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Kupui (10KTOpJIHK AMCCEPTANMICH AHHOTAIUSICH)

Jucceprauusi MAaB3yCMHHMHI 10/13ap0uru Ba 3apyparu. JKaxoH Mukécuaa
WIMHA-TEXHUK TAPAaKKUETHUHT Te3 Cyphamiap OWiaH pUBOKIAHUIIN (PyHIaMEH
TaJl TAAKUKOTIAPHUHT STHTU YCYJUIAPUHM SIPATHIIL Ba OJTMHTaH HAaTHWKaJlapHU
amManuéTra TaJ0uK KWIMIIHA Tajlad 3TMOKAa. AMaIUET TajnabnapuaaH Keiauo
yuKuO, ruddepeHuan TeHriaManap Ba AuddepeHuan TOnoJIOrUSTHUHT Ty Tall
coxacuaa (hpaHIry3 oIMMIApH TOMOHUIAH KaTiaMalin KYIXUUTHKIap Ha3a
pUSICHHUHT (yHIaMEHTaN acocnapu sparuiaan. Komnakt KariamaiapHUHT
TYPFYHJIUTH, KATJIaMJIAPHUHT JIMMUT TYTUIaMJIapyd UHBAPUAHT TYTUIAMIIUTH
ucootnanau. Karnamanu KYnXuUTMKIAPHUHT TOMOJIOTMK Ba TEOMETPUK XOccanapu
TaJIKUK dTHUIaATaH KaTtamaiapHuHr cudaruit Hazapuscu AKII Ba Poccus
oJMMJIapW TOMOHHIaH TaaKUK KuiuHau. [y 6unan 6upra, KaTiamanu
KYTIXWUIAKJIAP HA3apUACHHHU aMaIETTa TAJOUK ATUII TE€OMETPUSIHUHT MyXUM
Bazupanapumad ovpu OYIud KOIMOKIA.

Mycraknuiuk  Huiapuga MamjakaTuMu3aa Tabuuii Ba aHuMK (paniapra
pTHOOP  CE3WIapiu  Japaxaaa  KydyaWTHpWIAM, XyCcycaH  KamiaMasap
HA3apUSACHHUHT METO/JIap Ba HATHKAJIAPUHU ONTHUMAaJ OOIIKAPYB Xamaa JTUHAMUK
cucTeMajap Hazapusulapura TaAOMK KUJIUIITa anoxuaa YbTHOOp Kapatwiau. by
coxaga OoIIKapyB cCHUCTEMalapd Y4YyH TYpPFYHJIUKHUHT €TApIWIMK IIapTiIapu
OJIMH/M, STPUJIINTA HOMaH(uil ¢daszonapaa puMaH cyOMepcHsiapy XOCWJI KHITaH
KAaTJIaMaJIADUHUHT CEKIMOH STPWIMKIApU HOMAaH(PUN HSKAHJIUTH UCOOTIaHAM Ba
BEKTOP MailJIOHJapHUHT TEOMETPHUACH TAJIKUK ATUII OVinYa caIMOKIH
HaTWXKajapra SpUILIHIIH.

