWUIMTH YYyH KyWHJArd TEOpEeMaHU XOCHII
KWJIAMU3.

Teopema 13. Vxtu€puit n(n=>5) yayamiaud HUKKUHYM CATXJIM KOMIUIEKC
accollMaTuB anredpacu Kyluuparu ¥yzapo wuzomopd OynmaraH anredpanapaan
oupura uzomopd 6ynaau:

A e-e=¢g

A, e ¢ =¢, €-¢=¢e, ¢€-e=¢, <1<n;
A, e € =¢€, €-€6=¢, 2<1<n;
A, e -e =€, €-e=¢e, 2<i1<n;
Ai(a): e,-e =¢e,, €-€,=0¢;;

A €€ =€, €€ =€, €€ =—€,.

oyepna ae{|z|<l}u{|z|=1LImz=>0}.
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Yyunun O600HUHT TYpTuHuYM mnaparpaduna NF, Hon-pumudopm JlelOHun
anredpacuHUHT HHDUHUTE3UMAN eopManusaapy TacCHU(IIaHTaH.

Teopema 15. ZLZ(N F,, NF,) dazonunr 6a3ucu Kyhuaaru 2-KOIUKIIapAaH
nbopar Oymaau.

0 (X,x) =%, 1<j<n,2<k<n.
(X,X,)=X,,
Vi(X, X)) ==X, 1<i<n-1.

Hamuowca 1. Dim HL2(NFn, NF,)=n-1Ba HLz(NFn, NF,) dbazonunr 6a3ucu
{0nss Ppsse-es @, § aH HOOpAT OYNIATH.

Ouau NF, anre6panunr p, = NF, +tDa kP UH3UKIN IaBOM STTUPHIYBUH

j.k

nedopmanusicuau Kapaimui. XTuépuii HOTpUBHUAT SKBUBAJICHT AedopManusiiap
2
cunpu HL (L,L) ¢a3oHMHr siroHa 3JIEMEHTH OpKadu AaHUKJIAHTAHJIWUTU Y4YYH,

Hatmka 1 ra acocan p,(a,,as,...,a,)=NF, +t)a,¢,, AehopManusHy Kapai
k=2
erapiy, Oy epaa (a,,a,,...,a ) #(0,0,...,0).
Hemak ,(a,,a,,...,a, ) arecOpaHUHr KynaiTMacu Kyhnaaruda 0ynanu:
[X.,X,]=X 1<i1<n-1,

i+1°
n
[X,,X,]= tZakxk.
k=2

Teopema 16. |J Orb(u,(a,,a;,...,a,)) Tymwiam n-ymaammn JleiOHuI

a25e8p

anredpanap KyIXWUIMTHIA KeATHPUIMAC KOMIIOHEHTa Oy a/Iu.
F' Ba F’ ¢umadopm JleitOuun anrebpanapunuur auddepeHnnanianapy
TacCHU(U OpKaIH KyHnuJaaru MyHocabaTIapHU OCOHTHHA OJIUII MyMKHH
dimDer(F))=n+1, dimBL*(F,F))=n’-n-1,

dimDer(F’)=n+2, dimBL*(F’,F’)=n*-n-2.
Kyiiumaru  Teopemana F dmwmpopm  JleiiOnun — anreGpacMHMHT
uH(puHUTE3UMAN epopManusIapy TACHU(PU KEATUPUIITaH.
Teopema 17. ®wmapopm Jleibuun anredbpacu F.  HUHr  UXTHEPHI

uH(puHUTE3UMAN epopManusacu KyHuaaru KypUuHUILTa 3ra:

n n
(p(x],x1)=20c1’kxk, (p(xj,xl)=Zocj’kxk, 2<j<n-1,
k=2 k=1

n
(P(XrMXl):Zan,ka? (P(XUXZ):’YIXI +’Yan7
k=2

n+2-i

O(x;, x,) = ((1=2)y, +Bx; + ZBka+i_2, 2<1<n,

k=3
(P(Xiax3)=_(a2,1+yl)xi+1> 2<1<n-1,
(P(Xiaxjﬂ):_aj,]xim 2SiSn—1,3£j£n—1_
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Teopema 18. F: ¢umapopm JleiiOHuI — anreOpacMHUHT — UXTHEPHA
uHpuHUTE3UMAaN AedhopMaliiICH KyHnuIaru KYpUHHUIITA dTa:

(P(Xj,X1)=ZOLj’ka, 13j£n—2,
k=1

n n
(P(Xn—l 7Xl) = Zan—l,kxk7 (P(Xn 7X]) = Zan,kxk7
k=2 k=1

O(X;, X ;) = =0 Xy 1<i<n-2,1<j<n-2,
n

(P(XUXn) = _a’n,lxl +ZBka7
k=2

n—i
(P(Xi,Xn)=—1(Xn’1Xi +Zl3kxk+i—l7 23131’1—1,
k=2

P(X,5X,) =YXy VX,

HMucceprauusHuar « Huamaaekcn n+m ra tedr OyJiaran JleiOnuin cymnep-
aJredOpajJapuHUHr TacHu(pu» 1e0 HOMJIAHTaH TYPTUHYM 000HAA TOK Ba Ky(pT
KUCMJIADUHUHT Yiyamjapd MOC paBUIIa N Ba M Ta TEHr OYJIraH KOMIUIEKC
Jleitbuu1 cynepanredpanapuHUHT TYIUK TaBCU(U OJIMHTaH.

Anitaitnuk, L=Ly®L,; uHuanmorent komiuikec JleWOHUI] cynepanredpacu
oyncun. Uxtuépuii xel( anemeHT yuyH Ry yHrnan xymaitupuim oneparopu, L,
1€{0,1} ¢azoma HunnmoteHt sHAOMOpU3M OYnaau. Ry omeparopuunr Kopaan
KaTakJIapu yiadamjiapuHu Kamalui TaptuOuja €3uliaH Ty3WIraH COHJIM KeTMa-
ketukHu Ci(x), 1€ {0,1} opkanu 6enrunaiimus. Ci(Ly) Tynmamuna nexcukorpadux
TapTHO KUPUTAMMU3.

Tavpugp 12. Ymby C(L)= (max C,(x)|max C, (i)J KeTMa-KeTIuk L

xeLy\[Lg,L] XeLy\[Ly,Ly]
cyrnepanreOpaHuHT XapaKTePUCTUK KETMA-KeTIUTH JeHIIIa N,

Tavpugh 13. Arap C(L) = (n | m) (moc paBumaa C(L) = (n—1, 1 | m)) 6ynca, L
Hos-puudopm (Moc pasutiaa hunudopm) Jleibuul cynepanredpacu AerHuaagu.

Hon-pumudopm Ba dunudopm JlelOuui cynepanredpanapu cuH(IapuHU
Moc paBuiija ZF, , Ba F, ,, opkanu 6enrmiaimus.

Kyitnnarn teopemana xKydT KUCMUHUHT YII9aMH WKKUTa, HUJIUHACKCH m+2
ra TeHr Oynran Hou-¢punudopm Jleitbuul cynepanredpajapuHUHT TacHUPHU
KEeNTHPHUJITaH.

Teopema 19. LeZF, ,, (m>2) Ba cynepanreOpaHuHI HUJIMHAEKCH m+2 ra TeHr
OyJcuH, y Xoaaa m ToK 6ynanu Ba L cynepanrebpacuaa myHaam {Xi, Xa, Yi, Y2, - - -
Vmj 0Oazuc Tommnaguku, Oy Oasucia cynepaireOpaHvHr KymalTmacu Kyiuparu
KYpUHHILIA OYIaau:

[X,,x,]=X,,
[¥Vi: X 1= Yins I<i<m-1,
(X, Y 1= —Yius I<i<m-1,

[Yi9Ym+l—i]:(_l)i+1X2) ISISm—l
n >3 Ba m > 2 G6yaran xonjaa 5ca, KyHuaaru 1eMMa YpHHIIH.
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Jlemma 1. ZF,n (n > 3, m > 2) cunpaa €TyBUM, UKKATA XOCHUJ KUIyBUUIa 3ra
oynran uxtuépuit JleiOnuil cynepairedpacy, n+m COHMIAH KMUYUK HUJIMHJCKCTA
ara.

Hununanekcu n+m ra Tenr Oynran dunudopm Jleibuui cynepanredpanapu
n=m=2 OyJiran xojja aJoXH1jaa XyCycusTra ira.

Teopema 20. L anropa F,, tymiiamaa €ryBuM, HWIMHAEKCU 4 ra TEHr OyiraxH
Jleii6uun cynepanredpacu OYiacuH. Y Xojijia y KyWuaaru uKkuta y3apo uzoMopd
OynMaraH cymnepairedpanapaan oupura uzomopd Oynanu:

[YUXI]ZYZ7
1
[YUX] YZ’ [19Y1]_ Y29
[X 9Y] y 2
Fz],z 2o _ ’ F22,23 [Xz,y1]=Y2,
[y, x,]1=2y,,
[Y19X2]:2YZ’
[y, y:1]1=%,, _
[y, y:1]=X,.

Ounudopm Jleitbuui cynepanredpanapu yuyH, n > 3 6ynranga L. A. Aromos,
b.A.OmupoB Ba M.BepunapHuHr wuIUIapua OJUHTAH HaTWXKalapAaH Kenuo
YUKYBYM, COANATAIMITUPUITAH Oa3UCHUHT MaBXYMJIUTH XaKuJard Kydujarua
TeOpeMa YpUHIIU.

Teopema 21. L anreopa F,, tynnamuna éryBum JlelOHUIL cynepanredbpacu
oyncun. Y xomma L cynmepanreOpana KyWumaru yurta mapriapaaH OUpHHU

KAHOATIAHTUPYBYH {X[,X2, ..., Xn, Y15 Y25 -+-» Ym} 0A3UC MABXKY/I.

a) [x1, X1]=X3, [Xi, X1]=Xi+1, 2<1<n-1,
[X1, X2]=0Xgt0lsXsT ... F0l 1 Xy 110Xy,
[Xj, X2]=04Xji2T0sXj43T ... T0n+2iXn, 2<7<n-2,
[yi, X]=yj+1, 1 <j<m-1BaxeLly\L},

0) [X1, X1]7X3, [Xi, X1]=Xi+1, 3<1<n-1,
[X1, Xo]=BaxatPsxst ... +PnXn, [X2, X2]=YX0,
[X, X2]=BaXjrotBsXjr3t ... +Pnr2iXn, 3<1<n-2,
[yi, X]=yj+1, 1 <j<m-1BaxeLly\L},

B) [Xi, X1]= Xj+1, 2<i1<n-1,
[X1, Xi]|=-Xi+1, 3<1<n-1,
[X1, X1]501Xn,  [X1, X2]=-X3 + 02Xy, [X2, X2]=03Xy,
[X2, Xi]=-[Xj, X2] € {Xj+2, Xj+35 -+ > Xn}» 3<j<n-2,
[Xi, Xi]=-[Xj, Xi] € {Xitj> Xitjt1> --» Xnf» 3<i1< [g], 1<) <n,

[yi» X] = yi1, 1 £j<m-1 Ba xeL\L}.
Oy epna Ly naru kentupuiMarad KynaiTMasaap HOJIra TEHT.
Tabkumam xo3ku, B) cuH@aa L, maru 6ab3u 0a3uc sleMEHTIIapu y4yH
JleliOHuuil alHUATH TeKmupwiMmarad Ba B) cuH(] JlelOuun cynepanredpacu

22



oynumu yuyH, 6apua 6asuc snemeHtiapaa JIeHOHuUI allHUATHHUHT OaXKapUIUIIN
Tanab KWIMHAIH.

Jlemma 2. L — HumuHzaekcu n+m ra TeHr Oynrad, F,, Tynnampa éryBun
Jleii6uun cynepanredpacu O6yincus. Y xoiaa n+m xypT Oyiaranga m=n, n+m TOK
Oynranna sca m=n—1 TeHrnukiap ypuniau Oynamu. XycycaH, m=n—1 Oynran
xoJja a) cuHdra rerunuiu L cynepanredpacuaa myHaal {Xi, X, ..., Xn, Y1, Y2, «+-»
V.1 0aszuc Tonunaauku, L HUHT Oy Oa3zucaaru KynaWTUPUIN KaJaBalu KyWuJaru
KYpUHHILIA OYaau:

[X1,X1]=X3, [Xi,X1]=Xi+1, 2<i1<n-1,
[yi,X1]=Yj+15 1 <j<n-2,
1 1 .

[X1,Y1]=5Y2, [XbYI]:EYi, 2<i<n-l,
[yLyi1]=x1, [Y;, Y117 X+1, 2<j<n-1,
[X1,X2]=0uXsT0sXst ... 0l 1 Xp1 HOX,,
[Xj,Xo]=0uXjotasXist ... F0no Xy, 2<)<n-2,
[yi.X2]=0uystasyst ... Fon1yn2tOyn,

[yjX2J=0uyjratasyjat ... tonjyn1, 2 <j<n-3,
(kenTHpUIMAraH KynaiTManap HOJITa TEHT).
IOxopuaa kenTupuiran gjemMmara yximaii, a) cuadaad m=n Oyiaranaa, xamja
0) cundpaan m=n—1 Ba m=n OynraH Xosjnapjaa sHa yuta ¢unudopm JlenOHUI
cyrepanreopanap cuH(Iapu XOCHI KWJIMHTaH. XO0CHJI OYyiraH TypTTa CHH(GHN MOC
paBumiga L(ay, s, ..., 0y, 0), M(ou, as, ..., d, 0, 1), G(B4, Bs, ..., Pn, V), H(P4, PBs,
...y Pn, O, ¥) KaOu Genrmnabd onamus.

Oumu L(oy, ds, ..., o, 0) cuHdra terunuim OYIraH UKKUTa cynepaireopa
U30MOp(d OYIUILTUTHHUHT 3apypHil Ba €TapiIu IMIAPTUHU KEITHPAMU3.
Tacoux 1. bepunran L(os, as, ..., an, 0) Ba L'(a',, o'y, ...,a' , 0)

cyrepanreopaiap uzomopd OVnumm yayH, mysaai a€ C corun Tonuimo,
o, =a’"Va';, 4<j<n,
0=a>"0"

HIAPTHUHT OQKapUIIUIIH 3apyp Ba eTapiu.

Huccepranusana M(oy, ds, ..., oy, 0, 1), G(Bs, Bs, ..., Pn, ¥) Ba H(B4, Bs, ..., Pns
d, v) cuHdap y4yH XaM, FOKOpUIaru kadu n3oMopQiIuk ajoMatiapu KeJITUPUITaH
Ba Oy amomatnap €paaMujaa HUJIUHACKCH n+m ra TeHr Oynran dunudopm
JleliGuun cynepanreOpanapuHu TYJIUK TaCHU(U OJMHTaH.

Teopema 21 na kentupuirad B) cundaa érysun JleiOHun cynepanredpanapu
Y4YyH KYHHJAry JIEMMa YPUHIIN.

Jlemma 2. B) cundpa €ryBunm uxtu€puit Jleitbuuil cynepanreOpacuHUHT
HWIMHJEKCH N+m JaH KUYUK OYyIiasu.

TypTuHur OOOHMHT yuMHUM maparpaduia XyPT KUCMHU HoI-punudopm
Jletibnuny  anrebpacu  Oynran, n+tm  HwMHACKCAU  Oapua  JlelOHuUI
cynepainrebpasiapu TaBcuduanrad. TYpTuHuM OOOHMHT y4YMHUM maparpadu
acoCHil HaTWKaCH KyWHaru TeopemMaza ¥3 aKCHHU TOTIAIH.
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Teopema 22. L — xapakTepuCTUK KeTMa-KeTJIUIU (n | my, my, ..., M) ra TEHT
oynran JleitOnun cynepanredpacu OyicuH, Oy epaa m; < m—2. Y xoyja YHUHT
HUWIMHICKCU N+m JIaH KHYKK OVIau.

TypTuHYM OOOHMHT TYPTHHUYM Taparpadua XapaKTEPUCTHK KETMa-KEeTIUTH
(n—1, 1 | my, my, ..., ms) ra TeHr 6ynran JleitoHu cynepanredpanapyu ypraHuiras,
Oy epna m; < m—1, xamna OyHnail cynepanreOpaJapHUHT HWIMHIEKCH n+m JaH
KHYUK SKaHJITH UCOOTIIaHTaH.

Teopema 23. L — xapakTepucTuk kerMma-ketnuru (n—1, 1 | my, my, ..., my) ra
TeHr Oynran JleiOuun cynepanredpacu Oyncun, 0y epaa m; < m—1. ¥V xomma L
HUHT HWIMHIEKCH N+m JaH KHYuK Oyau.

TypTunun 600HMHT OemmHYM mnaparpaduaa acocuil HaTuXanapujaaH OUpHU
KyHHuaaru reopeMasia KeITHPUITaH.

Teopema 24. L xapakTepUCTHK KeTMa-KETIUTH (ny, Ny, ..., N | my, my, ..., My)
ra TeHr Oynran JleiOHuil cynepanredbpacu Oyicun, 0y epaa n; < n—2, m; < m—1.
Arap cymepanreOpaHUHT MKKaja XOCWJI KWITyBYUCH XaM L ra terumum Oyica, y
X01a L HUHT HIJIMHJIEKCH n+m JaH KHYuK OViaau.

TYpTuHuM 600HMHT OemuHYM Maparpaduia XapaKTepUCTUK KeTMa-KETIHKIN
(ny, ny, ..., ng | my, my, ..., ms) OYaTran Oapua JleiOHuUI cynepanredpaiapu kapad
YUKWITAH Ba n; < n—2 mapTt OaxapuiraHaa yIapHHHT HUIMHICKCH N+m JIaH KHYHK
HKAHJIUTH UCOOTIIAHTaH.

XVYJIOCAJIAP

1. Spumconna JleitOuun anredpaiapuHUHT OUp KaH4Ya Xoccallapyd TOMHIHO,
spumcoaa Jlu anrebpanapuau coana UACAUIAPHUHT TYFPU WUFUHANCH IIAKIH]IA
udomanam MyMKUHIUTA XaKuaaru Hatwka JIeiOHun anrebpanapu y4yH YpHHIN
OYIMacIuru KypcaTHiIraH.

2. Xocmac JlenOuun muddepeHnuamianmap €paaMuaa YEKIU YITYOBIH
HUINOTEHT JleiOHuI| anredpasapuHUHT XyCyCUATIApU YpraHwirad Ba JIeHOHUI
anrebpac  HWINOTEHT  OYynumM  yd9yH  YHHHT  xocMac  JleHOHwWII
nuddepeHuaniamra ara OyJIuiig 3apyp Ba €TapauIurd UICOOTIaHTaH.

3. XapakTepuCTHK HUIMOTEHT OyIMaiauraH, Xxamaa y3yHIUTH n—1 ra TeHr
oynran n yadoBnu komiuieke ¢punudopm JleiOuun anredpaiapu TacHU(IaHTaH.

4. Nzomopdusm anukauruaa Oapya TYpT Yadamium Komruiekc JlenOoHwuiy
anreOpamapuHUHT TaBCU(HU OJWHTAaH Ba HWJIpAJUKAIH Y4 yiadamiadm Oynran Oer
yiuamiu eunnyByaH JleitoHu anredbpanapu TacHudIIaHTaH.

5. Hwipagukanu Hoa-¢uaudopm Jleitbnur anreOpaitapuHUHT  TYFPU
HuFMHAMCHIaH nOopat OynraH eunnyBuaH JleOHu anredpanapu TacHU(IaHTaH.

6. JleiiOuu1l anreOpalapiHUHT CUKUWJIUIIIApUra ToUp OMp KaHda HaTHKaiap
oJIMHraH Oynuo, >xymiazaH arap Oupop euwsinyBuaH JlelOuuil anreOpacu OoIrka
oup JleiObHuI anredpara CUKWICA, Yy X0J1a UKKHHYM ajdreOpaHuHT HUIPAIUKAIU
Ymgyamu  OMpuHYM  anredpa HWIPAAWKANH YITYaMHJIaH KUYHK OMaCIHTU
UCOOTIIAHTaH.
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7. Anrebpamap KyOXWwUIMTHJa KyHH caTxja >Koijamran anre0Opaiap
ypranunmb, GUPHHYH caTXJark Gapuya anrebpanap, Xamaa accouuatus, Mopaan u
JIn anreOpanapu KYNXWUIMTKHAA MKKHUHYM CaTXJla *OWjamraH ainreOpaiapHUHT
TYJIUK TACHU(U OJIMHTaH.

8. Jleitbnuu  anreOpanapuHUHT  HHPUHUTE3UMANl  Jaedopmanusiapu
ypranwiran Ba Hod-puiaudopm JlelOHul anreOpalapuHUHT UKKUHYM TpyIIIa
Koromosorusiapu TaBcugaanrad. burra xocun kuimyBuura sra Oynran JlenOHuUI
anrebpanapy CUHQUHUHT OpPOUTACUHMHI EMWIMACH YEKIH YIYaMIM KOMILIEKC
JleiOnun anrebpanapu KYNXWUIMTHAA KEJITUPUIMAC KOMIIOHEHTA JKaHJIMTU
UCOOTIIAHTaH.

9. Tabuuit ycynna rpanyupianran dunudopm JleiOHuI anredpatapuHUHT
WKKWHYY TPYIIa KOTOMOJOTHsIIapH TOIUJITaH.

10. Tok Ba xypT KUCMIApPUHHUHT YI4amiIapyd h Ba m ra HWIMHJIEKCH n+m ra
TEHT oynran JIn cymnepaireopalapuHUHT TacHUu(DU JleitoHMIY
cyrnepanredpajiapurada JaBoM dTTUPUITaH.

Hucceprauus Hazapuil xapakrtepra sra. [luccepranusiia OJMHTaH acoCUil
HaTW)KaJlap Ba ycyJulapiaH Ooiika Typaaru anrebpa Ba cynepaireopanap
HazapusJapyUHU YpPraHuilja, KaTeropusiiap Hazapuscuia, Typiau XWJl ycysuiapaa
rpagyvpiaHran aire0pajiapHu TacHU(IAlIga, TOMOJOTMK Ba KOTOMOJIOTHK
rpynnaiapHyd xucoOnaimijaa, Xamja Hazapuil (U3HKaAaHUHT TYpJIH KapaCHJIapuHU
TaxJIU KAauia GoiganaHui KyTaaaam.
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BBenenue (aHHOTAIMS JOKTOPCKOM TUCCEPTALIAN)

AKTYaJIbHOCTH U BOCTPE0OBAHHOCTDH TeMBbI JUCCEPTALMH.
AnreGpanueckue cpeicTBa BecbMa IOJIE3HBI MPU HMCCIEJOBAHUU BJIEMEHTAPHBIX
YacTHUIl B KBAaHTOBOM MeEXaHHKe, CBOWCTB TBEpPAOro Tejla M KPHUCTAIIOB, IMPHU
aHalM3€e MOJENBHBIX 3a7a4 YKOHOMHKHU, B 3aJadax MOMYJISIIMOHHOW OHOJIOTUU U
T.4. Tak kak accollMaTUBHBIC anreOpbl, 3a4at0IIUeCs] ONPEIEeIEHHBIM TOXIECTBOM,
HayaTbl  pacCMOTPHBAIIbs  IOCJIE€  BBIABICHHUS  CBOMCTBA  3aMKHYTOCTH
OTHOCHUTEIBHO OOBIYHOTO YMHOXXEHHSI KBAJpPAaTHBIX MaTpHUIl, TO UX JajbHEHIIee
MHTEHCUBHOE Pa3BUTHE MPHUBEIO K CO3/IaHUIO0 TEOPUH AJIbTEPHATUBHBIX, JIUEBBIX,
HOpJIaHOBBIX anredp, KOTOpbIE TECHO MEPEINIETEHbl MEXAYy CO00M W HMEIOT
MHOTOYHCIICHHBIE CBA3UM C PAa3IMYHBIMU OOJACTIMU MaTeMaTUKH. AJreOpbl
Jleitbnua sBisroTcss 06o0menusamMu anredp JIu, U mosToMy MHOTHE CBOMCTBA,
cnpaBemsiuBbie s anredp Jlu, mpogoipkatorcs Ha ciaydail anrebp JleiOHuna.
OpHUM U3 PUOPUTETHBIX HAMPABIECHUN UCCIEAOBaHUM, B 3TONU 00J1aCTH, SBISETCS
JI0Ka3aTeIbCTBO AHAJIOTOB T€OpeM U3 Teopuu anredp Jlu mis anredp JleiiOuuna u
JeTaIbHOE U3YYeHHUE CBOMCTB, Npucymux He JIlueBsiM anredpam Jleitonua.

N3 kmaccudeckoit Tteopuu anreOp JIM W3BECTHO, YTO MPOU3BOJIbHAS
KOHEYHOMepHas anreOpa JIu Hax moiemM XapaKTepUCTUKH HYJb pasjaraercs B
MOJIYIPSIMYIO CYMMY MaKCHUMAJbHOTO pa3pelIuMOro ujeaina U e€ MoIayNnpocTon
noxanredpel. B cBolo ouepenb KOHeUHOMEpHble anreOpbl JleitOHuIa Takxke
pasnararoTcsi B MOJYNPSMYIO CYMMY MaKCHUMaJbHOTO pa3peliMoro ujeaina u
nonynpoctoil  anrebpel  Jlu.  HccnemoBanume — paspemidMbix - anredp  C
HUWIbPAJUKAJIaMHU CIEUUATBHBIX THUIOB CBSA3aHO C PA3NIMYHBIMU MOJEISIMU
¢bu3uku. Takum oOpa3oM, aHAJIOTMYHO ciydar anreOpel Jlu, wu3ydeHue
pazpemmbix anredp JleilOHMIIa ¢ 3aJaHHBIMH  HWIbpPAJUKadaMU SBISETCA
aKTyaJIbHOM 3aJjauei.

HanomuuMm, 4TO HWIBNOTEHTHbIE anreOpsl JIu SBISAIOTCA pa3pelIuMbIMU
anrebpamMu crienuaibHOro THNa. B cBs3M ¢ Tem, 4TO OonmucaHue HUJIIBIIOTEHTHBIX
anreOp JIu mpencraBiseTcss HeoOO3pUMOU 3aaueld, TO HUX H3YYEHHUE JOJKHO
MIPOBOJUTCS C JIOMOJHUTENbHBIMU OIPaHUYEHUSAMH. B 4acTHOCTH, IPU U3YYEHUU
HWIBIIOTEHTHBIX ~airedp OJHMM U3 OCHOBHBIX OTpaHUYCHHM ABIIACTCS
OTpaHMYE€HHE Ha HHJEKC HWIBIOTEHTHOCTH. CrexyeT OTMETHTb, UTO
MaKCUMaJIbHbIA HUJIBMHACKC JUIsl areOpbl JIu coBmagaeT ¢ pa3MepHOCThIO caMOin
anreOpbl, U Takue anreOpsl MoNy4Ynin Ha3BaHue ¢punudopmubix anredp. HecMotps
Ha TO, 4yTo dunudopmubie anreOpsl JIelOHUIIA B KJlacce HUIBIIOTEHTHBIX anreop
MMEIOT OTHOCUTEIBHO MPOCTOE OrpaHUYEHUE, OHU MMEIOT JOCTATOYHO CIIOKHYIO
CTPYKTYPY, KOTOpYIO yIOOHO HCCIEAOBaTb C  HAJOXKEHUEM  YCIIOBHUS
rpagyrpoBanus. I(HPEeKTUBHOCTh MAKCUMAJIBHON IPalydpOBKU 00yCIIOBJIEHA TEM,
YTO OHA JAET MAaKCUMAJIbHO TOYHYIO MH(OPMAIUIO O CTPYKTYPHBIX KOHCTAHTax B
TabJMIle YMHOKEHHS alreopsbl.

[loHATUS BBIPOKIEHUA, CXKaTUsi M JAepopMalvu aireOpbl MOSBUINCH W3
¢usuku. Hanpumep, cxxatue B anredpe Jlu ¢ pusmdyeckoil TOUku 3peHHs] 03HAYaeT
mpolecc Mpu KOTOPOM oOJHa (u3Myeckas MoJeidb TMoJydaeTcs W3 JApyrou
MIpeIesIoM MPU BO3ACHCTBUU IPyNIbl MHBAPUAHTOB, B TO BpeMs Kak, Aedopmaiuu
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XapaKTEepU3yIOTCS JIOKATBHBIM TOBEJIEHUEM B MAJIOH OKPECTHOCTH MHOT000pa3us
00BEKTOB 33/IaHHOTO THIA. TakuM 00pa3oM, n3ydeHue aeGopmaliiii anredp BaKHO
MIPHU UCCIICIOBAaHUH JIOKAJBHBIX T€OMETPUUYECKUX CBOMCTB MHOT000pasmii. B cury
TOTO, YTO anreOpanmueckoe MHOT000pa3ue eCTh O0BhEIWHEHHE KOHEYHOTO YHCIia
HENPUBOAMMBIX KOMIIOHCHT U 3aMbIKaHHE OpOUT KECTKUX anredp maer
HENPUBOAMMBIE KOMIIOHEHTHI MHOT000pasus, TO HaXOXXICHHE >KECTKUX airedp
NPEJCTaBIsIeT COOOW OMNpeNeNeHHBI HWHTEpPEeC TPU HCCICIOBAHUU CBOMCTB
KOHEYHOMEPHBIX ajre0p ¢ reoMeTpuvecKoi Touku 3peHus. OCHOBHOW MPUYHMHON
BOCTPEOOBAHHOCTU HCCJICIOBAaHMM, CBA3aHHBIX C TEMaTUKOW  HacTosIIeH
AVICCepTAIH, SBISETCS TeCcHas CBs3b anreOp JIeOHuIa 1 UX KOTOMOJIOTHYECKHUX
CBOICTB ¢ pobiieMamMu HopAaHOBBIX airedp, anredp Jlu u Apyrux ux o6o01IeHni.

MotuBanus uzydeHus: aApyroro o6o6menus anredp Jlu - cymepanre6p Jlu
BO3HUKJIIA W3 CBOWCTB CYyNEpCUMMETpUM B MareMatudeckoi ¢msuke. Teopus
cynepanredp Jlm 3apexomeHmoBana ceOs Kak YHUBEPCAIBHBIM OOBEKT B
coBpeMeHHON anrebpe. Tak kak cynepanreOpsl JleiioHuIa 060011aI0T HE TOJBKO
anreOpel JleiiOnuna, HO U cymepanreOopsl JIu, TO, €CTeCTBEHHO, UX H3YyUYCHHE
JOJDKHO TPOXOAHWTH B HEKOTOPOU CTENEHH MapajieIbHO UCCICOBAHUIM JTaHHBIX
MHOTO0Opa3uil. AHajornyHo anreOpam JlelOHuIa, M3ydeHHE KOHEYHOMEPHBIX
HWIBIIOTEHTHBIX ~ cymepanreOp JleliOHuma ¢  MaKCHUMalbHBIM — HHIEKCOM
HWIBIIOTEHTHOCTH W cynepanreOp  JleliOHWIGA,  WMEIOMHUX  HHICKC
HWIBIIOTCHTHOCTH, PaBHBI pa3MEPHOCTH CaMUX Cynepairedp, sBIsSETCS
aKTyaJbHOU MPOOJIEMOil.

CBa3b HCCIeT0BAHNS K IPHOPUTETHHIM HAMPABJIEHUSIM Pa3BUTHS HAYKH
U TexHosorui pecmy6auku. Hacrosimmas paboTta BBITIOJHEHA B COOTBETCTBUU C
NPUOPUTETHBIMH HAMPABICHUSIMH Pa3BUTHs HAayKu W TexHoJoruii PecmyOimku
V36ekucrtan Noe @4 «Marematrka, MEXaHWKa U HTHPOPMATUKA.

O030p 3apyl0exkHBIX HAYYHBIX HMCCJIEAOBAHMH MO TeMe auccepranuu. B
HANPaBIEHUSAX CTPYKTYPHOH TEOpPHH HEACCOIMAaTUBHBIX airedp, B YaCTHOCTH,
anreOp Jlu u anreOp JleliOHuila, U M3y4YeHHE KX KOTOMOJOTUYECKUX CBOWCTB
BEyTCSl IIUPOKKUE HAYYHBIC UCCIICOBAHMUS B HAYYHBIX IIEHTPAaX U YHUBEPCUTETAX
BEIylIUX cTpaH, B ToM uucie B Institut de Recherche Mathématique Avancée,
Université de Haute Alsace, Institut de mathématiques de Jussieu (®panus);
University of Seville, University of Santiago de Compostela, Complutense
University of Madrid (Mcnanust); University of Dusseldorf, Institut Computational
Mathematics (I'epmanust); University of Vienna (Asctpus); Eo6tvos Lorand
University (Benrpus); University of San-Diego, University of lowa, University of
Toledo (CIHA); University of Sao Paulo (bpasunus); East China Normal
University (Kwurait); University of Putra Malaysia (Manaiizus); University of
Sydney (ABctpanusi); MOCKOBCKHI TOCyIapCTBEHHBIN yHHBEpcUTET, MHCTUTYT
marematuku wumeHu C.J.CoGoneBa (Poccus); WHCTUTYT MareMaTUKH U
MaremaTuieckoro mojenupoBanus (Kazaxcran).

B pe3ynbraTe Hay4yHBIX WCCIEOBAHWUN, MPOBEACHHBIX [0 OIHMCAHUIO
KOHEYHOMEPHBIX KOMIUIEKCHBIX anreOp Jlu, kimaccudpukanuu HUIBIOTEHTHBIX U
pa3pemuMbix anredp JIeHOHUIa 1 HAXOKICHUIO MX 3aMBIKaHUH OpOUT, B MEPOBOM
MaciiTabe pemieH HEeNbld psii aKTyalbHBIX 3a/lad, B TOM YHCJe, OBUIA MONTYYCHBI
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CIIEyIOIME HAy4yHbIE  PE3yNbTaThl: ONWCAaHBl  ©CTECTBEHHBIM  00pa3oMm
rpagyupoBaHHbie QuindopHble anreOpbl JIu W HWIBNOTEHTHBIE anreOpsr JIn
Mmanbix pasmepHoctei (Institut de Recherche Mathématique Avancée, Université
de Haute Alsace); monydeHO MOJHOE OMHCAaHUE CEMUMEPHBIX HUJIBIOTEHTHBIX
anreOp JIu (University of Toledo); monydyeHO reoMeTpuuecKoe OIHUCaHUE
TPEXMEPHBIX U YeTBhIpeXMEpHBIX anreOp JIu, a Taxke HAWJACHBI WX 3aMBIKAaHUSA
opout (University of Dusseldorf, Institut Computational Mathematics);
KJIaCCU(PUITMPOBAHBI pa3pemunMblie anreOpsl JIu, HUIbpaIuKanl KOTOPBIX SBISETCS
€CTEeCTBEHHBIM 00pa3oM rpaayupoBaHHor ¢unudopmuoit anredpoit (Complutense
University of Madrid); mokazano, 4yTo BTOpas TpyIa KOTOMOJIOTHH >KECTKHUX
anreOp JleiiOnuma paBHa Hymo (Institut de mathématiques de Jussieu);
KJIaCCU(UIIMPOBAHBI €CTECTBEHHBIM 00pa3oM TpaayupoBaHHbIC 2-pumndopMHbIe
n kBasu-punupopmusie anredpsl JleitOuuma (University of Seville); momyueno
noyiHoe onucaHue Quiudpopmubix anredp Jleitbnuma g0 pasmeproctu 10
(University of Putra Malaysia); moka3zaHo, 4TO TMPOU3BOJIbHAS KOHEUHOMEpPHAs
KOMIUIEKCHast anreOpa JIeHOHHIIAa TpeacTaBisSeTcs B BHJAE MOIYNPSIMOW CyMMBI
nostynpocToit anredpsl JIu u paspemmmoro paaukana (University of Sydney).

Ha cerogusmHmMiAi J€Hh OCYHISCTBIAIOTCS MPHOPUTETHBIE  HAYYHO-
UCCIIeIOBATENIbCKAE PAa0OTHI MO OMHUCAHHIO pa3pemmMbix anredp JlelOHuUIa ¢
3aJJaHHBIMUA HUJIbPAIUKaIaMH, HAaX0XKICHUIO 3aMbIKaHUI opOuUT anredp Jleiibnuma
MaJbIX Pa3MEPHOCTEH, HAaXOXJACHHUIO JKECTKUX anredOp B MHOTOoOpasuu
KOHEYHOMEpHbIX anreOp JleiOHuma, onucanuto audPepeHIrpoBaHud U
MH(UHUTE3UMATBHBIX AedopMannii anredp JleiiOnua.

Crenenp uM3yuyeHHOCTH npodJjembl. B kmaccuueckoir teopun anredp Jiu
XOpPOIIIO0 M3BECTEH pEe3yNbTaT O TOM, YTO Ji0Oas KOHeuHoMepHas anrebpa Jlu
NPEJCTABISICTCS B BUJIEC TOTYNPSMON CYMMBI MOJTYNPOCTON MomanreOpbl u eé
MaKCHMaJbHOTO pa3pelmMoro uuaeaia (teopema JleBu), mpuuéM mMmoympocTas
anrebpa JIu pazmaraeTcst B mpsSMYyI0 CyMMY TPOCTBIX HI€aloB. AHAJIOT T€OPEMBI
JleBu nnst anre6psl JleitOnuna 0but nokasan J{.bapacom B 2011 romy.

H.JI>xex0OCOH yCTaHOBHII, UTO HAJl IOJIEM XapaKTEPUCTUKH HYJb anreopa Jlu,
UMEIOIIasi HEeBBIPOXKACHHOE nuddepeHImpoBanue, HUIBIOTEHTHa, HO OOpaTHas
THIOTe3a, T.€. CIEAYeT JIM W3 HHUIBINOTEHTHOCTH anreOpsl JIum cymecTBoBaHWE
HEBBIPOXKIeHHOTO nuddepeHimpoBanus, Obia OTKpbITa. [IpruMep HUIBIOTEHTHON
anrebpel JIu, y kotopoit Bce auddepeHIUpOBaHUS HUIBIMOTCHTHHI (2 3HAYWT,
BBIPOJKJICHBI), OTBEUAIONIMI Ha 3TOT BOMPOC OTPHUIATEIBHO, OBUT MOCTPOCH
K. HQuckmbe u B.I'.Jluctrepom. BmocnenctBum, anreOppl, y KOTOPBIX BCE
Qg GepeHIUPOBaHNS HIJIBIIOTCHTHBI, TOMYYWIA Ha3BaHUE XapaKTEPUCTHUYECKU
HWIBIIOTCHTHBIX. XapaKTePUCTHUECKA HHIIBIIOTEHTHBIC anreOpbl JIu m3ydeHbl B
pabotax 0. Xakummxanosa, @.2K.Kacrpo-Xumenesa, X.H.Banneca u ap.

Omnucanne HUIBIMOTCHTHBIX anreOp JIu manbix pa3MepHOCTEH W n-MEpHBIX
anredp C TMOMOIIBI0 E€CTECTBEHHOW TpaayHpOBKH PpACCMOTPEHO B paboTax
X.M.Ka6e3aca, 3.I1actopa, X.P.I'ome3a, X.M.Ankouea-bepmyneca, A.Xumenesa-
Mepmana, M.I'o3e, F0.b. XakumkanoBa, XK. Peiteca u npyrux, a B ciydae anreop
Jleii6nuna — B paborax III.A.Arwnosa, b.A.Omuposa, N.C.Paxumosa, X.P.Kazaca,
M.Jlagpsl, X.P.I'omesa, JI.M.Kamauo, I.M.PuxcuboeBa u A.P.I'oncaneca. [Ipyroi
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BUJl TPaJyUPOBKH, TaK Ha3bIBAEMOW MaKCHUMAaJIbHOW TI'paJyUpOBKH, MPEIIIOKEH
10.b. XakummxkanoBeiM, u B pabore X.P.I'omeza, A.Xumenes-Mepiiana,
K.Petieca xnaccuduuupoBansl ¢unudopmusie anredpsl Jlu MakcuManbHON
mHbel. Tak B pabotax III.A.ArmnoBa, b.A.Omuposa, X.P.I'ome3a, JI.M.Kamauo
noJiydeHbl Kjaccupukanuu (Quin@opMHBIX U KBa3U-QUIMGPOPMHBIX anredp
JleiiOHuIa MaKCUMAJILHOM JTJINHEL.

B 1945 romy A.M.ManbsueB pgokaszana, 4To paspemumas anredopa Jlu
OmnpenesaeTcss OJHO3HAYHO e HuwibpagukaioM. [lanee, B 1963 rony
["M.My6apsk3ssHOB pa3paboTan MeToJ MOCTPOSHHs pa3pelumbix anredp Jlu c
MOMOIIBIO  HWIbpaJuKala W  HWIb-HE3aBUCUMBIX  AuddepeHunpoBaHuit
HuIbpaaukana. Merogom MyOapsik3siHoBa, B paborax X.M.Ankouea-bepmyneca,
P.Kamnamyp-Ctpyctbepra, B.boiiko, XX.C.Hnormo, Il.Buntepuurca, JI.CHoOna,
1.Banra GBLIM HONYYeHbI ONMMCAHNS HEKOTOPBIX KJIACCOB Pa3pelIuMbIX anrep JIn.
Onucanuto paspemuMbix  anreOp JleliOHMIIAa ¢ HEKOTOPBIMU  3aJIaHHBIMU
HUJbpaguKagaMu mocesiieHsl padorel X.M.Kacaza, M.Jlaapsi, B.A.OMuposa,
N. A .Kapumxanosa, JI.bocko, XK.JI.Jlym6apa.