Bbyrynru kynzaa xxaxoHaa om0 60puiaéTrad KYIXWIIHKIa Oepriirad BEKTOp
MalJOHIap OWJIACH OPOUTACHHHUHT T€OMETPHUSICU WYHATUIINAATH TaJKUKOTIap
JUHAMUK TOJTUCUCTEMANIap XaM/ia ONTHUMall OOIIKapyB Ha3apuscu OuiiaH OOFIUK
TaIKUKOTIAp/la MyXHUM axaMmusTra sra. by 6opana makcaanm uiMui TaaAKUKOT
JapHM, )KyMIJIaJIaH KaTjaamanap Hazapuscu OVinda OJMHTaH HaTHKaJapHH
KYTIXWUTMKJIApAAru JMHAMUK TIOJTUCUCTEManap xoaatiap ha30CHHUHT CTPYKTypa
CUHU aHUKJIAITa KEHT TaTOMK TUII MyXUM Bazudanapaan Oupu XucooOiaHau:
KarjaamMaliap Ha3apHusCUHUHT yCYJUIapUHU JUHAMUK MTOJIUCUCTEMANIAP, ONTUMAII
OomIKapyB Hazapuscu Ba 0OIIKa COXaJIApHUHT TypJId Macajalapura Tagouk
KHWIWII; pUMaH KYIXWDIHKIapuaa 6epuiran cyoMepcusiiap X0Cuil KAITyBUd
KaTiaMaliap TeOMETPHUSICUHU TAIKUK KUIJIUII; HOMaH(PUN CEKIIMOH STPUITUKKA 3Ta
Oynran cupTiiapAa puMaH Kariamanapyu reOMeTpUsiCUHM TaaKuK stunl. FOkopuaa
KEJITUPWITaH WIMUI-TAAKUKOTIIAp HYHANMIINWIA OaKapuiaéTradH WIMHMA
U3JIAaHUIIIAp Ma3Kyp JUCCEPTAIUs MaB3yCHHUHT JOJI3apONUTUHA U30XJIakIH.
V36exucron Pecny6mukacu Ipesunentununr 2006 itnn 7 asryctaaru [TK-436-con
«®aH Ba TEXHOJOTUSIIAPHU PUBOKIAHTUPUIIIHA MyBODUKITAIITUPUIT Ba
OOLIKAPUIITHY TAKOMWIIAIITHPUIL YOpa-TaaOupnapu Tyrpucuaanru sa 2014 iuin 8
uronaaru 1TK-2204-con «V36exncton Pecriy6mukacn dannap akageMuscu
TY3WJIMACUHU sSHaJia MaKOYJUTAIITUPHII XaMJa peciyOnKa akaJeMuK WiM-(haHu
Ba OJIUU TabJIMMHUHT MHTETPALMICUHI MyCTaXKamJialll Yopa-Taadupiapu
Tyrpucuaanru Kapopiaapuaa xamaa mMazkyp paoausiTra TETUILINA OOIIKa MEbEPUIA-



XYKYKUH XyxoKariaapa Oenruianrad BasudanapHu amaira OlupuIiTa yioy
auccepranus TaAKUKOTH MyalsiH Japakala Xu3MaT KAjaaiau.

TanKuKOTHUHT pecny0auKa GpaH Ba TEXHOJIOTUSVIAPU PUBOKIAHUIIH
HHMHT YCTYBOP yHaIumuiapura 00rJauKauru. Maskyp TaaKuKOT pecimyOinka
¢daH Ba TexHoJOTHsIIap puBoKIIaHUIIMHUAT [V. «MaTtemarnka, MexaHuka Ba
nH(pOpPMaTHKa» yCTYBOp HYHAIMIIN Toupacua OaxxapuiraH.

Jluccepranusi MaB3ycH 0yiinua XOpHKHil HIMHA-TAIKHKOTIap mapxu',
Karnamanap nazapuscu, acocaH KarjiaMadapHHUHT TOTOJIOTHK Ba TEOMETPUK
Xoccajapy TaAKUK STHIAIUTaH KaTlaMalapHUHT CU(aTuii Ha3apusiCH, KOMITaKT
KaTJIaMJIAQPHUHT JIOKaJ Ba 11001 TypFYHIUKIApU, TYPFYHJIMK TeOpe-MajJapuHu
KOMITIAKT OyJIMaraH Karmiamiap yuyH yMyMJIAIITUPHIL, CUHTYJSp pUMaH
KaTiamanap, TYJIUK reoJIe3uK Ba pUMaH KaTiaMallapyu T€OMETPUSICH, KOYI4aMHu
Oupra TeHT Karjaamaiap TONOoJorusacu Oyiindya WIMHIA U3TaHUILIIAP €TaKYl XOPU
KWW TaBIATIIAPHUHT WIMUM MAapKa3JIapyu Ba OJIMU TABJIUM MyaccacajiapH, Kym
nanan, CtpacOypr yauepcuretu (Opannus), [ penoon yausepcuretu (Opanius),
[Tapmx ynusepcureru (P@panius), Montnemiep yuusepceuretu (Opanius), Minu
Houc yauBepcutetu (AKI), Kamudopuus ynusepcureru (AKLL), Maanana yau
Bepcuretu (AKII), [Tpuncron ynusepcuretu (AKIL), Yopuk yHuBepcutetu
(bytox bpuranus), Jlonnon yausepcuretu (bytok bpurtanus), Tokuo
yHuBepcuteTH (Snonus), Toxoky ynusepcuretu (Snonust), Kuoro ynusepcureru
(Amonwms), Mocksa maBnar yausepcutetaapuaa (Poccus) onmnb 6opunmokaa.
KarnamanapHUHT TOIOJIOTMK Ba TEOMETPUK XOCCATapH TaJKUK ITHIIAIUTaH
KaTJlaMaJapHUHT cu(aTuii Ha3apusICH Ba CUHTYJIAp pUMaH KaTJlaMaJapUHUHT
XOCCaJIapUHU TAJKUK 3THUILTA OUJT AyHENA 010 OOpUIaéTran TaIKUKOTIap
HaTUXKacuia KaTop Joi3ap0 Macananap eduiraH, >Kymiiajlia, Kyiuaara WiMui
HaTKajap OJMHTaH: KaTlaMaJJapHUHT KOMIIAKT KaTJIaMJIapUHUHT JIOKaJ Ba Tioba
TYpPFYHJIMKIapH, XamMJa KuuiHr BEKTOp MaiIOHIapUHUHT OpOUTAIapy CHUHTYIISIP
pUMaH KaTIaMaJlapuHu XOCHII KWnIK ucootnanrad (CtpacOypr yHH BEpCUTETH,
['peno6n ynuBepcuteTH, [laprx yauepcuteTn, MOHTIIEIUIEp YHUBEP CUTETH,
Opannus); Kamiiama cyomepcus EpaaMuaa XOCHII KUJIMHTaH 0yJica, YHUHT y4yH
OpecMmaH OoFaHUIIM cyOMepcHsl yuyH DpecMaH OOFJIaHUIIM TylIyHYacura
AKBUBAJICHTJIUTU UCOOTIAHTaH, XamMa TYJIUK reoJe3UK Ba pUMaH KaTjiaMajliapu
OpecMaH OofnaHuImMra sra oynumm kypcaruwirad (UnnuHouc yHuBepCUTeTH,
Kamudopuus yausepcuretn, Maanana yausepcuretu, [[pyHCTOH YHUBEPCUTETH,
AKIII); cunnuk BEKTOp MaiioHIap OUJIaIapuHUHT Xap OMp opOUTacH CUIUIUK
KYIXWUIMK OVIUIIN XaMJa KYIXWITMKHUHT opOuTanapra OYJIMHUILINA CUHTYIISP
KamiamMa X0CWJI KUK ucobomianrad (Yopuk yHuBepcuteTH, JIoHa0H
yHUBEpCUTETH, bytok bpuranus); yu yinyamnu KYyIXWUIMKIard KoyiuaMu oupra
TEHT KaTlaMa KOMITaKT OyJIMaraH Xxoc KaTJIaMUHUHT JIOKaJl TYPFYHJIMTY
UCcOOTIaHTaH, Kariamiap TYIUIAMUHUHT KUICMaH TapTUOJIaHTaHIUTH Ba KaTjiaMmiiap
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= Juccepranuns MaB3ycH O0yin4a XopyoKuil miMui-Tagkukowiap mapxu: Actualite Sci. Indust.; C.R.Acad. Sci. Paris;
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TOMOJIOTUACH opacujard OOFIMKIuK ypHatwirad (Toxkuo yHuBepcuretd, Toxoky
yHuBepcutetd, Kwuoro yHuBepcutetn, Anonus); yu Yauamuu cdepagaru
KOYT4amMu OMpra TEHT Xap Oup KaTiiaMa KOMIIAKT KaTjaMra 3Tajlurd McOOTIaHTaH
(MockBa gaBnar yHuBepcuTeTH, Poccus).