Krnaccuueckass teopust neopmanuii acconuaTUBHBIX anredp u anreOp Jlu
BoCXoauT K paboram M.I'epcrenxabepa u A.Heitenxeiica, P.B.Puuapacona B 60-x
rojax mnpouwioro crojetus. Mmu ObTM  U3y4eHBl OJHOINApPaAMETPUUYECKHE
nedopMallii U YCTAHOBJIEHA CBA3b MEXAYy KoroMmosioruedl anredpel Jlu wu
uHpUHUTE3UMANBHBIMU Jedopmanusimu. B paborax A.Puanoscku, M.[leHkasa,
M.I'unbaa, [.B.MumiroHnmkoBa paccMOTpPEHbl pas3iinuHble BHIBI Jaedopmanuit
anreOp JIu u u3ydeHsl ux cBoiicTBa. B wactHocTH, B paborax 10.b. XakummxaHoBa
u P.M.HaBappo Obuin onucanel HUHQUHUTE3UMAJbHBIE  Jaedopmanuu
bunmudopmubix anredbp u cymnepanredbp Jlu. M3yueHHio KOTOMOJOTHMYECKUX
cBoiicTB u nedopmanuii anreOp JleiOnuna nocesimensl padorsl XK.JIJIoge wu
T.IMupamBunu, [.banosana, JK.M.Jlognepa, A.®@uanoBckoro u ap.

OCHOBHbBIE MOHATUSA U CUCTEMATHYECKOE M3JI0KEHHE OCHOB cynepanredp Jlu
npuBeaeHsl B MoHorpaduu B.I'.Kama. Onucanuio OpocThIX M MOMXYNPOCTHIX
cynepanre6p Jlu mocesimiensl padbotel @.A.bepesuna, B.I'.Kana, I.A.Jleiiteca u
apyrux. M3ydeHuio ke HUIBIMOTEHTHBIX cymnepaireOp JIu Ha JaHHBIA MOMEHT
nocesieHsl padotel X.P.I'omesa, F0.b. Xakummxanosa, P.M.Hasappo, M.I'unbna
u npyrux. [lonsitue cynepanreOpst JleliOnuia Brnepsbie nosisuiock B 2005 rony B
pabote C.Annb6eBepuo, III.A.ArmnoBa u b.A.Omuposa. bonee toro, umu ObUIH
KjaccuduimpoBanbl cynepanreOpsl JleliOHuIa ¢ MaKCUMaJIbHBIM HUJIBUHACKCOM,
M, KaK OKa3aJloCh, OHM MMEIOT HWIbMHAEKC paBHbIM n+m+1. IlepBas mombiTka
onucanus cynepaireopst JleiOHMIa ¢ HUIBMHAEKCOM N+m U XapaKTepUCTHUYECKON
MOCJIeA0BAaTEILHOCTRIO, paBHOM (n | m—1, 1), Obuta mpeanpuHsAta B pabote
JI.M.Kamayo, X.P.I'ome3a, P.M.HaBappo u b.A.Omuposa.

CBsi3b TeMbl JHCCEPTAIMM C HAYYHO-HCCJIEI0BATEJIbCKMMH padoTamu
BbICIIET0 Y4YeOHOr0 3aBeJeHHsl, B KOTOPOHl BbINMOJHAETCA JAUCCEPTALMS.
HccnenoBanue BBINIOJHEHO B COOTBETCTBHM C IUIAHOM HAyYHOTO HCCIEIOBaHUS
«ITonynpocTtsie cynepanreopsl Jleitouuma u ux audpdepenunupoBanus», MHCTUTYT
Maremaruku (©E4-OA-P016, 2012-2013 rr.); «JIuHEHHO TpojoOIKaeMble U
nH(pUHUTE3UMANBHBIE JedopMalui paspemuMbix anreop Jleionuna», Mucturyr
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Marematuku (E®4-OT-0-20581, 2014-2015 r1r.); «HeacconuaTuBHblE U
ONepaTOpHbIE anredpbl, IUHAMUYECKHE CHUCTEMbl M WX TMPUJIOKEHUS B
CTaTUCTUYECKOW (pU3HMKE U MOMYISIMOHHOW Ouonorun» HWHctutyT MateMaTtuku
(D4-DA-DO013, 2012-2016 rr.); «CTpyKTYpHasi TeOpUsi HEACCOLMATUBHBIX aIreop,
0aHaxOBbIX MOJYJIEH W JUCKPETHbIE JUHAMUYECKHE CUCTeMbl», HanuoHanbHbIN
yHuBepcuteT Y30ekuctana (D-4-09, 2012-2016 rr.)

Heabo muccjeqoBaHusl  SBISETCS  M3Y4YEHUE CTPYKTYpHOU  Teopuu
KOMIUJIEKCHBIX KOHEYHOMEpHBIX anreOp JleiOnuma u ux auddepeHunpoBaHui,
JanbHellee pa3BUTUE TEOPUHU BBIPOKICHUN M Jedopmanuil HeacCOLUMaTUBHBIX
anredp, a Tak)Ke ONKMCcCaHNe HUIBIIOTEHTHBIX cynepanreOp JleiiOHua.

3agaum ucciie0BaHusA, periaeMble B IaHHOM paboTe, cleayromue:

M3y4YeHHe CBOMCTB HIWJIBIIOTEHTHBIX KOHEYHOMEPHBIX ayireop Jleitonuiia;

ONMCAHKME CBOMCTB MOJIYNPOCThIX ayireOp JlelOHua u nocTpoeHrue npuMepoB
nosynpocteix anreOp JleilOHMIIa, KOTOpbhIE HE pasjaraloTcs B MPSAMYIO CyMMY
MPOCTHIX anreop;

KJaccuukanus KOMIUIEKCHBIX N-MepHBbIX punudopmubix anredp JleiOnuua,
HE SBJIAIOIIMXCS XapaKTePUCTUUECKU HUIBIIOTEHTHBIMU, U OMUCAHUE C TOYHOCTHIO
10 M30MOpduU3Ma KOMIUIEKCHBIX N-MepHbIX (unudopmubix anredp JlelOnuna
JIJIMHBI n—1;

Kinaccudukaius paszpermuMbeix anredp JleiOHuIla ManabiX pa3MepHOCTEH U
omMcaHue pa3pemuMbix anredp JleiOHuIa, HUIbpagUKal KOTOPBIX SIBIISETCS
npsIMOM cyMMO# HYJb-(GUIN()OPMHBIX UICANOB;

U3y4YeHHUe alire0p HUKHEro YPOBHS B HEKOTOPBIX MHOT000pa3usix anreop;

UCCJIeI0BAHNUE TPYIIbI KOTOMOJIOTHIM HYIb-QUIH(POPMHBIX U HUIU(OPMHBIX
anreop JleiOHuna;

kinaccudukamnus cynepaireop JleitoOnuna ¢ HUIBMHIGKCOM N+m, rje N U m -
pPa3MEepHOCTH YETHOM M HEUETHOMN YacTH, COOTBETCTBEHHO.

O0bekT uccaenoanus. HunbnorentHeie anreOpsl JleiiOnua, pazpemnmbie
anreOpbl,  MOJYNpocThie  anreOpel,  AUPGEepEeHIUPOBAHUS,  BBIPOXKICHHUS,
nedopmaliu, rpymibl KOrOMOJIOTHH, HUJIBIIOTEHTHBIE cyrnepanreops! JleiOHua.

IIpeamer wuccaexoBanmus. 7Z — rpaayupoBaHHble (GunnudopmMHbIE anreopbl
JleitbHMIa, XapaKTEepPUCTUUYECKH HUIBIOTEHTHBIE alNreOpbl, YEeThIpEXMEpPHbIE WU
MATUMEpHBIE  paspemiumble  anreOpel  Jleitbuuma, auddepenunpoBanus u
nedhopmanuu  Hydb-puudpopmMubix U punudopmubix anredp JleitbHuIa,
HUWIBIIOTEHTHbIE — cynepanreOpsl JleiiOHuMIa ¢ MakCUMaldbHBIM  MHAEKCOM
HUJIBIIOTEHTHOCTH.

Metonbl ucciaenoBanusi. B pabore ucnonp3yrorcs KiacCU(pUKAIIMOHHbBIE
METO/Ibl, METOJI TPaJAyUPOBAHUM, METOJI CTPYKTYPHBIX KOHCTaHT, METOJbI TEOPUU
BBIPOXKICHU, TeOpuH epopMaluii U TEOPUK WHBAPUAHTOB.

HayuyHnasi HoBH3HA HccJieJ0BAHUA COCTOUT B CIIEYIOLIEM:

MOJIy4eHa XapaKTepu3alus HUIBIMOTEHTHOCTH KOHEUYHOMEPHOUM anreopbl
Jleitonuia B Tepmunax JleiOHuueBbIx AuddHepeHInpoBaHmii;

kinaccudunupoBansl Gunudopmusie anreOpsl JleiOHuUIA, HE SIBISIOMIMECS
XapaKTepUCTUYECKU HUWIBIIOTEHTHBIMU, W n-MepHble (unudopmMHbie anredOpbl
JleOuuma aauHeI n—1;
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MOCTPOEH TMpUMEpP, TOKAa3bIBAIOIIWMA, YTO KIACCUYECKUU pe3yiabTaT o
Pa3NIOoKEeHUH MOJNYNPOCTON anredpbl JIn B mpsAMyio CymMMy MPOCTBIX HJEANIOB HE
ABIIIETCS BEPHBIM 11 anreop Jleitouua;

MOJIYYEHO T[IOJTHOE€ ONMCAaHUE YETBIPEXMEPHBIX KOMIUIEKCHBIX —anreop
Jleitbuunia u kIaccuUUUPOBAHBl MATUMEPHBIE KOMIUIEKCHBIE pa3pelinmMble
anre6psl JIeiOHMIIAa ¢ TpEXMEPHBIM HUJIbPAIUKAIIOM;

OMHCaHbl ¢ TOYHOCTHIO 10 M30Mopdu3Ma pazpenmumeie anreopsl JleioHuna,
HUJIbPAIUKAIl KOTOPBIX SIBISETCS MPSIMOM CyMMOU HYb-(QUIn(OPMHBIX UICANIOB;

KJ1accu(UIMPOBaHbl Bce anreOpbl YpOBHS OJMH M anreOpbl ypoBHA JBa B
MHOT000pa3usiX KOHEYHOMEPHBIX KOMILJIEKCHBIX aCCOLMATUBHBIX, HOPJAHOBBIX U
JIMEBBIX anreop;

OMMCAHbl BTOpbIE TPYIIbl KOTOMOJIOTHH HYIb-QUIMPOPMHBIX airedp
Jleitbunia ©  MOJNIydeHO  omucaHue WHQPUHUTE3UMAIbHBIX  Jedopmanuit
€CTECTBEHHBIM 00pa3oM IpaayupoBaHHbIX Quindopmubix anreOp JleiiOuuna;

onucaHbl Bce cynepanreOpsl JlelOHuIa ¢ HUIBMHACKCOM N+m, U J0Ka3aHo,
4TO Kpome HyIb-puindopMHbIXx U (unudopmubix cynepanredp JleiiOnuna u
cynepanre6p JleiiOHuIa, UMEIOMMX XapaKTEPUCTHUUYECKYIO MOCIEI0BATEIBHOCTD
(n | m-1, 1), Bce ocranmpHble cymnepanreOpsl JleHOHUIIA UMEIOT HWJIBHHIEKC
MEHBIIIE, YEM N+m.

I[IpakTnyeckue pe3yabTaThl HCCaeN0BaHMsA. B pe3ynbraTe HMccieqoBaHUM
cynepanre6p JleiiOnuma ObutM pa3paOOTaHbBl HOBBIE METOJbI HCCIIECIOBAHUS,
UCIIOJIb3YIOIIME METOJl TpaJydupOBKH CBOICTBA YETHOW 4YacTu cymnepaireopsl. B
YaCTHOCTH, U3BECTHOE ONMUCAHUE cyrepanreOpsl JIu MakcuManbHOTO HUJIBHHIEKCA
MOJIy4eHO 00Jiee U3SIIIHBIM U IPOCTHIM CIIOCOOOM.

PesynpTaThl guccepranmu, Kacarouigecss KiacCU(UKAIMK — pa3pelInMbIX
anre6p JlelOHuIa MajbiX pa3MepHOCTEH, MO3BOJIAT MPOBEPUTH CHPABEIMBOCTD
psa TUNoTe3 OTHOCUTENbHO pa3pemumbix anreOp JleiOHuIa Npou3BOIBHBIX
3aJIaHHbIX Pa3MEpPHOCTE.

JlocTOBEpHOCTh Pe3yJIbTATOB HCCJeI0BAHUA OOOCHOBAaHAa CTPOTOCTHIO
MaT€MaTUYECKUX  PACCYKIEHUW,  HMCIOJb30BAHMEM  H3BECTHBIX  METOJO0B
UCCJEeIOBaHMUS JIPYTUX KJaccoB anreOp u  cynepairedp, NpUMEHEHUEM
(byHIaMEHTaJIbHBIX PE3yJIbTaTOB Teopuu airedp u cynepanreOp Jlu. PesynbraTh
KJIacCU(DUKATMOHHBIX YTBEPKJIECHUN B Cilyyae MajbIX 3aJaHHBIX pa3MepHOCTEH
OBbUTM TPOBEPEHBI C MOMOINIBIO CIENMATBHO CO3JAaHHBIX MPOrpaMM Ha S3bIKe
MaTeMaTU4ecKoro nmporpammupoBanus Mathematica 12.

Hayynasi u npakruyeckasi 3HAYHMOCTb Pe3yJbTATOB HCCJIEI0BAHUS.
HayuHoe 3HaueHue pe3yJbTaTOB MCCIEIOBAHUS 3aKIOYaeTcsi B TOM, YTO
MOJIyYeHHbIE B paboTe HayyHbIE€ PE3yJIbTaTbl MOT'YT OBITh HCIOJIB30BaHbI IS
JTadbHEUIINX HWCCIEIOBaHUM JIpyrux MHOrooOpasuii anrebp u cymepairedp. B
YaCTHOCTH, TEXHHKAa W METO/bl, pa3pabOoTaHHbIE B JaHHOW aucCEepTaluu, MOTYT
OBITh MCIIOJB30BAHBI JIJISl PEIIeHUs] HU3BECTHOM mpoOiembl ['proHeBanbla O He
CYLIECTBOBAHUM >KECTKUX HMJIBIOTEHTHBIX anreOp Jlu B MHoOroo0Opasum Bcex
anreop Jlu.

[IpakTyeckass 3HAUUMOCTH JAMCCEPTALMU COCTOUT B TOM, UTO PE3YNIbTATHI
JUCCEpTalMM, Kacawolluecs KiIacCU(pUKAIMK pa3peluMbix anredp JleiOnuna
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MaJjbIX pa3MEPHOCTEH, TMO3BOJIAT MPOBEPUTH CIPABEAJIMBOCTh psiia THUIOTE3
OTHOCUTENBHO pazpeimiuMblix anredp JleiiOHUIa MPOU3BONBHBIX 3aJaHHBIX
pasmepHocTeil. Knaccudukanum KOHEeYHOMEPHBIX aiare0p ypoBHS OAWH U YPOBHS
JIBa SBIIAIOTCS BaXKHBIM PE3YJIbTATOM JUJISl MOJYYEHHUS MMOJHOM HH(OpManuu o
JIepeBe BBIPOXKJICHUN PYTrUX MHOT000pa3uit anredp.

Buenpenue  pe3yabTraroB  ucciaeaoBanus.  OnucaHue — n-MEpPHBIX
KOMIUIEKCHBIX (punudopmubix anredp JleOnuna manmuuel n-1 U puindopMHbIX He
XapaKTepUCTUYECKU HUJIBMOTEHTHBIX anreOp JleiOHuIa ObLIM MCIOIB30BAHBI B
uccienoBanusx 3apyoexsnoro mnpoekra FQM143(University of Sevilla, Spain,
cupaBka oT 25 centsops 2015 roga). B wactHocTH, naHHOE omucaHue ObLIO
UCIIOJIb30BAHO TPU TOJYYEHMHM KJIacCU(HUKAUMU €CTeCTBEHHbIM 00pa3oM
IpagyupOBaHHbIX KBa3U-GUINPOpMHBIX anre6p JleliOHuMnIa U TNpu ONMUCaHUU
KOMIUJIEKCHBIX HE JIMEBBIX pa3pemuMbix anredp JlelOnuna ¢ QuiupopMHbIMU
HUJIbpPAIUKAJIAMHU.

[lonyyenHoe B nuccepTalMOHHOW paboTe onucaHue WHQUHUTE3UMATbHBIX
nedopmalrii HWIBIMOTEHTHBIX cynepanreop JleiiOuuia u xapakrepusalus CBOMCTB
HEKOTOPBIX MOJIYHNpOCThIX anredp JleiOHuIa MCIONb30BaHbl B MCCIEIOBAHUSAX
npoekta MTM2009-14464-C02 (Institute of Mathematics at the University of
Santiago de Compostela, Spain, cripaBka ot 4 Hos16pst 2015 roga) mpu onucaHuu
BTOPBIX IPYIII KOTOMOJIOTHI MPOCTHIX anredp Jleitouua.

Onucanne WHPUHUTE3UMATBHBIX JAepopMaluii HUIBIOTEHTHBIX anreop
Jleitbnunia ucnons3oBansl B mpoekte 05-02-12-2188FR (Yuausepcuter Ilytpa
Manaiizusi, cnpaBka oT 2 ¢eBpans 2016 roga) mjis onucaHusi 3aMbIKaHUNA OpOUT
HEKOTOpBIX KiaccoB anredp JleiOHuna moxa aecTBUEM JMHEHHOW Tpymibl Ha
MHoOTroo0pasus anreop Jleiouuna.

Anpodanus  pe3yabTaroB  ucciaenoBaHusa. (OCHOBHOE  COAEpKAHUE
JUCCEPTALMU 00CYXK1aJI0Ch HAa CIAEAYIOMUX MEKIYHAPOAHBIX U PECyOIMKAHCKUX
Hay4HbIX KOH(epeHuusx: «OnepaTopHble anreOpbl MW KBAaHTOBas TEOPHS
BeposiTHocTel» (Tamkent, 2005 r.), «/luddepeninunanbupie ypaBHEHUS M UX
npuinoxenus» (Hykxyc, 2009 r.), «OnepatopHbie anreOpsl U KBaHTOBask TEOPUS
BeposiTHocTel» (Tamkent, 2012 r.), «CoBpeMeHHbIE MTPOOJIEMbI KOMIUIEKCHOTO U
dbynknuonanpHoro ananmu3a» (Hykyc, 2012 r1.), «AxTyanbHble TPOOJIEMBI
Maremaruyeckoro asamuza» (Yprenu, 2012 r1.), «CoBpemeHHBIE MPOOIEMBbI
muddepeHunanbHbIX ypaBHeHUH U ux npwiokeHus» (Tamkent, 2013 r1.),
«IIpoGaembr coBpeMeHHOUM Tomosioruu u e€ mpuioxeHus» (Tamxent, 2013 1.),
«Hexnaccuueckue ypaBHEHHMS MaTEMaTUYECKOM GU3MKA W UX HPHIOKEHUS»
(Tamxkent, 2014 r.), «Anrebpa, aHaiu3 W KBaHTOBas BEpOSTHOCTH» (TalkeHT,
2015 r.).

Hacrosmast pabGota oOcyxaanack Ha pecnyOJMKAaHCKUX CEMHUHapax
«Oneparopuble anreOpel ¥ MX MnpuioxeHus» HMHctutyra Martematuku mpu
HammonanbHoM  yHuBepcuTere  Y30eKucTaHa, Ha  HAy4YHOM  CEMHHape
«CoBpemeHHast anrebpa u e€ mnpuioxkeHus» HanuoHanbHOro yHUBEpCUTETA
V30ekucTana, Ha TOpOJACKOM ceMuHape Kadeapsl aareOpsl U (QyHKIIMOHATIBLHOTO
ananu3a HanuoHnansHOro yHuBepcutera Y30ekucTaHa, Ha cemuHapax WHctutyTa
Marematuku, YuuBepcuter Cantbsiro ne Kommnocrena (Mcmanms, 2012 r1.),
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cemuHape “On recent achievements on harmonic analysis, algebras and their
applications” Yuupepcurer Ilyrpa Manaitzus (Manaiizus, 2013 r.), cemunape
“Non-associative algebras” Vuupepcuter CeBwibs (HMcmanus, 2014 r.).
[lonyueHnHsie  pe3yabTaThl  JOKJIQABIBAINCh  TakKKe  HAa  CIEIYIONIMX
MexXAyHapoJHbIX KoHrpeccax «International Congress of Mathematicians-Seoul
2014» (Korea, 2014), <TWAS 25" General Meeting. 2014» (Oman, 2014).

Ony01MKOBAaHHOCTH pe3yJbTaTOB HcciaeaoBaHus. [lo Teme amccepramuu
omybnukoBaHo 40 HaydHbIX paboTax, W3 HHUX S5 cCTareid B HAI[MOHAIBHBIX
KypHanax, 18 crareii B 3apyOexHBIX >KypHaiax, 17 TE3UCOB B HayYHBIX
KOH(epeHUUsX.

O0BbéM M cTpyKTypa auccepranuu. J[uccepranus COCTOMT U3 BBEACHHS,
YeThIpeX IJ1aB, BHIBOJIOB, 3aKIIOUEHUS M CIMCKA HMCIIOJIb30BAHHOHN JTIUTEPATypPhl U3
184 nanmenoBanuii. OOmuUit 00BeM auccepranuu coctapisietT 200 cTpaHull.

OCHOBHOE COIEPKAHUE JUCCEPTALIUN

Bo BBemeHMm o00OCHOBaHa AaKTyaJIbHOCTh U BOCTPEOOBAHHOCTH TEMBbI
JUCCEPTALMM,  ONPEEICHO COOTBETCTBUE  MCCIENOBAHUA  MPUOPUTETHHIM
HaIpaBJICHUSM pa3BUTUS HAYKH M TEXHOJOTUU pECIyOJIMKH, TPUBEIEH 0030p
3apyOeKHBIX HAyYHbIX MCCIEIOBaHUA MO TEME JHUCCEepTallMd U CTEeNeHb
M3YYEHHOCTH MPOoOJIeMbl, CHOPMYIUPOBAHBI LIENU U 33/1a4H, BBISIBIIEHBI OOBEKTHI U
NpeIMeT HCCIEIOBaHUs, U3JI0KEHbl Hay4yHass HOBU3HA M MPAKTHYECKHUE
pe3yNIbTaThl MCCIENOBAaHUA, PACKpbiTa TEOpeTUYeCcKas W MpaKkTUYecKas 3Hauu-
MOCTh TOJYYEHHBIX pE3YyJbTaTOB, JaHbl CBEJEHHUS O BHEIPEHUH PE3YyJbTAaTOB
UCCIeI0BaHUsI, 00 OMyOJIMKOBAaHHBIX pab0OTaxX U O CTPYKTYpE AUCCEPTAIIH.

B mnepBoii rnaBe auccepranuu, Ha3BaHHONH «OnHcaHue MOJYHNPOCTHIX M
bunudopmubix anredp JleilOHuULa», NMpUBEICHBI NMPEABAPUTEIbHBIE CBEACHUS,
MOJIYYeHbl HEKOTOpbIE CBOWCTBO MOJYIPOCTHIX airedp, KiIacCUPpUIUPOBAHbBI
KOMIUJIEKCHbIE n-MepHble (unudopmubie anredpsl Jleitbnuna mnmuael n—1 u
OMHCaHbl C TOYHOCTBIO 10 n3oMopduzma ¢unudopmHubie anredpsl JlelOnuia, He
ABJIAIOIIMECS XapaKTePUCTUUECKU HUIBIIOTECHTHBIMBI.

Onpeoenenue 1. Anrebpa L nwan monem F HazbiBaercst anrebpoit JleliOHuiia,
€CJIM JIJIS JTFOOBIX DJIEMEHTOB X, Y, Z€ L BBITIONHSIETCS TOXAECTBO JIleOHuna:

[X9 [Y9 Z]] - [[X9 Y]a Z] - [[X9 Z]) Y]a
rae [-,-] — ymHoxeHue B L.

Jlnist mpon3BoibHOM anredpswl JlelOnuna L onpenenum psbr:

a) L=L, L™= LI, 6)L'=L, L™'=[L",L"].

Onpeodenenue 2. Anrebpa JleiiOnuna L Has3piBaeTCcs pa3pelInmMoi, eciu
cymectByer meN Takoe, uro L™=0. HaTypampHoe umcIo m Ha3bIBacTCS
MHIEKCOM paspermumocTs anre6psr L, ecan L™ 20 u L™=0.

Anrebpa Jleitonuna L Ha3biBaeTCsl HUJIBIIOTEHTHOM, eciau cyuiecTByeT seN
takoe, uto L'=0. MuUHHMaIbHOE YHCIO S, OOJAJAIONIEe TAaKUM CBOMCTBOM,
HA3bIBAE€TCSA UHJIEKCOM HUJIBIIOTEHTHOCTU (HUIBMHAEKCOM) anreopsI L.
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MakcuManbHbI HUIBIIOTEHTHBIN (pa3pemunmMblii) uaean anreopsl JleitoHuma
L HazpIBaeTCS HUIBbPATUKAIOM (PagUKaIOM).

N3BectHO, uTO B MIpOoM3BOJIbLHOM He JIneBoi anredpe JlelOHMIA CyIIECTBYET
ujean, NopoXkJIeHHbI kBagparamu | = span{[x,x], xeL}, u daxrop-anredpa L/I
aBngercs anredpoii JIu. B cBsi3u ¢ Tem, 4TO B KJIaCCHYECKOM MOHUMAHUH alareOpsbl
Jlefibnunia He sBIAOTCS mpocThiMu, To B pabore A.C.JIxymaamibaaeBa
MPEIJIOKEHO  CIIEYIONIee €CTECTBEHHOE ONpeNeieHUEe MPOCTOM  aireOpbl
Jleitonuma.

Onpedenenue 3. Anrebpa Jleiibruma L HasbiBaeTcs mpoctoit, ecim L=l i ona
MMeeT TOJIbKO caeayromue uaeanst: {0}, I, L.

Onpeoenenue 4. Anrebpa JleiiOnuma L Ha3bIBaeTCs MOTYyHIPOCTOH, eciu €€
MaKCUMaJIbHBIN pa3pelnMblii uean paBeH .

OueBunHO, yTo ecnu L mpoctas, To daxrop-anredpa L/I — nmpocrtas anredpa
JIu. Ho oOpatHas yTBepkaeHHs, BOOOIIE TOBOpS, HEBEPEH, T.€. CYIIECTBYET
anrebpa Jleitonuna L, He sBnsromeiics npoctoit, Ho L/l — nmpocras anredpa Jlu.

Omnpenenenue 5. Anrebpa JleiiOnuma L waszwiBaetcs Jlu-npoctoit, ecnu L/I
ABJIIETCS MPOCTOU anredpoit Jiu.

Kak 610 oT™MedeHo, aHanor teopemsbl JleBu st anreOpsl JlelOHuna ObL1o
nokazan Jl.bapHcoM. A BOIpoC 0 TOM, UTO pasjiaraercs JIM MOJyIpocTas ainredpa
JleitbHMIIa B MPSAMYIO CYMMY TPOCTBIX HJI€aJIOB, PACCMOTPEH B IIEpBOM maparpade
NEePBOM IJ1aBbl IUCCEPTALUU.

IIycte L — monympoctas anrebpa JleitOnuna u [ — waean, mopoKIeHHBIN
KBagpaTamu anemMeHToB anreopsl L. Torma L = S + I, rme S — momymnpoctas
anreopa Jlu u [I, S] = 1. bonee Toro, umeem pasnoxenune S=S;DS,dD...ESy, T.e.,
L= (5®S,®...@Sy) + 1. Benem obosnauenne I; = [I, S;], I <j <k.

B cnepyromum Teopeme A0Ka3aHo, UTO €CIIU NPOCThIe anredpsl Sy, Sy, ..., Sk
U30MOpQHBI TpeXMEpPHOU anredpe sl, u kax bl Ij HeNpUBOAMMBINM MOIYIIb HAX S,
TO moJynpocras anrebpa JleiOnuna L pasmaraercs B mpsiMOil CyMMy HPOCTBIX
UJIeaoB.

Teopema 1. Ilycts L — monympocras anrebpa JleitOHuna Ttakas, 4YTO
L=(sl.®s@® ... ®sl'@S") + L. Iycrs I, — HenpuBOAMMBIA Momynb Haj sl
(1<j<k-1) u I, — HempuBOAMMBIil MOy Hax S¥. Tormga L pasnaraercs B mpsaMyio
CyMMY OpocThIX anreop JleiibHua, a UMEHHO,

L = (s, +1)®(s2 +L)@® ... @(s1E" +1.;) (S +Iy).

OtmeTnm, uto ecau Iy mpuBoauM Hax S;, To nonynpocras anreopa JlelOHua
HE MPEJCTaBISAETCS B BUJIE IPSIMOM CYyMMBI MPOCTHIX uaeanoB. O1HAKO OHAa MOTYT
pasnaraercs B mIpsMyro cymmy Jlu-mpocteix anrebp JlenOuuia. EctecTBeHHO
BO3HUKAET BOIPOC: pasjlaraeTcsl Jid BCsKas mojiyrnpocTtas anrebpa JleiiOHuna B
npsmyto cymmy JIu-npocteix anreop?

Crnenyromuii mpuMep AaeT OTPULIATETIbHBINA OTBET HAa 3TOT BOIPOC.

Ilpumep 1. Ilycte L — 10-mepHas momymnpoctas anreopa Jlei6uuna. [lycth
{x1, X2, X3, X4, €1, f1, hy, €, 5, hy} — 6a3uc B L takoii, uto I = {Xy, Xz, X3, X4}, sllz=

2
{er, fi, hi}, sl;={e,, £, hy} u umeer MecTo cnenyromas TabinuLa YMHOKEHUS:
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[s,,sl}]:  [en, hi] = 2e, [fi, hi] =21}, [e1, fi] = hy,
[hi, e1] = 2ey, [hy, fi] = 21, [f1, e1] = —hy,
[sli ,Sli I [e2, ho] = 2e,, [f2, hy] = 21, [e2, 2] = hy,
[hy, €] = —2e¢,, [hy, £] = 213, [, e;] = —hy,
1, sl1 1: [x1, fi] = %2, [x1, 1] =x [X2, €1] = X1, [x2, h1] = —x,,
[x3, fi] = x4, [x5, ] =x [X4, €1] = X3, [X4, ] = —x4,
[, slz] [x1, ] = [x1, hy] = x4, [x3, €] = X1, [x3, hy] = —x3,
[X2, ] = [X2, ho] = X5 [X4, €2] = —Xa, [X4, hp] = —x4.

N3 stux YMHO)KCHI/Iﬁ umeem, uro [Lsl,] = L [I, sl3] = I u moxyns I
pasnaraercs Han sly B BUIE {X;, Xo}@{X3, X4}, Hax sl B Bume {X;, X3}D{xs, X4}.
Herpynno npoBeputh, uto eciau anredpa L pasnaraercs B npsimyio cymmy Jlu-
IPOCTHIX ajrebp, To oHa fAokHa uMeTh Buj (sl, + 1)) @ (sl3+1,). B cuny Toro,

yto [I;, slg] #0u [l sllz] # 0, MBI TTOJTy4aeM MPOTUBOPEYHE C CYIIECTBOBAHUEM

pasnokeHus anredpsl L B mpsamyto cymmy JIU-ipocThIX Uaeanos.

Onpenenum mnonstue Jleitonunesa auddepeHuupoBanus s anreopbl
Jleitonuma.

Onpeoenenue 6. JluneitHoe mpeodOpasoBanue d B anrebpe Jleibnuma L
Ha3biBaeTcs JleiOnuueBsiM auddepeHurpoBaHueM MOPSAKa N, €Cld JJI JTHOBIX
X1, X2, ..., Xy €L BBINONHIETCS cne):[y}omee PaBEHCTBO:

d(...[[x;,X, ], X5]....x, ) = Z ...... (X, %5 |00 X L A(X)],- 00X, ]

B cnenyromeii TeopemMe  TpuUBENEH  KPUTEPUH  HIIBIIOTCHTHOCTH
KOMIUIEKCHBIX anreOp JleiiOnuna B Tepmunax JleiiOuuiena nuddepeHmpoBanus.

Teopema 2. AnreOpa JleilOHMIIa Ha MOJEM XapaKTEPUCTUKHU HYJb SIBISETCS
HWIBIIOTCHTHON TOTJla W TOJNBKO TOTJa, KOTJIa OHAa HMMEET HEBBIPOXKICHHOE
JletitonuneBo nuddepeHupoBaHue.

Onpeodenenue 7. Anredpa Jleitonuna L Ha3zpiBaeTcsa ¢punudpopmuon, ecau dim
Li=n—i,2 <i<n.

N3BecTtHO, 4TO B JIFOOOM N-MepHOM KOMIUIEKCHOW (undopmHOi anredpe

Jleiibnuna cymectByet 0asuc {e;, €, ..., €,} TaKoM, YTO €¢ YMHOXXECHHE B ITOM
0a3nce UMeeT OJIMH U3 CIICAYIOIINX BH/IOB:
Fi(oy, as, ..., oy, 0): [e1, €1] = €3, [ei, €1] = €i+1, 2<1<n-1,
[e1, €] = ayeqtasest ... Toy e, 11+0e,,
e}, €2] = auejiataseiist ... Fotnia-j€n 2<j<n-2,
FQ(B4, Bs, cees Bn, ) [C el] = Cs, [Ci, el] = Ci+1, 3 < 1 <n- 1,
[e1, €2] = BacstPsest ... +Pnen, [e2, €2] = Y€n,
[ei, €2] = BacjratPsejst ... TPnr2jCn, 3<j<n-2,
F3(01, 02, 03): [C ] = Ci+1, 2 < 1 <n- 1,
[e1, €] = —€i+1, 3<i<n-1,
[e1, €1] = 01€n,  [€1, €2] = —€310se,, [€2,€2] = Osen,
[e2, €] = —[ej, e2] € {€j+2, €j43, ..., €n}, 3<j<n-2,
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. n., . . .
[ei, ej] = —[Cj, Ci]E {Ci+j, ei+j+1, ceey Cn}, 3 <1< [E], 1 SJ < n—i,

rae oy, 0, Bi, ye C u oTcyTcTBYIONME IPOU3BECHUS PAaBHBI HYITIO.

Onpenenenne 8. HunbnorentHas anreOpa JleiiOHuna  Ha3bIBaeTCs
XapaKTePUCTUUECKU HUJIBIIOTEHTHOU, ecnu joboe e€ auddepeHmpoBanue
HUJIBIIOTEHTHO.

B () (1370 11170:¢ TeopeMax npeIIoKeHa KJ1accuuKaIus HE
XapaKTePUCTUUECKN HUJIBIIOTEHTHBIX anreop JlelOnuia u3 kinaccoB Fi(oy, os, ...,
Oy, 9) u FQ(B4, Bs, cees Bn, ’Y)

Teopema 3. Ilyctb L — HE XapakTEpUCTHYECCKU HIIBIIOTEHTHAs anreopa
Jletionuna u3 kmacca Fi(oy, as, ..., o, 0). Torma oHa uzomopdHa OmHOU H3
CJICIYIONTUX ITOTIaPHO HEeUM30MOPQHBIX anreop:

E(a,,0s,...,a,,0,), 4<s<n,
rae
0, ecmu k #s (mod(s —3));

“1=1)'Q, ecnnk =s (mod(s —3)) mpu t = k_‘;
S_

Oy

!
4<k<nuQ’= ! (0! — ymucno Karanana crenenu p.
(p—Dn+1 n!l((p—1)n!)
Teopema 4. Ilycte L — He XapakTepUCTUYECKH HWIBIIOTEHTHAs
¢mwmdopmuas anrebpa JleitOnuna us kmacca F,(B,,Bs,....B,,y). Torma ona

n30MopdHa OTHOHM M3 CICAYIONIUX IMOMAPHO HEM30MOP(GHBIX anreop:
. j
npu yetHsM n: F(0,...,0,1,0...,0,0), 1 <j <n-2;

. j
npu HeuetnsM n: F, (0,...,0,8, .,.0,...,0,1) u E)(0,...,0,1,0...,0), 1< j <n-3.
2
Hanee paccmorpuMm ¢unudopmuyro anredbpy JleiOnuma L wu3 kiacca
F(6,,6,,0;).
HetpynHno BuaeTh, uro eciim L — HE XapaKTepUCTUYSCKH HHIBITOTCHTHAs
¢wmdopmuas anreOpa Jleitbnuna wu3 ximacca F(0,,0,,0,), 1o Tabnuua

YMHOKEHUS alreOpbl UMEET CJICIYIOIIUA BU/I;

[e..e =€ 2<i<n-1,
[e.e; 1= €, 3<i<n-1,
L(91,92,93) _ [61761] - elern
[e,,e,]=—e;+0,e,,
[e,.e,]=0O,e,,
le.e,...]=—le,.. .e]=a(-D'e, 2<i<n-1.
Teopema 5. Ilycte L — He XapakTepUCTUYECKHM HWIBIIOTEHTHAs

¢dmmdopmuas anredpa JleitOuuna us knacca F;(0,,0,,0,). Torga ona nzomopdna
OJTHOM W3 CIEAYIONINX TOMAapHO HE N30MOP(HBIX anreop:
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L(1,0,0), L(0,1,0), L(0,0,1).
[lycts L — Z-rpagyupoBanHas anreOpa JleilOHMIIA ¢ KOHEYHBIM YHCIOM
HEHYJIEBBIX MPOCTPAHCTB, T.¢. L= @ Vi, rae [V;, V;] € Viyj ans mo0ObIX 1, J€Z.
ieZ
Bbynem roBoputTh, yTO HWIbNOTEHTHas anrebpa JleiOnuna L nmomyckaer
CBsI3HOE rpagynpoBanue, eciu L=V, ®V, @ ... ®V, , rne V;#0 ms eex 1 (k; <1

< ko). B npampneiimem uyucno [(L)=max{len(®L)=k—k;+1 | rpagyupoBanue
L=V, ®V, @ ... DV, cBs3HO} OyaeM Ha3bIBaTh JUIMHOW anreOpsl Jleionuua L.

[IpuBeneM OCHOBHOHM pe3yipTaT MsATOro mnaparpada mnepBoil rmaBel. A
MMEHHO, B CIIEJyIOIIel TeopeMme ModydyeHa Kiaccuukanus KOMIUIEKCHBIX n-
MepHbIX (punnudopMHbIX anredp Jleitdnuma nmuuel n—1.

Teopema 6. IlponsBonbHast n-MepHas KOMIUIEKCHast puiaudopMHas ainredpa
Jleitbuuma gmuebl n—1  u3omopdHa OJHOM U3  CIEAYIOIIUMX  MOMapHO
HEM30MOP(HBIX anredp:

Fz,{[ypyl]=y3,
YL Y= Y 3<i<n-—1,
F3,{[yi,yl]=—[yl,yi]=ym, 2<i<n-1,
! [YiDYnH—i] = _[yn+]—i )Yi] = (_I)IH yn s 2 S 1 S n-— 1,
19 = i+19 lgiﬁl’l—z,
M. (K): [Yi> Y11= Yia i
[V Yul= Yisias 1<i<n-k,3<k<n-1,
Yo Y11= Yias 1<i<n-2,
. _n-1
MZ: [yi7Yn]=Yn+l. ’ ISIS 5
TH_] 2
[YosYal= 0y, a#0,
M3:{[yi,yl]=yim 1<i<n-2,
[Yn7Yn]=Yn—l7
[YIDYI]ZYn7
M, <y Y 15 Vi 2<i<n-1,
[V, Y 1= =Y 2<i<n-1,
rae {yi, ¥z, ..., Yo} — 0a3UCHI B anrebpax u OTCYTCTBYIOIIME MPOU3BEICHHS PABHBI

HYJTIO.

Bo BTOpo#l TriaBe auccepranuM, Ha3BaHHON «OmnHMcaHMe pa3pemuMbIX
aqredop JleOHUIA MaJbIX pa3MepHOCTei», KiacCUPUIMPOBAHBI YETHIPEXMEP-
Hble KOMIUIEKCHbIE anreOpbl JleiiOHHMIIAa W MOJy4YeHO ONUCAaHUE MATUMEPHBIX
paspemmbIx anreop JleOHuna ¢ TpexMepHbIM HUJIbPaAUKATIOM.