Jynéna OyryHru KyHAa, pUMaH KYOXWIIMKIapuaa Oepuiran KaTjiaMaiu
KYTIXWUTAKJIAP TEOMETPHUSACH Ba TOIOJIOTHSICHHU TAJKHUK ITHUIN OYyitnda Oup Kartop,
KymJlaJaH: HOMaH(HUIl CEeKIMOH OJrpwiMKKa »dra Oyiran cupriapjia puMaH
KaTiamMalapyd TEOMETPHUSCUHU TaAKUK KWIWIL, KaTjaMajdd KYIXWLUIMKIap
M30METPUSIIapU TPYNIIACUHUHT CTPYKTYPACHHHM YPraHMIL, pUMaH cyOMepcusiapu
XOCWJI KWITaH KaTJIaMaJIApHUHT T€OMETPUK XapaKTEPUCTUKAIAPUHM, KaTIamain
KYNXWUIMKAATH TE€OAE3UK UM3UKJIAPHUHT XOCCAJAPUHU aHMKJIAIl, JUHAMHK
cucTemMaiap Ba onTUMaj OOILIKapyB Hazapusjapuaa Kariamanap TeOMEeTpUsICUHU
KYJUTAIll, SpUITyBUYAHINK (OOMIKAPUITYBUYAHIINK) TYTUIAMIAPUHUHT TEOMETPUSICHHU
XamJa Kyn KUWMaTIA aKCIAHTUPHUIN cudaThaa BaKITa Y3ITyKCU3 OOFIHKIUTUHH
TaIKUK OJTHUII KaOW YCTyBOp WYHaIuIuUIapAa WUIMHNA-TAIKUKOT HIUIaApU OJIUO
OOpUIMOKIA.

MyaMMOHHMHI VpraHwiranjamk papasxkacu. Kamiamanap Ha3apusCHHU
makanTapuin Ba puBokiantupuiiaa C. Ehresmann, G. Reeb, H. Lawson, P.
Molino, A. Haefliger, R. Langevin, H. Rosenberg, G. Lamoureux kabu (paniry3
MaTeMaTUKJIapy KaTTa Xxucca Kyuuinap. Karnamanap Ha3apUsCHHHUHT acoCUuu
napunan oupu JK. Pubnunr (G. Reeb) acocuit mimuil nimapu KatiaMaaapHUHT
cudaruii Hazapuscura Oarunianrad. JK.Pub TomoHHIaH, arap KOMIAaKT KaT/iaMm
yekiM (pyHaaMeHTan rpymnmnara sra 0yica, y xonaa Oy KaTiaMHUHT yHTa quddeo
Mopd OYnran KaraamiapaaH Hoopar arpopu MaBKYIJIUTH UCOOTIIAHTaH.
HI.9pecmannunr (C. Ehresmann) unuiapuaa sca, Tyia puMaH KYNXAUIUTAIATH
pUMaH Ba TYJia reofie3UK KaTiiaMa DpecMaH OOFJIaHUIIINTa TATTUTH KYpCcaTUiraH.
Kartnamanu KynxuuimKaard M30MeTpusiiap TpynnacuHy TaAKUK KAWL KaTiaaMain
KYIXWUIMKIJIAP HA3apUSACUHUHT SHTU Macanacuaup. Kamiamanu Kynxusukiap
n30MeTpusicu TyuryHyacu npodeccop A.5. HapmaHOB TOMOHUAAH KUPHUTHIITAH.
KarnamanapHuHr MabiiyM OMp CUHQU YUYH KYIXUIUITMK U30MET PUSICU
OynMaiiiurad KariamMaiu KYIXUUTMK H30METPHUSICH MaBXyUIUTH UCOOTIaH raH.
Kammamanu kynxumkiap 130MeTpUsIapy IPYIIACH KaTiliaMaid KyIXUUIUK JIap
muddeomopdusmitapu rpynmnacura Kucm rpynmna 6ymnaau. Katnamanu
kynxuwuakinap aupdeomopduszmnapu rpynmnacu C.X. ApaHCOHHUHT UIMUN
UIUTapyaa yprauuwirad. Y ToMOHuAaH OyHaai nuddeomMophru3MIIapHUHT TOIIOIO
TUK KyIIMa OYTUITMHUHT 3apypHUil Ba €TapIWIUK maptiapu onuHran. Kommakr
KYIIXWUIMKIAp yuyH Auddeomopdusmiaap rpynmnacuHUHT TP XU KUCM
rpynnanapu P. L. Antonelli, D. Burghelea, P. J. Kahnnap Tomonuaan ypra Hunras.