HanmomHuM, 4TO pa3MepHOCTh HWJIbPaJMKaIa YETHIPEXMEPHBIX pa3pelInMbIX
anreOp JleliOHuia paBHa 1mbo nByM mbo TpeM. Knaccudukaius ¢ TOYHOCTBIO J10
n30MOpPU3Ma KOMIUIEKCHBIX HHJIBIOTEHTHBIX anrebp Jleitbuuia pasmepHocTeit
nBa u Tpu nonydena B padotax XK.JI.Jloge u b.A.Omuposa.
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B pasMepHOCTH JiBa HIMEIOTCS IBE HUJIBIIOTCHTHBIC anreOpsl JIehoHma:
K [er,e1]=e, L,: abenena.
B pa3smepHOocTH TpHM HWMEIOTCS IIECTh IOMApPHO HE HW30MOPQHBIX
HUJIBIIOTCHTHBIX aJIreOp, OJTHO U3 KOTOPHIX MMApaMETPUIECKOE CEMEHCTRO:
A [e1, 2] = e3, [e2, €1] = —€3;
h(o): [ea, 1] = €3, [€1, €2] = aes, a# —1 u Ay(a)=Ay(a'), ecnu ao'=1;
A3 [e1, e1] = e3;
Aa: [e1, e1] = ey, [, €1] = €3;
As: [e1, e1] = e3, [€2, €1] = €3, [€1, €2] = —€3;
Ae: a0eJeBa.
B craenyromeld TeopeMe TpuBEAcHA KiIacCU(HKAIUSA YCTBIPEXMEPHBIX
paspemmmMbIx anreop JleOHuIa ¢ IByMEpHBIM HIIIBPATUKATIOM.
Teopema 7. Ilycth L — uetbipexmepHasi paspemmumasi ainrebpa JleiOuumna c
JIBYXMEpPHBIM HWIbpagukaioM. Torma L wm3omopdHa OgHON U3 CIICAYIOIMHX
MonapHoO HEM30MOPGHBIX anreop:
Ri: [e1, x] = ey, [€2, Y] = €2,
Ry: [e1, x] = ey, [€2, Y] = €2, [X, €1] = —€1, [y, €2] =—€2,
Rs: [er, X] =€y, [€2, Y] = €2, [V, €2] =— €5,

rae {x, Yy, e}, €} — 0a3uc anreOpsl.

B crnenyromeid TeopeMe TOJIydeHa KiIacCH(UKAIMS  YEThIPEXMEPHBIX
paspemumMbix anreop JleiOHuIa ¢ HUIIbPaTUKAIOM A;.

Teopema 8. Ilycth L — dyeThipexMepHasi pazpemmnmas anrebpa JleiOnuna,
HUJbpaguKal KoTopoi usomopden A;. Torga L uzomopdHa ogHOM U3 clemyrommux
onapHoO HEM30MOPGHBIX anreop:

[epez]:ep [e e ] e, [e 962]2633
1>%2 3 _
[62961] —€;, [elaez]__e3’
[62961] _e3a
[e,.x]=¢,, e, x]=¢ [e,,x]=¢, +e,,
[e,,X]= ve,, v [e,.x]=¢,,
L] ('Y) : _ 2 [62, X] = —C,, L3
[639X]_(1+Y)e33 [63,X] 2639
_ [x,e,]=—¢,
[x,e,]=—¢, x.e]—c.. [X,¢€, e, —¢€,,
_ 2 2 _
[X,62 __'Yez, [X X]_C [Xaez] eza
[x,e,]1=—(1+7)e,. ’ : [x,e,]=—2e,

AHanornyHsiM 00pa3oM, MoyyyeHa KiacCU(UKAIUs BCEX UYEThIPEXMEPHBIX
paspemnmbIx anreop JleOHuna ¢ TpexMepHbIM HUJIbPAAUKAIOM. A UIMEHHO
e CymiecTBYIOT 5 alire0p ¢ HUIBPAAUKATIOM Ay(Qt);
e CymectBytoT 11 anredp ¢ HUIbpAIUKATIOM Aj3;
e CymectBytoT 1 anredpa ¢ HUIbPAAUKATIOM Ay;
e He cymiecTByI0T ainre0p ¢ HUIbPAAUKAIOM As;
e CymecTByIOT 23 anreOpsl ¢ HUWIbPATUKAIOM Ag.
Jlanee paccMOTpuM MATUMEPHYIO pazpemnmyto anreOpy JleitOnuma c
TPEXMEPHBIMU HIWJIbPAUKAIOM PABHBIM OJHOMY U3 Aj, Ax(Q), A3, A4, As U Ag.

41



Teopema 9. Ilycth L — nsatumepHas paspemmmasi anrebpa JleiiOnuma c
HUIbpagukanoM A;. Torna L aBisieTcs anredpoit Jlu u oHa uzomopdHa anredpe:

Mll [62, C]] = Cs, [C], X]] =C1, [62, X2] = €y, [63, X]] = Cs, [63, X2] = C3,

[C], Cz] =—€Cs, [X], el] =—C, [Xz, ez] =—€y, [X], 63] = —C3, [Xz, 63] = —€3.

AHanornyHsiM ~ 00pa3oM, MoOJyyeHa  Kilaccuukanmus  MATUMEPHBIX
paspemnmbIx anreop JleoHuna ¢ TpexMepHbIM HUJIbPAAUKAIOM. A UMEHHO

e CymectBytoT 1 anredpa ¢ HuIBpagukaaom A,(0);

e CymecTByOT 2 anreOpsl ¢ HUJIbPAAUKAIOM A3;

e He cymiecTBytoT asire0p ¢ HUIbpPaAUKAIAMHU A4, As, (), 0£0;
e CymecTByoT 18 anredp ¢ HIIbPAIUKATIOM Ag.

Tperbs rnaBa Ha3BaHHOH, «O BBIPOKIEHUSIX B HEKOTOPbLIX MHOroo0pa-
3uAX ajreOp u uHpuHUTE3MMAJIbHbIE Hedopmanun ajaredp JleiOHunma», auc-
CepTallyd TMOCBSLIEHA TE€OMETPUUECKOMY TOJIXONY K MCCIECIOBAaHUIO KOHEY-
HOMEPHBIX aJIreOp HaJ| 0JIEM KOMILJIEKCHBIX YUCEN.

Omnpenenum nevicteue rpynnsl GL,(F) na muoxecte Leib,(F) cnenyromum
obOpazom:

S T
[x.yle=g [g X8 Y],
rae geGL(F) u x, yeL.

Yepes Orb(L) 0603HaunmM opobuty anredpsl L pu sTom AeicTBUM.

Onpeoenenue 9. bynem rooputh, uto anredpa Jleitonuna L Beipokaaercs B
anrebpy JleiiOnuna M, ecii M nexuT B 3aMbIKaHUU opOuUTHI anredpsl L. B aTom
ciy4dae Mbl Oynem o0o3Hadath L—M.

O6o3naunm yepe3 LSolv(N) — MHOXECTBO pa3pemuMbIx anredp, ¢
HUWJIbpaauKaiIoM N.

Teopema 10. Ilycte R;eLSolv(N;), RyeLSolv(N,) u nycts R, Orb(R)).
Torma dim(N,) > dim(N,).

Beipoxxnenue L — M HazoBem TpuBHaibHbIM, ecid L 1 M uzoMopQHBI.
HeTrpuBunanbHoe BBIPOXKIECHUE HA3bIBAETCA HEMOCPEICTBEHHBIM, €CIH OHO HE
MMEET HE TPUBHAJIBHBIX IPOMEXKYTOUHBIX BBIPOKICHUM, T.€. HE CYIIECTBYET
LIETNIOYKU HETPUBUAIBHBIX BbIpOkAeHUH L - N — M.

Onpeoenenue 10. YpoBHeM anreOpsl L HazpiBaeTCs MakCHMallbHAs JIMHA
LETIOYKH HEMOCPEACTBEHHBIX BbIpOXaeHu L. - L} —» L, ... — a,, rae a, — n-
MepHas abeneBas anredpa.

Bo BTOpoM maparpade TpeTbeil INiaBbl MOJYYEHO OMHCaHUe anredp ypoBHs
OJIMH B MHOT'000pa3usix KOMIUIEKCHBIX N-MEPHBIX anreop.

Teopema 11. n-mepHas (n=>3) anrebpa sBiIgeTCs anreOpoil ypoBHsS OAMH
TOTJa U TOJBKO TOTJA, KOrja OHa M30MOp(HaA OJHOM W3 CIEAYIOIIUX MOMapHO
HENU30MOP(HBIX anredp:

p,: e e =¢€, ¢€-¢=—¢, 12
n,®a,_,:e-e,=¢, €€ =-¢,,

A,®a_,:e e =¢,,

v.(a): e e =¢, e€-¢e=o0e, e-¢=(1-a), 2<1<n.
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B crnenyromeid TeopeMe MoJiydeHO MOJIHOE ONMMCAHHWE ainreOp YpoBHS /Ba B
MHOT000pa3uy KOHEUHOMEPHBIX HOPAaHOBBIX anreop.

Teopema 12. n-mepHas opaaHoBa anreOpa J sBiseTcs: anreOpoi ypoBHS JBa
TOTJa ¥ TOJBKO TOrJa, KOTJa OHa M30MOp(HA OAHO U3 CIEAYIOIIMX MOMapHO
HEM30MOP(HBIX anredp:

J,={e}®@a_,: e-e=¢;

J,={e,,e,,e;,...,6,}: € - =¢€, € € =¢

. =e, 2<1<n;
J,={e,e,.e;}@a ,: e -e,=e,.

Jlanee, Mbl onuiieM anredOpbl YpoBHS JiBa B MHOT0OOpa3uu KOMIUIEKCHBIX N-
MepHbIX anre6p Jlu. Beuay Ttoro, uro B pabotre J[.bypae mosyueHo moJiHOE
reOMETPUYECKOE OMMCAHUE MHOT000pa3usi TPEXMEPHBIX U YETHIPEXMEPHBIX aareop
JI1, TO HOCTaTOYHO PaCCMOTPETH CIydal n = 5.

Teopema 13. Bcsikag n (n>5)-mepHas anre6pa Jlu ypoBHs aBa nzomopdHa
OJIHOM M3 CIEAYIOIIUX MOMApHO HEM3OMOP(PHBIX anreodp:

n,, ®a _: [e,e;]=¢e;, [e,,e,]=e;,
ns, ®a, ;0 [e,e,]=e, [e,e;]=¢es,
r2@an—2: [61762]=629

. b3
g..(a):  [e,e,]=ae,, [e,,e.]=¢e, 3<i<n,azl,aeC
goo: [e;,e,]=¢e, +e;, [e,e;]=e, 3<i<n

JUIs acCOLIMAaTUBHBIX aJIreOp, Mbl OJIYyYaeM CIEAYIOLIYIO TEOPEMY.
Teopema 14. Besikas n (n > 5)-MepHasi accoumaTuBHas anredpa ypoBHs JiBa

n30MOp(Ha OJTHOM U3 CIEAYIOUIUX MOMAapHO HEM3OMOP(HBIX anreop:

A e-e=¢g

A, e ¢ =¢, €-¢=¢e, ¢€-e=¢, <1<n;
A, e € =¢€, €-€=¢, 2<1<n;
A, e -e =€, €-e=¢e, 2<i1<n;

As(a): ey-e =e;, ¢ -¢,=aes;
A € € =€, €€ =€, €€ =—€,.
rne aef{|zl<kl}u{lz|=1Imz>0}.
B  uerBeprom maparpade TpeTbei  TJaBbl  TOJYYEHO  OIKCAHUE
MHpUHUTE3UMATBHBIX Hedopmariuil Hynb-bunudopmusix anredp Jleitonumna NF,,.

Teopema 15. Cnenyrommue 2-KOUUKIIbI

0 (X,%x) =%, 1<j<n,2<k<n.
. X.’X =X s
y(<j<n—1)= W3 (X5:%) = X, |
V(X X)) =X, 1<i<n-1,

o6pasytot 6asuc npocrparctsa ZL*(NF,, NF,).
Cneocmeue 1. Dim Ez(NFn, NF,) = n — 1 u 06a3ucoM mNpocTpaHCTBA
HL2(NFn, NF,,) ABISETC { @, 55 Qpzseees Py -
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Paccmotpum suHeitHble npopoinkaemele gepopmannn p, = NF, +tDa kP
ik

anre6psl NF,. Tak kak kaxablii HETPUBUAIBHBIM KIacC KBUBAJIEHTHOCTH Jedop-
~ ~ 2
Mauui ompenenser enuHcTBeHHbIH 3nement u3 HL'(L,L), To u3 CneactBus 1

n
CIIe[lyeT, YTO JOCTATOYHO PACCMOTPETh W, (a,,a,,...,a,)=NF, +t> a, @, ,, rie
k=2

(a,,a;,...,a,)#(0,0,...,0).

Taxkum oOpa3om, Tabnuna ymHOXkeHus W, (a,,a,,...,a, ) UIMEET BUL:

[x.,X,]= X, 1<i<n-1,
n
[X,,X,]= tZakxk.
k=2
Teopema  16. J Orb(y,(a,,a,...,a,))  sBIseTcss  HENPHBOAUMON
a2,...,an

KOMIIOHEHTOM.
N3 onucanus auddepenuupoBanuii  anredpsl  GUIUGOPMHBIX  anreop
Jleiionnna F., F’, HETPYAHO 3aKIIOYHTB, 9TO
dimDer(F)=n+1, dimBL*(F,F.)=n’*-n-1,
dimDer(F’)=n+2, dimBL*(F’,F’)=n*-n-2.
B cuenyiommux — TeopeMax — NpUBENEM  pe3yJbTaT,  OMMCHIBAIOUIUI
vHUHATE3UMANbHBIE AedopMamun GpuandopMHbIX anre6p Jleiionun F u F?.

Teopema 17. Bceskas uH@uHUTE3UMalbHas Aedopmanus GuaudopmMHOil
9] 1
anreopsl JleitOnuna F, umeer Bun:

(p(x],x1)=20c1’kxk, (p(xj,xl)=Zocj’kxk, 2<j<n-1,
k=2 k=1
(P(erxl) = Zan,kxk7 (P(XUXZ) = ’Yle + ’YanM
k=2
n+2—i
O(x;,X,) = ((1=2)y, +B,)x; + ZBka+i—29 2<i<n,
k=3
(P(Xiax3)=_(a2,1+yl)xi+1> 2<1<n-1,
O(X;, X)) = =0 Xy, 2<i<n-1,3<j<n-1.

Teopema 18. Bceskas unpuHuTesuManbHas neopmanus GuindopmMHOit
9] 2
anreopsl JleitOnuna F. nmeer Bua:
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(P(Xj,X1)=ZOLj’ka, 13j£n—2,
k=1

n n
(P(Xn—l 7Xl) = Zan—l,kxk7 (P(Xn 7X]) = Zan,kxk7
k=2 k=1

(P(Xiaxjn):_aj,]xm) 13i£1’1-2,1£j£1’1—2,
n

(P(XUXn) = _a’n,lxl +ZBka7
k=2

n—i
(P(Xi,Xn)=—1(Xn’1Xi +Zl3kxk+i—l7 23131’1—1,
k=2

P(X,5X,) = VX VX,

B derBepToii rTmaBe  guccepranuu, HaszBaHHOM — «Knaccudukaius
KOMIUIEKCHBIX cyrnepainreop JleOHuIa HUIBMHAEKCA Nt+my», MOJYyYEHO MOJIHOE
ONMCaHHE KOMIUIEKCHBIX cynepainreOp JleliOHuIa HUIIbUHIEKCA n+m, IAe N U m —
Pa3MEPHOCTH YETHOW U HEUETHOM YaCTEN COOTBETCTBEHHO.

ITycte L=L¢®L; — xommaekcHass HUJIBIIOTEHTHas cynepairedpa JleiOuua.
JlJ1st mpou3BOJIBLHOTO 3JIeMeHTa X €L onepaTop mpaBoro ymHoxkeHus Ry siBisieTcs
HUWIBIIOTEHTHBIM 3HIOMOp(U3MOM mpoctpaHcTBa Li, 1€{0,1}. Obo3Hauum yepes
Ci(x), 1€ {0, 1} yObIBaOIIYIO MOCIEAOBATEILHOCTh PA3MEPOB YKOPJAHOBBIX OJIOKOB
onepatopa Ry. Paccmorpum Ha mHO)kecTBe Ci(L() ekcukorpaduyeckuii mopsaok.

Onpeoenenue 11. IlocnenoBaTeabHOCTh

C(L) =| max C,(x)|max C,(X)
xeLy\[Lg,L] XeLy\[Ly,Ly]
HA30BEM  XapaKTePUCTUYECKOM IMOCJIEeN0BATEIbHOCTBIO JUJISI  Cylepareopbl
Jleitbnuma L.

Onpeoenenue 12. Cynepanrebpa Jleiibnunia L Ha3biBaeTcsl  HYIb-
bunmudopmuori  (cooTBeTcTBeHHO, (unmudopmuoit), eciu C(L) = (njm)
(cootBetrcTBeHHO, C(L) = (n—1,1|m)).

Knaccel Hynb-punudopmMuslx U GuinpopMHbIx cymnepanredp JleiOnuna
Ooynem o6o3nauath ZF, i, u F, ;;,, COOTBETCTBEHHO.

B cnenyromeii Teopeme npeactaBieHa Kiaccuduxanus Hylb-Quin@opMHbIX
cynepanreop JleliOHuIa ¢ AByMEpHON YETHOW YacCThIO U HUJIBUHIEKCOM, PABHBIM
m+2, T.e. ciiy4ail n=2.

Teopema 19. Tlycts LeZF;, (m>2) ¢ HUIBUHIEKCOM, paBHBIM m+2; TOrAa m
HEYETHO U CYHIECTBYET 0a3uc {Xi, X2, Y1, Y2, ---, Yms B cymnepainredpe L Takoii, 4ro
€€ YMHOKEHHE B 3TOM 0a3uce UMEeT CIAEAYIOIIUMA BU:

[X,, X, ]=X,,

[V X,1= Vi l<i<m-1.

[XUYi]:_YiH’ I<i<m-1,

[Yi7Ym+l—i]=(_1)i+1X2, I<i<m-1.
I[pu orpanuveHusIx n > 3 1 m > 2 crnpaBeiuBa
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Jlemma 1. TlpouwsBojibHas JBYIOPOXKJEHHas cynepanredpa JlelOHuila,
npuHaanexamas knaccy ZF, , (n > 3, m > 2), uMeeT HWIbUHACKC MEHbIIE Yncia
n+tm.

UckmrountenbHass 0coOEHHOCTh B Kiacce (GuindopMHBIX cynepaireop
JleitbHMIIa ¢ HUJIBMHIEKCOM N+m MOSBISIETCS IPU n=m=2.

Teopema 20. Ilyctb L — cynepanrebpa JleliOHuia, mnpuHamiexanias
MHO)ecTBY F,, ¢ HuIbuHAEKCcOM, paBHbIM 4. Torga oHa usoMopdHa OAHON M3
CJIEIYIOIINX JBYX HEM30MOP(DHBIX cyrepanreop:

[YUXI]ZYZ7
1
[y,X1=Y,, [x,y,]== Y29
[X >y ]:y 5
Fyyce 277 i E,: [Xz,y1]=Y2,
[Y19X2]:2Y29 _
[YUXZ]_Q’YZ’
[YUYI]:XZ’ —
[y, y:1]=X,.

Hns dunmudopmubix cymnepanredp JlelOHuma mpu n > 3, cyliecTBOBaHUE
aJanTUPOBAHHOTO 0a3uca NMPUBOAUTCS B CIEAYIOUIEH Teopeme, KOTopasl MoydeHa
Kak ciefcTBUe pe3ynbTatoB padotel 111.A.ArorioBa, b.A.OmupoBa u M.BepHb.