3aMOHAaBUN TEOMETPUSIHUHT acOCHMW MacajajapujaH Oupu Teome3uK
YU3UKJIAPHUHT JIMMUTHHU TaJIKUK KWIMIIIAH uOopar. Puman xynxwimuru
reofie3uK  YM3HKJIAPUHUHT  JIUMUTH  TEOJE3UMK YU3UK OYIuIM  puMaH



TEOMETPUSCHHUAHT KyApanu Kypoiauaup. Kamramanyn KYNXWUIMKHUHD Te0NE3UK
YU3UFU KaTiaamJa €TUILY Ba KEJITUPWITaH pUMaH METpUKAacura HucOaTaH reoie3uk
yi3uK Oynranu yayH Oy Macaja KaTjaaMaid KYTXIUIHKIap y9yH KAHUHITAa .
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C. XeNracoOHHMHI HIUIApUAa TE€OAEC3UK YHU3HMKJIAD Ba PUMaH KYyNXWUIMKIAPH
M30METpUsATIapU TPYMIACH XaKuJa axxoind teopeManap ucOoTiaHraH. XycycaH, y
TOMOHUJAH pUMaH KYIOXWUIMTH MW30METPUSUIApU TPyNNach KOMMIAKT-OUYHK
TOMOJIOTHA/Ia TOMOJOTUK TpyNna SKAHJIWTKM HcOOTIaHraH. ByHnaH Ttamkapu, y
pUMaH KYNXWUIMTHaa OepuiiraH M30METpUsIIap KeTMa-KeTJIMru Oup HyKTaja
SKUHIIAIICa, Iy KYOXWUIMKHUHT  OUpPOp  HM30METPUSCHra  KOMIIAKT-OYHK
TOTIONIOTHAIA SIKUHJIAIYBYM OepUiiraH KeTMa-KeTIIMKHUHT KUCMHUI KeTMa-KeTJIUTU
MaBXYyJIUNTUHU UCOOTIIaraH.

Cunrynsip puMaH Karinamasiapu TyiryHyacu P. Molino ToMoHugaH KUpUTHI
ran, xamaa A. 5. Hapmanos, H.M. XykoBa Ba 6omrka myamiudiaap TOMOHUIAH
CUHTYJISIp PUMaH KaTJIAMACUHUHT TEOMETPUK Ba TOIIOJIOTHK XOCCAIapu
Vypranunras. P. Molino cunrynsip katjiaMma pumaH Kamiamacu Oyiica, y Xoiaa Ky
XWLTMKHUHT PUMaH METPUKAcH HOpMaJl KaTJlaMaHUHT Xap OUp Kamiamuaa
TpaHCBEpCal METPUKa XOCWI KWIUIIMHU Kypcarrad. Tyna KYIXuuiuKiap yuayH Oy
[IapT CUHTYISP KarjaMa puMaH OVIUIIMHUHT 3apypHi Ba €Tapiiu IIapTH dKaH JINTU
A.Sl. HapmaHOB TOMOHUIaH MCOOTIIAHTaH.