Teopema 21. Ilycte L — mnpousBonbHas cynepainrebpa JleiOuuna,
npuHaanexanas MHoxkecTBy F, . Torga cymectByeT 0a3uc {Xi,Xa, ..., Xn, Vi, Y2,

s Ym) cynepainreOpbl L, ynoBIeTBOpPSIOUIMN OJHOMY H3 CIEAYIOIUX TPEX
YCJIOBUM:

a) [X1, X1]7X3, [Xi, X1]7Xi+1, 2<1<n-1,
[X1, X2]=0Xgt0lsXsT ... F0l 1 Xy 110Xy,
[Xj, X2]=04Xji2T0sXj43t ... T0n+2iXn, 2<7<n-2,
[y;, X]=yj+1, 1 <j<m-1 n HekoTOpOro XELO\L

0) [X1, X1]7X3,  [Xi, X1]FXi+1, 3<1<n-1,
[X1, Xo]=BaxatPsxst ... +PnXn, [X2, X2]=YX0,
[X, X2]=BaXjrotBsXjr3t ... +Pnr2iXn, 3<1<n-2,
[y;, X]=yj+1, 1 <j<m-1 n HekoTOporo XELO\L

B) [Xi, X1]= Xi+1, 2<1<n-1,
[X1, Xi]=Xi+1, 3<1<n-1,
[X1, X1]=01X0, [X1, X2]=-X3 + 02Xp,  [X, X2]=03Xy,
[X2, Xi]=-[Xj, X2] € {Xj+2, Xj+35 -+ > Xn}» 3<j<n-2,
[Xi, Xi]=-[Xj, Xi] € {Xitj> Xitjt1> --» Xnf» 3<i1< [g], 1<) <n,

[yi» X] = ¥j+1, 1 £j <m-1 u Hekoroporo xeLo\L? .
r7ie OTCYTCTBYIOIIUE Mpou3BeAcHNus B Ly paBHBI HyII0. bonee Toro, cTpyKTypHBIE
KOHCTaHTHI anreOp U3 Ki1acca B) cyneproxaectsa JleiiOHuma.
Jlemma 2. Tlycts L — cynepanreOpa JleiioHuna, npuHamaiexaiias MHOKECTBY
Fom, ¢ HIIBUHACKCOM, paBHBIM n+m. Torga mpu 4eTHOM 3HAY€HUHM N+m UMeeM
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m=n, a B CJIydac n+m HedeTHOM mMeeM m=n—1. B YaCTHOCTHU, IIPH m=n-1 B

cynepanreope L u3 kinacca a) Teopemsl 20 cymiecTByeTt 60a3uc {Xi, Xz, ..., Xn, Y1, Y2,
..., Yn-1} TAaKOH, 4YTO YMHOKECHHE B L uMeeT ciaeayromuii BUI;

[x1,%1]=X3, [Xi,X1]=Xi+1, 2<i<n-l,

[YJ9X1]=YJ+19 1 SJ =< n_2)

1 1 .

[XlaYI]ZEYL [Xi9y1]=EYi9 2 <1< n_1)

[YI9y1]=X19 [Yj9Y1]=Xj+19 2 SJ < n_la

[X1,X2]F0uXatasXst ... +0n 1 Xn 1 TOX,,

[Xj,Xo]=0uXjotasXist ... Fono Xy, 2<)<n-2,

[y1,X2]F0uystasyst ... +0un1Yn2t0yn,

[yjX2J=0uyjratasyjat ... tonjyn1, 2 <j<n-3,
(OTCYTCTBYIOIIHE MPOU3BEICHHS PaBHBI HYIIIO).
AHanoru4Ho, U3 Kjacca a) Ipu m=n, U3 kjacca 0) mpu m=n—1 u u3 kiacca 0)
py mM=n Tojy4aercs émie Tpu cemeicTB prmndopmubix cymnepainreop Jlerionauma
C HWJIBMHJIIEKCOM N+m. DTH YeThIpe Kjacca COOTBETCTBEHHO 0003HAYAIOTCS yepes

L(OL4, sy oovy Olp, 9), M(OL4, sy vovy Olp, 9, ’C), G(B4, Bs, ceey Bn, ’Y), H(B4, Bs, ceey Bn, 8,
¥)-

[TpuBeneM HeoOXOAMMBICE M JOCTATOYHBIC YCIOBHS HM30MOP(PHOCTH IBYX
anreOp u3 cemericta L(ay, ds, ..., 0, 0).

IIpeonoacenue 1. JIpe cynepanreopsl L(ou, as, ..., o, 0) m L'(a',, o',
...,a' , ") "30MOPQHBI TOTA U TOJIBKO TOTJa, Korja cymectByer a€ C takoe, 4To
BBITIOJTHSFOTCS CJICTYIOITUE YCITOBHS

o, =a’a';, 4<j<n

0=2a"""0"

AHaNOrM4YHO, OJY4YeH KpuTepuil uzomopdusma st cemenricts M(ou, ds, ...,
O, 0, 1), G(B4, Bs, ---» Py ¥)>, HP4, Bs, --., Pnr O, ¥). C IOMOIIIBIO 3TUX KPUTEPUEB
nonyyeHa  kinaccudukanus — puiudopmubix  cymepanrebp  JleitOnuna ¢
HUIBMHAEKCOM PaBHBIM N+m JJis KJIaccoB a) U 0).

st cynepanre6psl L, npuHajuiexaiias Kiaccy B), BepHa cieayromas Jlemma.

Jlemma 2. Tlycts L — cynepanrebpa JleliOnuila, npuHaaiexaias Kiaccy B)
Teopemsl 20. Torga e€ HUIBUHAEKC MEHBIIIE N+m.

B maparpade 4.3 onucansl cynepanreopsl JleliOHuIIa ¢ HIJIBUHACKCOM n+m,
y KOTOPBIX YETHAsl YacTh SBIsIETCA Hylb-punrdopMuoit anredpoit JleitOuuma.

OcHOBHBIM pe3yiibTaToM maparpada 4.3 sBiseTcs ciaeayrolas Teopema.

Teopema  22. Ilycte  cynepanreopa  Jleitbnuna L oGnagaer
XapaKTEPUCTUUECKOM MOCIeN0BATEILHOCTRIO (N | my, My, ..., M), TAe m; < m—2.
Torna L umeeT HUIBUHACKC MEHBIIIE YKCIIA n+m.

B mnaparpage 4.4 paccmarpuBarorcs cynepaireOpesl  JleiOnuma, ¢
XapaKTEePUCTUUECKOM MociaeaoBaTeIbHOCThIO (n—1, 1 | my, my, ..., my), Tae m; <
m—1. A MUMEHHO, JI0Ka3bIBACTCS, YTO TaKHE CyrnepaireOpbl UMEIOT HUJIBUHIEKC
MEHBIIIE YHcIa ntm.

b
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Teopema 23. Tlycte L — cymepanreOpa JleiiOHuIla ¢ XapakTEpUCTUUECKOM
nocieaoBaTebHOCTRIO (n—1, 1 | my, my, ..., my). Torma L uMeeT HUIBUHICKC
MEHBIIIE YHUCJia n+m.

OnHuM W3 OCHOBHBIX PE3YJIbTATOB IATOTO TMaparpada 4YeTBepTOW TIJIaBbl
SABJISIETCS CIEYIONIAs TEOpeEMA.

Teopema 24. Tlycte L — cymepanreOpa JleiiOHuIla ¢ XapakTEpUCTUUECKOM
MOCJIEA0BATEILHOCTRIO (N, Ny, ..., Ng | My, My, ..., M), TAe Ny < n—2, m; < m-1, u
MycTh 00a mopoXKJarmux 3jeMeHTa jexar B L. Torma L uMeeT HUIBUHIEKC
MEHBIIIE YHUCJia n+m.

B maparpade 4.5 nokazaHo, 4TO B OCTaJbHBIX CIy4asx Cymnepaireopsl
JleliOHuIIa ¢ XapaKTEepPUCTUUYECKON MOCIE0BAaTeIbHOCTRIO (Ng, Ny, ..., Ni | My, My,
..., M), ¢ YCIOBUEM N < N—2, TAaK)KE UMEIOT HWIBUHICKC MEHBIIIE YeM n+m.

3AKJITIOYEHHUE

1. BbisiBIeHbI CBOWCTBA HEKOTOPBIX MOJYMPOCThIX anredp JlelOHuua u
J0Ka3aHo, 4yTo s anreOp JleOHMIAa aHalIor KJIACCHMYECKOro pe3yibTaTa o
pa3NoKeHUH NoJaynpocToil anreOpsl JIu B mpsiMyto cymmy npocthix anreop Jiu He
BEPEH.

2. BydeHo CBOMCTBO HUJIBLIIOTEHTHOCTH KOHEUHOMEPHBIX anreop JleroHua.
JlokazaHo, 4TO KOHeyHOMepHas anreOpa JleliOHMIIa HUIBMOTEHTHA TOTAA M
TOJIBKO TOr/a, Koraa CYLIECTBYET HEBBIPOKICHHOE JleliOHUIIEBO
muddepeHurpoBaHue.

3. Kinaccudpunmposansl dpunudopmubie anredpsl JleliOHuIa, He SBISIONIAECS
XapaKTePUCTUYECKU HUJIBIIOTEHTHBIMH, U KOMIUIEKCHBIE N-MepHbIE PUIHPOPMHBIE
anreOps! JlerbHua JuHbI n—1.

4. llomyyeHo TOJIHOE ONHCAaHHME, C TOYHOCTBbIO JI0 H30MOpdu3Ma,
YEeThIPEXMEPHBIX KOMIUIEKCHBIX —anreOp JlelOHuna u  KiIaccu@UIMPOBaHbI
MATAUMEPHBIE KOMIUIEKCHBIE pa3pemnmMble anreOpbl JlelOHuna ¢ TpexMepHbIM
HUJIbPAAUKAIIOM.

5. TlomydyeHo ommucaHue pa3pemuMbix anredp JleiOHuIa, HUIbpaIUKAT
KOTOPBIX ABJISIETCS NPAMOU CyMMOU HyJIb-(QUIU(OPMHBIX HI€aTIOB.

6. [IpuBeaeHbl pe3ynbTaThl, KACAIOUIMECS BHIPOKICHUN pa3pelIuMbIX anreop
Jleitbuua. A UMEHHO, JI0Ka3aHO, YTO €CJIM pa3peuumas aiaredpa BhIPOKIAETCS B
IPYTyl0, TO pa3MEpHOCTh HWIbpaJuKala MpeaeibHOW anreOpbl HE MEHbIIE YeM
pa3MepHOCTh HUJIbpAJUKaja 3aJaHHON pa3pelnMoi anreophl.

7. W3yuensl anreOpbl, KOTOpbIE pACMHOJAraloTCsi B HIKHUX YPOBHSAX B
MHOTO0Opa3usx anredp. [lomydyeHo mosHoe omucaHue aiaredp ypoBHS OJUH U
KJaccu(UIMPOBaHbl aNreOpbl YPOBHS JBa B MHOT000pa3usix KOHEUHOMEPHBIX
KOMIIJIEKCHBIX aCCOLMATUBHBIX, HOPAAHOBBIX U JIMEBBIX aJreop.

8. W3yuensl wuHpuHUTE3UMANbHBIE AedopManuu anreOp Jleitbuuma. A
MMEHHO, ONHcaHa BTOpas TpyMNna KOroMOJOTUd HYyJIb-GUIUdOpPMHBIX anredp
Jleitbnuma. /loxazaHo, 4TO 3aMblKaHHE€ OPOHUT BCEX OJHOMOPOXKACHHBIX alredp
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JleiiOHuUIa ABIIETCS HETPUBOJAUMON KOMITOHEHTOH MHOTOO0Opa3usi KOMIUIEKCHBIX
KOHEYHOMEpHBIX anreOp JleiOHua.

9. Ilonmy4yeHo ommcanne WHPUHUTE3UMAIBHBIX Ie(opManuii eCTeCTBEHHBIM
o0Opa3oM rpaayrpoBaHHbIX priindopmubix anredp JleiiOnua.

10. KnaccudumupoBansl Bce cyrepanreopbl JleiOHua ¢ HWIBMHACKCOM
n+m, 1 J10Ka3aHO, YTO KpOMe HYJIb-PUIHPOPMHBIX U GUINGOPMHBIX Cynepanreop
Jleitbnnia u  cynepanreOp JleiOHUMIIA, MMEIOMIMX XapaKTEPUCTUUYECKYIO
nociienoBaTenbHOCTh  (n | m—1, 1), Bce ocranbHble cynepanreOpsl JlehOHuna
UMEIOT HIJIBUHACKC MEHBIIIE, YeM n+m.

PaGora HocuT TeopeTmueckmii xapaktep. Pe3ymbTaThl W METOIBI,
NIPEICTABICHHBIC B JUCCEPTAIIH, MOTYT OBITh HCIIOJIB30BAHBI TIPH MCCIEAOBAHUAX
APYTruX MHOT000pasmii anredp u cynepanreOp, B TEOpHH KaTeropuid, B U3y4CHUU
anredp ¢ pa3IMYHBIMU TUTIAMU TPATYHPOBOK, BEIYUCICHUH TPYII KOTOMOJIOTUN |
TOMOJIOTHH, a TaKkKe MpPH HM3YUYECHUU PA3IUYHBIX TPOIECCOB TEOPETHICCKOU
(bu3UKH.
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Introduction (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Algebraic instruments
are very useful in the study of elementary particles in quantum mechanics, the
properties of solids and crystals, in the analysis of model problems of the
economics, in the problems of population biology, etc. Since associative algebras
defined by specific identity, have been considered when identifying properties of
closeness with respect to the usual multiplication of square matrices, further
development of algebras leads to the theory of alternative, Lie and Jordan algebras,
which are very closely related to each others and have many connection with
different areas of mathematics. Since Leibniz algebras are generalizations of Lie
algebras, many results of the theory of Lie algebras have been extended to Leibniz
algebras. One of the priority directions of research related to this subject is to prove
analogues of theorems of the Lie algebras theory in the Leibniz algebras case and
to investigate of the inherent properties of Leibniz algebras which are not valid for
Lie algebras.

From the classical theory of Lie algebras it is known that an arbitrary finite-
dimensional Lie algebra over a field of characteristic zero is decomposed into the
semi-direct sum of maximal solvable ideal and its semi-simple subalgebra. On the
other hand finite dimensional Leibniz algebras are also decomposed into the semi-
direct sum of the maximum solvable ideal and a semi-simple Lie algebra. The
investigation of solvable algebras with some special types of nilradicals comes
from different problems in physics. Therefore, similarly to Lie algebras, the
investigation of solvable Leibniz algebras with given nilradical is one of the actual
problems.

Recall that the class of nilpotent Lie algebras is the special subclass of
solvable algebras. Since the description of all nilpotent Lie algebras seems too
complicated, their study should be carried out with additional restrictions. In
particular, in the investigation of nilpotent algebras one of the main restrictions is
to restriction to the index of nilpotency. It should be noted that the maximal
nilindex for Lie algebras coincides with the dimension of the algebra, and such
type of algebras are called filiform algebras. Though, filiform Leibniz algebras
have a relatively simple restriction in the class of nilpotent algebras, they have a
sufficiently complicated structure, which is convenient to investigate with an
additional condition of gradation. The effectiveness of the maximal gradation
specify that it most accurately provides information about the structure constants
of the algebra in the multiplication table.

The notions of degeneration, contraction and deformation of the algebra
appeared from physics. Namely, the notion of contraction of Lie algebras in
physical terms means: two physical models are related by a limiting process, under
the action of the associated invariants groups. Deformations characterize the local
behavior in a small neighborhood in the variety of given type objects. Thus, the
study of the deformations of these algebras is a special case of the study of the
local geometric properties of varieties. According to algebraic geometry an
algebraic variety is a union of irreducible components. The closures of orbits of
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rigid algebras give the irreducible components of the variety. That is why the
finding of rigid algebras is a crucial problem from the geometrical point of view.
The main reason for the demand of the theme of the dissertation is a close
relationship of Leibniz algebras and their cohomological properties with the
problems of Jordan, Lie algebras and their other generalizations.

Motivation of studying Lie superalgebras as a generalization of Lie algebras
came from supersymmetry in mathematical physics. The theory of Lie
superalgebras has established itself as a universal subject in modern algebra.
Leibniz superalgebras are generalizations of Leibniz algebras and, on the other
hand, they naturally generalize Lie superalgebras. Thus, the investigation of
Leibniz superalgebras should take place to some parallel studies of these varieties.
Similarly to Leibniz algebras, the study of finite-dimensional nilpotent Leibniz
superalgebras with the maximal index of nilpotency and Leibniz superalgebras
with nilindex equal to the dimension of the superalgebras, is an actual problem.

Connection of research to priority directions of development of Science
and Technologies of the Republic. This dissertation was performed in accordance
with the priority direction of development of Science and Technologies F4
“Mathematics, Mechanics and Informatics”.

Review of foreign scientific research on the theme of the dissertation. In
the directions of the structural theory of non-associative algebras, in particular Lie
algebras, Leibniz algebras and studying of their cohomological properties
extensive research is conducted in the research centers and universities of the
leading countries, including Institut de Recherche Mathématique Avancée,
Universit¢ de Haute Alsace, Institut de mathématiques de Jussieu (France);
University of Seville, University of Santiago de Compostela, Complutense
University of Madrid (Spain); University of Dusseldorf, Institut Computational
Mathematics (Germany); University of Vienna (Austria), Eotvos Lorand
University (Hungary), University of San-Diego, University of lowa, University of
Toledo (USA); University of Sao Paulo (Brazil); East China Normal University
(China); Moscow State University, S.L.Sobolev Institute of Mathematics,
Novosibirsk (Russia); University of Putra Malaysia (Malaysia); University of
Sydney (Australia), Institute of Mathematics and Mathematical simulation, Almaty
(Kazakhstan).

As a result of research carried out in the description of some classes of finite-
dimensional Lie algebras, classification of nilpotent and solvable Leibniz algebras
and finding their closures of orbits series actual problems were solved, on the
world level including of the following scientific results: naturally graded filiform
Lie algebras and low dimensional nilpotent Lie algebras were described (Institut de
Recherche Mathématique Avancée, Universit¢ de Haute Alsace); seven
dimensional nilpotent Lie algebras were classified (University of Toledo); the
geometrical description of three and four dimensional Lie algebras was obtained,
and their closures of orbits were found (University of Dusseldorf, Institute
Computational Mathematics); solvable Lie algebras with naturally graded filiform
nilradical were classified (Complutense University of Madrid); it was proved that
the second cohomology group of rigid algebras is equal to zero (Institut de
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mathématiques de Jussieu); naturally graded 2-filiform and quasi-filiform Leibniz
algebras were classified (University of Seville); a description of filiform Leibniz
algebras up to dimension ten were obtained (University of Putra Malaysia); it was
proved that any finite-dimensional complex Leibniz algebra is decomposed into
semidirect sum of its solvable radical and semisimple Lie subalgebra (University
of Sydney).

In present time foreground scientific research works are carried out on
developing the description of solvable Leibniz algebras with given nilradicals,
finding the closures of orbits of low dimensional Leibniz algebras, finding of rigid
algebras in the variety of Leibniz algebras, description of the deformation and
infinitesimal deformation of Lie and Leibniz algebras.

The degree of scrutiny of the problem. From the classical theory of Lie
algebras it is known that every finite-dimensional Lie algebra is decomposed into
semidirect sum of its solvable radical and semisimple subalgebra (Levi’s
Theorem). Moreover, semisimple part is the direct sum of simple ideals. In 2011
D.Barnes extended the Levi’s Theorem to the case of Leibniz algebras.

N.Jacobson proved that every Lie algebra over a field of characteristic zero
admitting a non-singular derivation is nilpotent. The problem whether the inverse
of this statement is correct was open until an example of nilpotent Lie algebra
whose all of derivations are nilpotent was constructed by J.Dixmier, W.G.Lister.
Consequently, algebras whose derivations are nilpotent called characteristically
nilpotent Lie algebras. Characteristically nilpotent Lie algebras are investigated by
Y .Khakimdjanov, F.J.Castro-Jiménez, J.N.Valdés and others.

The description of low dimensional nilpotent Lie algebras and naturally
graded n-dimensional Lie algebras were considered by J.M.Cabezas, E.Pastor,
J.R.Gomez, J.M.Ancochea-Bermiidez, A.Jimenéz-Merchan, J.Reyes, M.Goze,
Y .Khakimdjanov and others. Leibniz algebras are classified by Ayupov Sh.A.,
Omirov B.A., Rakhimov I.S., Casas J.M., Ladra M., Gémez J.R., Camacho L.M.,
Rikhsiboev I.M. and Gonzilez A.R. The gradation with maximum length was
introduced by Y.Khakimdjanov and in the work of J.R.Gomez, A.Jimenéz-
Merchén, J.Reyes the filifrom Lie algebras with maximum length were classified.
The description of filiform and quasi-filiform Leibniz algebras with maximum
length was obtained by Ayupov Sh.A., Omirov B.A., Goémez J.R., Camacho L.M.

In 1945 A.l.Malcev proved that a solvable Lie algebra is uniquely determined
by its nilradical. Further, in 1963, G.M.Mubarakzjanov developed a method of
constructing solvable Lie algebras by nilradical and its nil-independent derivations.
Using the Mubarakzjanov’s method J.M.Ancochea-Bermidez, R.Campoamor-
Stursberg, V.Boyko, J.C.Ndogmo, P.Winternitz, L.Snobl, Y.Wang described
several classes of solvable Lie algebras. Classification of solvable Leibniz algebras
with some nilradicals were obtained in the works of Casas J.M., Ladra M., Omirov
B.A., Karimjanov I.A., Bosko-Dunbar, Dunbar J.D.

Classical deformation theory of associative and Lie algebras began with the
works of M.Gerstenhaber and A.Nijenhuis, R.W.Richardson in the 1960s. They
studied one-parameter deformations and established the connection between the
cohomology and infinitesimal deformations of Lie algebras. In the works of
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A.Fialowski, M.Penkava, M.Gilg, D.V.Millionschikov different types of
deformations of Lie algebras are investigated and their properties are studied. In
particular, infinitesimal deformations of filiform Lie algebras and Lie
superalgebras were described by Khakimdjanov Yu., Navarro R.M. The studies of
cohomological properties and deformations of Leibniz algebras were carried out by
J.-L.Loday, T.Pirashvili, D.Balavoine, J.M.Lodder, A.Fialowski and others.

The basic concepts and systematical exposition of basic of Lie superalgebras
are given in the monograph of V.G.Kac. Works of F.A.Berezin, V.G.Kac,
D.A.Leites and others devoted to description of simple and semi-simple Lie
superalgebras. Nilpotent Lie superalgebras are investigated by J.R.Gomez,
Yu.Khakimdjanov, M.Gilg, R.M.Navarro and others. The notion of Leibniz
superalgebras was introduced in 2005 by S.Albeverio, Sh.A.Ayupov and
B.A.Omirov. In their paper the classification of Leibniz superalgebras with
maximal index of nilpotency is obtained, and it is shown that such type of Leibniz
superalgebras has nilindex n+m+1. The first attempt of the description of Leibniz
superalgebras with characteristic sequence equal to(n | m-1, 1) has been done by
L.M.Camacho, J.R.Gémez, R.M.Navarro and B.A.Omirov.

Connection of the theme of the dissertation with the research works of
the higher education institution, where the dissertation is carried out. The
research was performed in accordance with the plan of scientific research "Semi-
simple Leibniz superalgebras and their derivations", Institute of Mathematics
(FYO4-FA-®016, 2012-2013.); "Linear integrable and infinitesimal deformations
of solvable Leibniz algebras", Institute of Mathematics (YOF4-OT-0-20581, 2014-
2015.); "Non-associative and operator algebras, dynamical systems and their
application in statistical physics and population biology" Institute of Mathematics
(F4-FA-®013-F013, 2012-2016.); "Structural theory of non-associative algebras,
Banach modules and discrete dynamical systems", National University of
Uzbekistan (F-4-09, 2012-2016.)

The aim of the research is the development of the structure theory of finite-
dimensional complex Leibniz algebras and their derivations, further development
of the theory of degeneration and deformation of non-associative algebras and the
description of nilpotent Leibniz superalgebras.

Research problems of this work are following:

study of nilpotency properties of finite-dimensional Leibniz algebras;

description of semi-simple Leibniz algebras and construction an example of
semi-simple Leibniz algebras which are not decomposed into a direct sum of
simple ideals;

classification of n-dimensional complex non-characteristically nilpotent
filiform Leibniz algebras, and description up to isomorphism of n-dimensional
complex filiform Leibniz algebras of length n-1;

classification of low dimensional solvable Leibniz algebras, and description
of solvable Leibniz algebras which nilradical is the direct sum of the null-filiform
1deals;

investigation of algebras of lower levels in certian varieties of algebras;
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description of cohomology group of null-filiform and filiform Leibniz
algebras;

classification of Leibniz superalgebras with nilindex n + m, where m and n
are dimensions of even and odd parts, respectively.

The object of research. Nilpotent Leibniz algebras, solvable algebras, semi-
simple algebras, derivations, degenerations, deformations, cohomology groups,
nilpotent Leibniz superalgebras.

The subject of research. Z — graded filiform Leibniz algebras,
characteristically nilpotent algebras, four and five dimensional solvable Leibniz
algebras, derivations and deformations, null-filiform and filiform Leibniz algebras,
nilpotent Leibniz superalgebras with the maximal index of nilpotency.

Methods of research. In the dissertation the methods of structural constants,
classification methods, gradation methods, methods of the theory of degenerations,
deformation theory and the methods of invariant theory are applied.

Scientific novelty consists of the following:

a characterization of the nilpotency of finite-dimensional Leibniz algebras in
terms of Leibniz derivations is obtained;

non-characteristically nilpotent filiform Leibniz algebras and n - dimensional
filiform Leibniz algebras of length n—1 are classified;

it is shown that the classical result of the decomposition of a semi-simple Lie
algebra into a direct sum of simple ideals is not true for Leibniz algebras;

description of four dimensional complex Leibniz algebras is obtained, and
five-dimensional complex solvable algebra Leibniz with three-dimensional
nilradical are classified;

classification of solvable algebra Leibniz, whose nilradical is the direct sum
of the null-filiform i1deals is obtained;

classification of algebras of level one and a description of algebras of level
two in the varieties of finite-dimensional complex associative, Jordan and Lie
algebras are obtained;

the second cohomology groups of null-filiform Leibniz algebras are
described, and a description of infinitesimal deformations of naturally graded
filiform Leibniz algebras is obtained;

classification of null-filiform and filiform complex Leibniz superalgebras
with nilindex n+m is obtained;

Leibniz superalgebras with the nilindex n+m are described and it is proved
that, Leibniz superalgebras except null-filiform and filiform Leibniz superalgebras
and Leibniz superalgebras with characteristic sequence (n | m—1, 1), have nilindex
strictly less than n+m.

Practical results of the research. New methods have been devoted in
investigation of Leibniz superalgebras, which use gradation method of the even
part of the superalgebra. In particular, the well-known description of the Lie
superalgebra with maximal nilindex were obtained in more elegant and simple
way. The results of the dissertation concerning the classification of low
dimensional solvable Leibniz algebras allow to verify number of hypotheses about
solvable Leibniz algebras with arbitrary dimensional.
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The reliability of the research results is substantiated by the strictness of
mathematical reasoning and using the known methods of investigation of other
classes of algebras and superalgebras, using fundamental results of the theory of
algebras and superalgebras. The results of the classification statements in the case
of small dimensions were confirmed by special mathematical programs which
created in Mathematica 12.

The scientific and practical significance of the research results. The
scientific value of the results of research is that the results obtained in the work can
be used for further research of other varieties of algebras and superalgebras. In
particular, the techniques and methods developed in this dissertation can be used to
solve the well-known Grunewald’s conjecture on non existence of rigid nilpotent
Lie algebra in the variety of Lie algebras.

The practical significance of the dissertation is that the results of the thesis
concerning the classification of low dimensional solvable Leibniz algebras allow to
verify number of hypotheses about the solvable Leibniz algebras with arbitrary
dimension. Classification of finite-dimensional algebra of level one and level two
is an important result for complete information about the degenerations tree of
other varieties of algebras.

Implementation of the research results. Description of n-dimensional
complex filiform Leibniz algebras of length n-1 and classification of filiform
noncharacteristically nilpotent Leibniz algebras have been used in the foreign
project FQM 143 — Computational Method of Applied Mathematics (University of
Seville, Spain, Confirmation dated September 25th, 2015). In particular, these
descriptions were used in the classification of naturally graded quasi-filiform
Leibniz algebras and the description of complex solvable Leibniz algebras with
non Lie filiform nilradicals.

Description of infinitesimal deformation of nilpotent Leibniz algebras and the
characterization properties of some semi-simple Leibniz algebras, which were
obtained in this dissertation, were used in the research project MTM?2009-14464-
C02 (University of Santiago de Compostela, Spain, Confirmation dated November
4th, 2015) to describe the second cohomology group of simple Leibniz algebras.

The description of infinitesimal deformation of nilpotent Leibniz algebras
have been used in the project 05-02-12-2188FR (University Putra Malaysia,
Confirmation dated February 2nd, 2016) to describe the orbit closures of some
classes of Leibniz algebras under the action of the linear group on the variety of
Leibniz algebras

Approbation of the research results. The main results of the dissertation
were discussed at the following international and republican scientific conferences:
«Operator algebras and quantum probability» (Tashkent, 2005), «Differential
equations and their applications» (Nukus, 2009), « Operator algebras and quantum
probability» (Tashkent, 2012), «Modern problems of complex and functional
analysis» (Nukus, 2012), «Actual problems of mathematical analysis» (Urgench,
2012), «Modern problems of differential equations and their applications»
(Tashkent, 2013), «The problem of modern topology and its applications »
(Tashkent, 2013), «Non-classical equations of mathematical physics and their
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applications» (Tashkent, 2014), «Algebra, analysis and quantum probability»
(Tashkent, 2015).

This work was discussed at the republican seminars “Operator algebras and
their applications” of the Institute of Mathematics at the National University of
Uzbekistan, at the seminar “Modern algebra and its applications” of the National
University of Uzbekistan, at the city seminar of Department of Algebra and
Functional Analysis of the National University of Uzbekistan, at the seminar of
Institute of Mathematics, University Santiago de Compostela (Spain, 2012), at the
seminar “On recent achievements on harmonic analysis, algebras and their
applications” University Putra Malaysia (Malaysia, 2013), at the seminar “Non-
associative algebras” University of Seville (Spain, 2014). The obtained result were
presented in the following international congresses: «International Congress of
Mathematicians-Seoul 2014» (Korea, 2014), «TWAS 25" General Meeting. 2014»
(Oman, 2014).

Publications of the research results. 40 scientific papers are published on
the theme of the dissertation, from which there are 5 articles in national journals,
18 articles in foreign journals, 17 abstracts in scientific conferences.

The volume and structure of the dissertation. The dissertation consists of
the introduction and four chapters with conclusions, general conclusion and
bibliography. The total volume of the work is 200 pages, there are 184 items in the
list of references.

THE MAIN CONTENT OF THE DISSERTATION

In introduction the actuality and demand for the theme of dissertation is
verificated, connection of the research to priority directions of development of
Science and Technologies of the Republic is stated, review of foreign scientific
research on the theme of the dissertation and the degree of scrutiny of the problem
are provided, the aim and problems are formulated, the object and the subject of
research are described, scientific novelty and practical results of research are
stated, the theoretical and practical significance of obtained results is revealed, the
implementation of research results in practice, the list of published works and the
dissertation structure are given.

In the first chapter of dissertation which named «The description of semi-
simple and filiform Leibniz algebras» a preliminary is given, some properties of
semi-simple Leibniz algebras are obtained, the classification of n-dimensional
filiform Leibniz algebras of length n-1 and the description of non-
characteristically nilpotent filiform Leibniz algebras are obtained.

Definition 1. An algebra L over a field F is called a Leibniz algebra if for any
X, y, zeL the so-called Leibniz identity:

[Xa [Y9 Z]] = [[Xa Y]a Z] - [[Xa Z]) Y]a
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holds true.

For a given Leibniz algebra L we define derived sequences as:

a) L=L, L™= LI, b)L'=L, L"'=[L"L'].

Definition 2. A Leibniz algebra is called solvable, if there exists meN such
that L'™=0. The number m, such that L'™"£0 and L'™=0 is called index of
solvability of the algebra L.

A Leibniz algebra L is called nilpotent, if there exists seN such that L’=0.
The minimal number s with this property is called index of nilpotency (nilindex) of
the algebra L.

The maximal nilpotent (solvable) ideal of a Leibniz algebra is said to be the
nilradical (radical) of the algebra.

It 1s known that any non-Lie Leibniz algebra L has an ideal I = span{[x,x],
xeL}, which coincides with the space spanned by squares of elements of L, and
the quotient algebra L/I is a Lie algebra. Therefore, in Dzumadil’daev’s work the
following definition of simple Leibniz algebra has been suggested.

Definition 3. An algebra L is called simple, if L*#I and it contains only ideals
{0}, I, L.

Definition 4. An algebra L is called semi-simple, if its maximal solvable ideal
is equal to I.

Obviously, the quotient algebra of a simple Leibniz algebra by its ideal I is a
simple Lie algebra, but the converse is not true, i.e. there exist a Leibniz algebra
which is not simple, however the Lie algebra L/I is simple.

Definition 5. An algebra L is called Lie-simple if the quotient algebra L/I is a
simple Lie algebra.

As it was mentioned above analogue of Levi's Theorem for Leibniz algebras
was proved by D.Barnes. The question: whether an arbitrary finite dimensional
semisimple Leibniz algebra is a direct sum of simple Leibniz algebras is
considered in this dissertation.

Let L be a semi-simple Leibniz algebra and I be the ideal spanned by squares
of elements. Then L = S + I, were S — semi-simple Lie algebra and [I, S] = L
Moreover, we have S=S;®S,®...®Sy, i.e., L = (5;®S,®...®Sy) + 1. Let us
introduce the notation I; = [I, S;], 1 <j <k.

In the following theorem we prove that if simple algebras S, S,, ..., Sk are
isomorphic to the three dimensional algebra sl, and each module I; irreducible is
over S;, then the semi-simple Leibniz algebra L is decomposed into the direct sum
of simple Leibniz algebras.

Theorem 1. Let L be a semisimple Leibniz algebra such that L=(sl,®sl; @
@sllz"l@sk) + L Let I; be irreducible module over sli (1<j<k-1) and I is
irreducible over S*. Then L is decomposed into the direct sum of simple Leibniz
algebras, namely,

L = (s, +1)®(s2 +L)® ... @(s1E" +1.;) (S +Iy).

Note that if I; is reducible over S;, then the semisimple Leibniz algebra is not

decomposable into the direct sum of simple ideals. However this algebra is
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decomposed into the direct sum of Lie-simple algebras. Then a natural question
arises: whether any semisimple Leibniz algebra can be represented as a direct sum
of Lie-simple Leibniz algebras?

The following example gives the negative answer to this question.

Example 1. Let L be a 10 — dimensional semisimple Leibniz algebra. Let {x;,
X2, X3, X4, €1, f1, hy, €2, 5, hy} be a basis of the algebra L such that [ = {x;, x5, x3,
x4}, sl,= {ey, fi, hi}, sl>={e,, £, h,} and multiplication table of L has the

following form:

[s,,sly]:  [en, hi] = 2e, [fi, h;] =211, [e1, fi] = hy,
[h, €] =—2ey, [hy, 1] = 21}, [f1, €] = —hy,
[sl3,sI2]:  [es, ho] = 2e,, [f,, hy] = 25, [e,, ©5] = hy,
[h,, ez] =-2¢,, [hz, f] =25, [, e;] = —hy,
1, sl1 ]: [x1, fi] = [x1, h] = [X2, €1] = X1, [x2, h1] = —x,,
[x3, fi] = [x3, hi] = x3, [X4, €1] = X3, [X4, h] = x4,
[, slz] [x1, 2] = X3, [x1, ] =x [x3, €] = X1, [x3, hy] = —x3,

[x2, ©] = X4, [X2, ho] = xo, [Xs, €2] = X, [X4, ho] = —x4.
From this table of multiplications we have [I,sl,] =1L [I, sl;] = 1. Moreover I

splits over sl, as {x;, X,}@{xs, X4}, and over sl as {x;, X3} @{xs, X4}. It is not
difficult to check that if L decomposes into a direct sum of Lie-simple algebras,
then it has a form (sll2 +1,) @ (sli +1,). Since [I;, sli] # 0 and [I, sllz] #0, we geta
contradiction with the assumption that L is decomposed into a direct sum of Lie-
simple algebras.

Let us give the definition of Leibniz-derivation for Leibniz algebras.

Definition 6. A Leibniz-derivation of order n for a Lie algebra L is an linear
endomorphism d of L satisfying the identity :

d(...[[x;,X, ], X5]....x, ) = Z ...... (X, %5 ] X LA(X)],-0 0, X, ]

for every xy, Xy, ..., X, €L.

In the following theorem we present a characterization of nilpotency for
Leibniz algebras in terms of Leibniz-derivations.

Theorem 2. A Leibniz algebra over a field of characteristic zero is nilpotent if
and only if it has an invertible Leibniz-derivation. '

Definition 7. A Leibniz algebra L is said to be filiform if dim L' = n—i, where
2<1<n.

It is known that any n-dimensional filiform Leibniz algebra admits a basis {e;,
€, ..., €y} such that the table of multiplication of the algebra has one of the
following forms:

Fi(oy, as, ..., oy, 0): [e1, €1] = €3, [ei, €1] = €i+1, 2<1<n-1,
[e1, €] = ayeqtasest ... Toy e, 11+0e,,
e}, €2] = auejiataseiist ... Fotnia-j€n 2<j<n-2,
F2(B4, Bs, .-+, BPn, ¥): [€1, €1] = €3, [ei, €1] = €i+1, 3<i1<n-1,
[e1, €2] = PaestPsest ... +Pnen, [€2, €2] = Yen,
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[ei, €2] = BacjratPBsejst ... +Pnr2jCn, 3<j<n-2,
F3(01, 02, 03): [C el] Ci+1, 2 < 1 <n- 1,
[e1, €] = —€i+1, 3<i<n-1,
[e1, e1] = 01en,  [€1, €2] = —€3T0se,, [e2,€2] = Oz€n,
[e2, €] = —[ej, e2] € {€j+2, €j43, ..., €n}, 3<j<n-2,
[ei, e]] =—[ej, eil € {€isj, Citjt1s -. €nf, 31 [E], 1<j)<n,

2
were o, 0, Bi, ye C and omitted products are equal to zero.

Definition 8. A nilpotent Leibniz algebra is called characteristically nilpotent
if all its derivations are nilpotent.

In the following theorems we present the classification of non-
characteristically nilpotent Leibniz algebras of the families F(oy, as, ..., o, 0) and
FZ(B4, B59 s Bm Y)

Theorem 3. Let L be a non-characteristically nilpotent filiform Leibniz
algebra of the family F;(oy, as, ..., o, 0). Then it is isomorphic to one of the
following pairwise non-isomorphic algebras:

E(a,,0s,...,a,,0,), 4<s<n,
where
0, if k #s (mod(s —3));
o, = : k-s
(-1)'Qt;,, if k=s(mod(s-3)) fort=—3,
1 (pn)! :
4<k<nand Q® = : is the p-th Catalan number.

(p—Dn+1 n!l((p—1)n!)
Theorem 4. Let L be a non-characteristically nilpotent filiform Leibniz
algebra of the family F,(B,,Bs,...,B,,y). Then it is isomorphic to one of the
following pairwise non-isomorphic algebras:

. J
for even n: FJ(0,...,0,1,0...,0,0), 1 <j<n-2;

i
for odd n: F, (0,...,0,8,.,,0,...,0,1) and F)(0,...,0,1,0...,0), 1< j <n-3.
2
Now we consider a filiform Leibniz algebra L of the family F,(0,,0,,0,). Itis

not difficult to see that if L be non-characteristically nilpotent filiform Leibniz
algebra of the family F,(0,,0,,0,), then the table of multiplication of L has the

form:

[e e]= i+12 —_ _1'1—1,
[e,,e.]=—¢€..,, <i1<n-1,
e.e|=06ce.,

L(el,92,e3)= [ 1 1]_ 1¥n
[e,,e,]=—¢,+0,¢,
[e,,€,]1=0se,,
[e,e, 1= —[e, e ]=al(- l)e 2<is<n-l
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Theorem 5. Let L be a non-characteristically nilpotent filiform Leibniz
algebra of the family F,(0,,0,,0,). Then it is isomorphic to one of the following

pairwise non-isomorphic algebras:
L(1,0,0), L(0,1,0), L(0,0,1).
Let L be a Z-graded Leibniz algebra with a finite number of non-zero
subspaces, 1.e. =@ Vi, where [V;, V;] € Vi forany 1, jeZ.
ieZ
We say that a nilpotent Leibniz algebra L admits a connected gradation if
L=V, ®V, @& ... ®V, , where each V; #0 is non-zero for i (k; <1 < k). The

number of subspaces /(L)=max{len(®L)=kk;+1 | L=V, ®V, & ... ®V, is a

connected gradation} is called the length of the algebra L.

Below we give the main result of the paragraph 5 of the Chapter 1. Namely,
in the following theorem we give the classification n-dimensional complex filiform
Leibniz algebras of length n—1.