[lIynra kapamacnaH, KYOXWUIMK KOMMOAKT Oyiamaran Xojja YHUHT
muddeomopduzmnap rpynmnacu, KarjiaManu KYIXUUITMK U30METPUsUIIaApU TPYTIacH
KOMITaKT-OYUK TOMOJOTUSATAa HUCOATaH TOMOJOTHK TpyImna OYIWIIM, KaTiaMaiu
KYIXWIIMK TEOAEC3UK YHU3UKJIApU KEeTMa-KeTIUTHAAH JIUMUTIOArd KaTJIaMHUHT
reoJIe3UK YM3UFUTa SIKMHJIAIIYBYM KHUCMUN KETMa-KETJIMK a)XXpaTUIl MYMKHHIIATH
ncOOTIaHMaraH Xamja Kariamaiu KYIXWUIMK KaTiaMmiIapuHuHT [ayce
ATPUJIUKIIAPH Y3rapMac Oynaauran Karaamaaap CUH(QU TONUIMaraH 9.
Juccepranusi MAaB3yCHHMHT M CCePTANUA 0AKAPWIAETIAH OJIMI TabJIUM
MYyacCaCaCMHMHT WIMHI-TaAKAKOT MILIapHu OMJIaH OOFIUKIANTH. J(uccepranus
TAJKUKOTH Y30eKMCTOH MIILIHI yHuBepcuTeTHHIHT 1.P.1.1.9 « dxcTpeman
OomKapyBiap, SpUITYBYAHINK TYTUIAMIAPUHUHT (PYHKIIMOHA Ba TOTIOJIOTHK
X0ccaapy Ba TYJIUK OOMIKAPWITYBYH CUCTeMaapHUHT TypryHiauru» (2003-2007),
OT-®1-096 «/IluHaMuK noJrcUcTEMAAp Ha3apHsICU MacalaJlapUHU €UHIl YIyH
reOMETPUK Ba TOMOJOTUK METOyuIap nuuiad yukuil Ba sipatuin» (2007-2011),
D4-04 «Katnamanu KynXuUIMKIApHUHT TEOMETPUsICH Ba Tonojoruscw» (2012-
2016) maB3ynaparu WIMHA-TaIKUKOT JIOWUXaIapy Joupacuia Oakapuira.
TaagKMKOTHHHT MaKCAAU KaTJIaMaJIH KYIXUUIMKJIAPHUHT TEOMETPUSICH Ba
TOMOJIOTUACUHU, KaTiaMaiu KYXWIIUKIAP U30METPUSIIApU TPYNIIACUHUHT CTPYK
TypacUHH Ba CEKI[MOH STPUJINTH y3rapmac OyIraH Kariamald KYIXUUTHKIapHU
TaJIKUK KWIWII XaM/la OJIMHTaH HaTHKaJIapHU OOIIKApyB CHCTEMaJIApUHUHT dpU
IIYBYAHJIMK TYIUIaMJIAPUHU TAJIKUK KAJIUIIAA Ba SPUITYBUYAHIINK TYTUIaMIaPUHUHT
OOIIJTaHFUY HYKTara y3JIyKCU3 OOFJIUKIUTMHU UCOOTIaIIa KYJangaH noopar.
TaagkukoTt Ba3udanapu:

KarjaaMalii KYNXWIIMKIAp Fe0/Ie3UK YM3UKJIAPUHUHT aCOCUN XOCCaJapuHu



AHMKJIALLL,

KOMITAKT KYIIXWITUKIAP TOMeOMOPhU3MIIApH TPYNIach YUyH MabliyM OViraxn
KJIACCHUK HaTW)KaHWU KOMIIAKT OyJIMaraH KyIXWUIMKIAp YUYyH HCOOTIIAI; KaTiaMaiu
KYIXWUIMKIIAP H30METPUSTIAPU IPYNIIACHHUHT TE€OMETPHUSICUHU SIHTH F -
KOMITAKT-O4YMK TOIIOJIOTUSA1a TAAKUK KAJIHLLI,