Theorem 6. Any n-dimensional complex filiform Leibniz algebra of length n—
1 is isomorphic to one of the following pairwise non-isomorphic algebras:

Fz,{[ypyl]=y3,
YL Y= Y 3<i<n-—1,
F3,{[yi,yl]=—[yl,yi]=ym, 2<i<n-1,
! [ iDYn+l—i]=_[Yn+l—iDYi]:(_l)l+lyn9 23131’1—1,
19 = i1 lgiﬁl’l—z,
M. (K): [Yis ¥ 1= Vi i
[V Yul= Yisias 1<i<n-k,3<k<n-1,
Yo Y11= Yias 1<i<n-2,
._n-1
M, Yo Y= Yan . o 1<i<—,
TH_] 2
[YarYal= 0y, o =0,
M3:{[yi,yl]=yiw 1<i<n-2,
[YnDYn]=Yn—l7
[YIDYI]ZYn7
M, <y Y 15 Vi 2<i<n-1,
[V, Y 1= =Y 2<i<n-1,
where {yi, ¥2, ..., Yn} 1S a basis of algebra and omitted products are equal to zero.

In the second chapter of dissertation named «The description of low
dimensional solvable Leibniz algebras» the classification of four dimensional
complex Leibniz algebras and the description of five dimensional solvable Leibniz
algebras with three dimensional nilradical are obtained.

Note that the dimension of the nilradical of 4-dimensional solvable Leibniz
algebras are equal to two or three. The classification of two and three dimensional
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nilpotent Leibniz algebras was obtained in the works of J.L.Loday and
B.A.Omirov, respectively.
Up to isomorphism there exist two 2-dimensional nilpotent Leibniz algebras:
K [er,e1]=e, L,: abelian.
In the three dimensional case there exist six pairwise non-isomorphic 3-
dimensional nilpotent Leibniz algebras, one of them is a parametric class:

Al [e1, 2] = e3, [e2, €1] = —€3;

A(a): [ea, 1] = €3, [€1, €2] = aes, a# —1 u Ay(a)=Ay(a), if ao'=1;
A3 [e1, e1] = e3;

Aa: [e1, e1] = ey, [, €1] = €3;

As: [e1, e1] = €3, [€2, €1] = €3, [e1, €2] = —€3;

Ae: abelian.

In the following theorem we give the classification of four dimensional
Leibniz algebras whose nilradical has dimension two.
Theorem 7. Let L be a 4-dimensional solvable Leibniz algebra with 2-
dimensional nilradical. Then L is isomorphic to one of the following pairwise non-
isomorphic algebras:
Ri: [e1, x] = ey, [€2, Y] = €2,
Ry: [e1, x] = ey, [€2, Y] = €2, [X, €1] = —€1, [y, €2] =—€2,
Rs: [er, X] =€y, [€2, Y] = €2, [V, €2] =— €2,

where {Xx, y, €1, €,} 1s a basis of the algebra.

In the following theorem the classification of four dimensional solvable
Leibniz algebras whose nilradical is isomorphic to A, is obtained.

Theorem 8. Let L be a 4-dimensional solvable Leibniz algebra, whose
nilradical is isomorphic to A;. Then, L is isomorphic to one of the following
pairwise non-isomorphic algebras:

[elaez]zep le,e,]=e., [elaez]:ep
-2 3 _
[62961] =€, [elaez] = €5,
[e,,e,]=—¢;,

. 2>Y 3 _
[e,.x]=¢,, e, x]=¢ [e,,x]=¢, +e,,
e,,x]="ve,, ” " [e,.x]=e,,

2 Y€, 2 2
L,(y): »yley,x]=-e,, L;: _
[639X]_(1+Y)e33 [63,X] 2639

_ [x,e,]=—¢,

[x,e,]=—¢,, xel-c.. [X,e,]=—€, —¢,,

_ 2 2
[X,62 Y€, [X X]=C [Xaez] —€,,
[x,e,]1=—(1+7)e,. ’ ’ [x,e,]=—2e..

Similarly, we obtain the list of non isomorphic 4-dimensional solvable
Leibniz algebras with the following three dimensional nilradicals:
e There exist five algebras with nilradical A,(a);
e There exist 11 algebras with nilradical A3;
o There exist one algebra with nilradical A4;
e There is no algebra with nilradical As;
e There exist 23 algebras with nilradical A.
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Now we consider five dimensional solvable Leibniz algebras with three
dimensional nilradicals A, Ax(at), A3, Ay, As and Ag.

Theorem 9. Let L be a five dimensional solvable Leibniz algebra, whose
nilradical is isomorphic to A;. Then L is a Lie algebra and it is isomomirpic to
following algebra:

Mll [62, C]] = Cs, [C], X]] =C1, [62, X2] = €y, [63, X]] = Cs, [63, X2] = C3,
[C], ez] = —C3, [X], el] =—€1, [Xz, ez] = —C», [X], 63] = —Cs, [Xz, 63] = —Cs.
Similarly, we obtain the description of 5-dimensional solvable Leibniz
algebras with the remaining three dimensional nilradicals. Namely, we obtain that:
e There exist one five-dimensional algebra with nilradical A,(0);
e There exist two algebras with nilradical A3;
e There is no five-dimensional algebra with nilradicals A4, As, Ax(at),
a£0;
e There exist 18 algebras with nilradical A.

The third chapter of dissertation named «On the degenerations of some
variety of algebras and infinitesimal deformation of Leibniz algebras» devoted
to the geometric method to investigation of finite-dimensional complex algebras.

Define the action of linear reductive group GL,(F) on the variety of n-
dimensional algebras Alg,(F) as follows:

[xyle=g [g'x.g Y],
where ge GL,(F) and x, yeL.

The orbit Orb(L) under this action consist of algebras isomorphic to the
algebra L.

Definition 9. An algebra L is said to degenerate to an algebra M, if M lies in
the Zariski closure of Orb(L). We denote this by L — M.

Denote by LSolv(N) the set of all n-dimensional solvable Leibniz algebras
whose nilradical is N.

Theorem 10. Let RjeLSolv(N;), R,eLSolv(N;) and let R,e Orb(R,). Then
dim(N;) > dim(N;).

The degeneration L — M is said to be trivial, if L is isomorphic to M. The
degeneration L — M is called a direct degeneration if there is no chain of non-
trivial degenerations of the form L —- N — M.

Definition 10. A level of an algebra L is the maximal length of chain of direct
degenerations L - L - L, ... — a,, where a, is a n-dimensional abelian algebra.

In the second paragraph of Chapter 2 the description of all complex finite
dimensional algebras of level one is obtained.

Theorem 11. A n-dimensional (n>3) algebra is algebra of level one if and

only if it is isomorphic to one of the following algebras:
p,: e e =¢€, ¢€-¢=—¢, 12
n,®a,_,:e-e,=¢, €€ =-¢,,
A,@a_,:e e =¢,,
v (o): e e =¢, €-¢=ae, ¢-¢ =(1-a), 2<i<n.

1 1
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In the following theorem we give the classification of algebras of level two in
the variety of complex n-dimensional Jordan algebras.

Theorem 12. A n-dimensional Jordan algebra is algebra of level two if and
only if it is isomorphic to one of the following pairwise non-isomorphic algebras:

J,={e}®@a_,: e-e=¢;
J,={e,e,,e;,...,,}: € -e =¢, €€ =¢, 2<1<n;
Jy;={e,,e,.e;;®@a ;1 e e, =e,.

Now we give the description of algebras of level two in the varieties of
complex n-dimensional Lie algebras. From D.Burde’s work we have the lists of
algebras of level two in the varieties three and four dimensional Lie algebras.
Therefore, we consider the case of n > 5.

Theorem 13. An arbitrary n (n >5)-dimensional Lie algebra of level two is
isomorphic to one of the following pairwise non-isomorphic algebras:

ng, ®a, s [e,e;]=e;, [e,e,]=e;,

N5, Da,: [e,e,]=e, [e,e;]=¢;,

r2@an—2: [61962]2629

g (): [e,e,]=ae,, [e,e]=¢, 3<i<na#l,aeC
goo: le,,e,]=¢, +e;, [e,e]=e, 3<i1<n

For the associative algebras we have the following theorem.

Theorem 14. Any n-dimensional associative algebra of level two is
isomorphic to one of the following algebras:

A e-e=¢g

A, e ¢ =¢, €-¢=¢e, €-e=¢, <1<n;
A, e € =¢€, €-€6=¢, 2<1<n;
A, e -e =€, €-e=¢e, 2<i1<n;

Ai(a): e,-e =¢e,;,, €-€,=0¢;;
A €€ =€, €€ =€, €€, =—€,.
wherea € {|z|<1} U {|z|=1,Imz > 0}.
In the fourth paragraph of Chapter 3 we obtain the description of infinitesimal
deformation of null-filiform Leibniz algebra NF,.
Theorem 15. The following 2-cocycles
(pj’k(xj,xl) =X,, 1<)J<n,2<k<n.
(X.,X,) =X,,
V(X X)) =X, 1<i<n-1,
form a basis of ZLZ(N F., NF,).

Corollary 1. Dim HL*(NF,, NF,) =n - 1 and {9,,, @,5,..., ¢,, } form a
basis of HL2(N F., NF)).
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Consider the linear integrable deformations p, = NF, +t2aj’k(pj’k. Since
j.k

every non-trivial equivalence class of deformations uniquely defines an element of
HL*(L,L) due to Corollary 1, it is sufficient to consider u.(a,,a,,...,a,)

=NE, + tZak(pn’k , where (a,,a,,...,a ) #(0,0,...,0).
k=2

Thus, the multiplication table of p,(a,,a,,...,a ) has the form:

[x,,x,]=X I<i<n-1,

i+12

n
[x,,X,]= tZakxk.
k=2

Theorem 16. ] Orb(y,(a,,a,,...,a,)) is an irreducible component.

as n

From the descriptions of the derivations of the filiform Leibniz algebras F.,

F>, we conclude that

dimDer(F)=n+1, dimBL*(F,F.)=n’*-n-1,
dimDer(F’)=n+2, dimBL*(F’,F’)=n*-n-2.
The following theorems present the general form of the Leibniz infinitesimal
deformations of the algebras F. u F.

Theorem 17. An arbitrary infinitesimal deformation @ of F. has the following
form:

n n
(p(x],x1)=20c1’kxk, (p(xj,xl)=Zocj’kxk, 2<j<n-1,
k=2 k=1

(P(Xrﬁxl)zzan,kxk? (P(XIDXZ):’YIXI +’Yan7

k=2
n+2-i
O(x;,x,) = ((1=2)y, +Bx; + ZBka+i_2, 2<1<n,
k=3
(P(Xiax3)=_(a2,1+yl)xi+1> 2<1<n-1,
(P(XiDXjJrl):_Otj,]Xim 2<1<n-1,3<j<n-1.

Theorem 18. An arbitrary infinitesimal deformation ¢ of F> has the
following form:
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(P(Xj,X1)=ZOLj’ka, 13j£n—2,
k=1

n n
(P(Xn—l DXI) = Zan—l,kaD (P(Xn DX]) = Zan,kxk7
k=2 k=1

O(X, X)) = =0 X5 1<i<n-2,1<j<n-2,
n

O(x,,X,) = =, X +ZBka>
k=2

n—i
(P(Xi,Xn)=—1(Xn’1Xi +Zl3kxk+i—17 23131’1—1,
k=2

P(X,5X,) = VX VX,

In the forth Chapter of dissertation named «The classification of complex
Leibniz superalgebras of nilindex n+m» the description of Leibniz superalgebras
with dimensions of even and odd parts equal to n and m, respectively, and with
nilindex n+m is obtained.

Let L=Ly®L, be a nilpotent complex Leibniz superalgebra. For an arbitrary
element xe L, the operator of right multiplication Ry is a nilpotent endomorphism
of the space L;, where ie{0, 1}. Denote by Ci(x) (ie{0, 1}) the descending
sequence of the dimensions of Jordan blocks of the operator Ry. Consider the
lexicographical order on the set Ci(Ly).

Definition 11. A sequence

CL)= (max C,(x)|max C, (i)j

xeLo\[Lo.Lo]  XeLg\[Lg.Lo]

is said to be the characteristic sequence of the Leibniz superalgebra L.

Definition 12. A Leibniz superalgebra L 1is said to be null-filiform
(respectively, filiform), if C(L) = (n|m) (respectively, C(L)=(n-1, 1 | m)).

Denote by ZF,,, and F,, the set of null-filiform and filiform Leibniz
superalgebras, respectively.

In the following theorem the classification of null-filiform Leibniz
superalgebras with two dimensional even part and with nilindex m+2 (i.e., case of
n=2) is presented.

Theorem 19. Let LeZF, ., (m>2) with nilindex m+2. Then m is odd and there
exists a basis {xi, Xz, Y1, Y2, ..., Ym; Of the superalgebra L, in which the
multiplication has the following form:

[X,, X, ]=X,,

[Yi: X1 1= Yias I<ism-1,

(X1, ¥ 1= =Y I<i<sm-1,

[Yir Ymeri]= (D%, 1<i<m—1.
In the case of n> 3 and m > 2 we have

Lemma 1. Any Leibniz superalgebra from ZF,, (n = 3, m > 2) has nilindex
less than n+m.
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Exceptional case in the class of filiform Leibniz algebras with nilindex n+m
appears for n=m=2.

Theorem 20. Let L be an arbitrary Leibniz superalgebra from F,, with
nilindex equal 4. Then it is isomorphic to one of the following two non isomorphic
superalgebras:

[YUXI]ZYZ’
1
[y,X1=Y,, [X1>Y1]:§y2>
[X >y ]:y 5
Fyyce 277 i B, X0y 1=y,
[Y1>X2]:2Y29 _
[YUXZ]_Q’YZ’
[YUYI]:XZD

[y, ¥y, 1=X,.

For non Lie filiform Leibniz superalgebras the existence of adapted basis is
given in the following theorem, which follows from the results of Sh.A.Ayupov,
B.A.Omirov and M.Vergne.

Theorem 21. Let L be an arbitrary filiform Leibniz superalgebra. Then there

exists a basis {x1,Xz, ..., Xp, Y1, Y2, ..., Ym} Of the superalgebra L, in which the
multiplication satisfies one of the following three conditions:
a)  [x, xi]7x3, [Xi, X=X, 2<1<n-l,
[X1, X2]=0ux4tosxst ... +0n 1 Xp 110X,
[Xj, X2]=04Xji2T0sXj43T ... T0n+2iXn, 2<7<n-2,
[yj, X]=yj+1, 1 <j<m-1 and for some xeLo\L},
b) [X1, X1]7X3, [Xi, X1]=Xi+1, 3<1<n-1,
[X1, X2]=BaxatPsxst ... HPuXn, [X2, X2]=VXn,
[X, X2]=BaXjrotBsXjr3t ... +Pnr2iXn, 3<1<n-2,
[yj, X]=yj+1, 1 <j<m-1 and for some xeLo\L},
c) [Xi, X1]= Xj+1, 2<1<n-1,
[X1, Xi]|=-Xi+1, 3<1<n-1,
[X1, X1 701 X0, [X1, X2]=-X3 + 02Xy,  [X2, X2]=03X,,
[X2, Xi]=-[Xj, X2] € {Xj+2, Xj+35 -+ > Xn}» 3<j<n-2,
[Xi, Xi]=-[Xj, Xi] € {Xitj> Xitjt1> --» Xnf» 3<i1< [g], 1<) <n,

[yi» X] = ¥j+1, 1 £j <m-1 and for some xeLo\L}.
where the omitted products in L, are equal to zero. Moreover, the structure
constants of an algebra from the class c) should satisfy the Leibniz superidentity.

Lemma 2. Let L be a Leibniz superalgebra which belongs to F,; with

nilindex equal to n+m. Then either m=n or m=n-1 and in the latter case in the class
a) there exists a basis {xj, Xz, ..., Xn, Y1, Y2, ..., Ym} Of the superalgebra L such that
its multiplication has the following form

[X1,X1]=X3, [Xi,X1 =X+, 2<i1<n-l,

[yj.x1]=Yi, 1<j<n-2,
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1 1 )
Xl)y1]=5y2) [Xi)y1]=EYi) 2 <1< n_I)

[

[ylayl]lea [Yj)y1]=Xj+1) 2 SJ < 1'1—1,

[X1,X]= Xt 0tsXst ... 01 Xn.1H0Xn,

[xjXo]=0uXjiot0sXjust ... FlnizXn,  2<j<n-2,

[y1,X2]F0uystasyst ... +0un1Yn2t0yn,

[yjX2J=0uyjratasyjat ... tonjyn1, 2 <j<n-3,
(where omitted products are equal to zero).

Similarly, from the family a) for m=n, and from the family b) for m=n-1 and
for m=n we also obtain three classes of filiform Leibniz superalgebras with
nilindex n+m. Denote all these four classes of filiform Leibniz superalgebras by
L(oy, as, ..., 0y, 0), M(0y, as, ..., 0y, 0, 1), G(B4, Bs, ..., Pn, Y) and H(B4, Bs, -, Pn,
d, ), respectively.

We have the following criterion of isomorphism for the family L(ay, as, ...,
Oy, 0).

Proposition 1. Two superalgebras L(oy, as, ..., o, 0) and L'(a',, oy,

'

...,a' , 0" are isomorphic if and only if there exists ac C which satisfies the
following conditions:

o, =a’"Va';, 4<j<n,

0=2a"""0"

Similarly, we get the criterion of isomorphism for the families M(oy, as, ...,
O, 0, 1), G(Bs, Bs, ..., Pn, ¥) and H(P4, Bs, ..., Pn, O, ). Using these criteria of
isomorphism we obtain the classification of filiform Leibniz superalgebras with
nilindex n+m from the class of a) and b).

For Leibniz superalgebras which belong to the class ¢) we have the following
lemma.

Lemma 2. Let L be a Leibniz superalgebra, which belongs to the class b) of
Theorem 20. Then its nilindex is less than n+m.

In the paragraph 4.3. the description of Leibniz superalgebras with nilindex
n+m, even part of which is a null-filiform Leibniz algebra. The main theorem of
the paragraph 4.3. is the following Theorem.

Theorem 22. Let L be a Leibniz superalgebra with characteristic sequence (n |
my, My, ..., mg), where m; < m—2. Then L has nilindex less than n+m.

In the paragraph 4.4. Leibniz superalgebras with characteristic sequence (n—1,
1 | m, my, ..., mg), where m; < m—1 are investigated and it is proved that such
superalgebras have nilindex less than n+m

Theorem 23. Let L be a Leibniz superalgebra with characteristic sequence (n—
1, 1| my, my, ..., mg). Then L has nilindex less than n+m.

One of the main result of the paragraph 4.5. is follows.

Theorem 24. Let L be a Leibniz superalgebra with characteristic sequence (nj,
n, ..., Ng | my, my, ..., my), where n; < n—2, m; < m—1, and all generators are lying
in L;. Then L has nilindex less than n+m.
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In the paragraph 4.5 the remaining cases are investigated and it is proved that
any Leibniz superalgebra with characteristic sequence (n;, np, ..., ng | my, my, ...,
mg) with n; < n-2 has nilindex less than n+m.

CONCLUSION

1. Properties of certain semi-simple Leibniz algebras are obtained and it is
shown that the classical result on decomposition of a semi-simple Lie algebra into
a direct sum of simple ideals is not true for Leibniz algebras.

2. A characterization of the nilpotency of finite-dimensional Leibniz algebras
is obtained and it is proved that Leibniz algebra is nilpotent if and only if it admits
invertible Leibniz-derivation.

3. Classifications of non-characteristically nilpotent filiform Leibniz algebras
and n - dimensional filiform Leibniz algebras of length n—1 are obtained.

4. A description of four complex Leibniz algebras up to isomorphism is
obtained and five-dimensional complex solvable Leibniz algebras with three-
dimensional nilradical are classified.

5. A classification of solvable Leibniz algebras, whose nilradical is the direct
sum of the null-filiform ideals is obtained.

6. Certain results on degeneration of solvable Leibniz algebras are obtained,
and it is proved that if the algebra degenerates to another one, then the dimension
of nilradical of the second algebra is less than the dimension of the nilradical of the
first one.

7. Algebras of lowest level are investigated, and classified the algebras of the
level one. A description of algebras of the level two in the varieties of finite-
dimensional complex associative, Jordan and Lie algebras is obtained.

8. Infinitesimal deformations of Leibniz algebras are investigated and the
description of second cohomology groups of null-filiform Leibniz algebras is
obtained. It is proved that closure of the union of orbits of single-generated Leibniz
algebras forms an irreducible component of the variety of Leibniz algebras.

9. A description of infinitesimal deformations of naturally graded filiform
Leibniz algebras is obtained;

10. A classification of complex Leibniz superalgebras with nilindex n+m is
obtained and it is proved that Leibniz superalgebras except null-filifom and
filiform Leibniz superalgebras and Leibniz superalgebras with characteristic
sequence (n | m—1, 1), have nilindex less than n+m

The results of the dissertation have theoretical character. The main results and
methods presented in the work can be used in investigations of other algebras and
superalgebras, in the theory of categories, in the study of algebras with various
types of gradation, in calculation of cohomology and homology groups and in
investigation of various processes in theoretical physics.
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