KaTJlaMaJapHUHT Kamiamiapu y3rapmac ['aycc arpunurura sra
KYNIXWUIMKJIapAaH uoopar OYJIUIIMHUHT IAPTIIAPUHN TOTIMIIL;

pUMaH KYNXWUIATKHAA OepUiIraH BEKTOp MalOHIAp CUCTEMACH SPUILTYB
YaHJIMK (OOIIKapyBYAHIUK) TYTJIAMUHUHT CTPYKTYPACUHU aHUKJIAL.
TagKUKOTHUHT 00BEKTH KaTJIaMAJId PUMaH KYIIXWUIMKIAPHU, KaTIIaMaJIn
KYNIXWIIMKIAPHUHT T€0/I€3UK YM3UKIapH, CUIUIUK BEKTOP MalIOHIIap OMJIIACUHUHT
opOuTanapu, TMHAMUK CUCTEMAaJTapHUHT SPUIIIYBYAHIIUK TYTIJIaMU Ba OOIIIKa
PWIIYBUYAHJIMK COXaJlap, pUMaH cyOMepcusiiapy XOCHJI KAJITaH KaTjaMalapiaH
ndopar.

TagKUKOTHUHI NpeIMeTH KaTjiaMajld KYNXWIUIMK W30METpUsIapu rpylia
CH, KaTJlaMaJld KYTIXWJUIMK T€OMETPHUSICU Ba TOMOJIOTHICH, CyOMEpCHsi XOCHII KU
raH Karjiama, BEKTOp MaiJIoHJIap opOUTanapyu TeOMETPHUSICH Ba CUHTYISpP Kariama
Jap TaAKUKOTUIAH nOopar.

TaaKuKOTHUHT ycy/u1apu. TaaKUKOT UIIKIA JTOKal Ba HoJokan nuddepen
1MaJl TEOMETPUS, KaTiaMasap TOMOJIOTHUICH, KaTiamasap Ha3apusCu Ba TUHAMUK
cucTemMasap Ha3apHsICUHUHT T€OMETPUK XaMm/ia TOMOJIOTUK yeyiulapuian doiaana
HUJITaH.

TaaKMKOTHHUHI WIMHI SHIWJIMIM Kyduaaruiapaan uoopar:

UXTUEPUN CHIUTUK KYTIXWLTHKHUHT ToMeoMopdu3miap rpynnacu KOMITaKT—
OYUK TOTOJIOTHSIa TOTIOJIOTHK TPYTIAJIUTH UCOOTIaHTaH;

KaTIaMaJId KYTIXWUIMK U30METPUsIIapU IPYIacu KOMIaKT—OYUK
TOMOJIOTMAJIa TOMOJIOTUK IPYIINa XOCHJI KWIHILIKA UCOOTIaHTaH; KaTiaMalin
KYIXWUTHK U30METPHUsIIapy KeTMa-KeTIUTY Xap Oup Katnamaaru Outrajga
HYKTaJla SKMHJIAIICA, y X0Jia Oy KeTMa-KeTIUKAaH £ — KOMIIaKT—OYUK
TOMNOJIOTUSIA KaTjaMalld KYIXWUIMK U30METPUSUIAPUTa SKUHIIAITYBYN KUCMUI
KETMa-KEeTJIMK aXpaTULl MyMKUHJIUTH KYpCaTUIITaH;

KaTiiaMa puMaH cyOmepcusicu Omnan Oepwiran Oyica, y xonjga Oy Karjiama
Kammamiiapu l[aycc arpunuru  y3rapMac  KYNXWUIMKIApAaH  HOOpaTiauru
MCOOTIIAHTaH;

KaTjaaMalld KYMXWITMKHUHT T€0AE3UK YN3UKIIapU JTUMUTH I€0/I€3UK YU3UK
OYnuIIM KYpcaTuiras;

KaTIaMaJld KYTIXWJUTMK U30METPUSICH MaBXy/ OYVIHO, TeKUH KYTIXUIIUK
M30METPUSICH OYIMalIuraH KaTlaMaHUHT MaBXYIJIUTH UCOOTIaHTaH; MaxCyc
KYPUHHUILJIATA BEKTOP MAAOHIIAp CUCTEMACH YUYH 3PUIIYBYAHINK TYIJIAMUHUHT
KOMITAKTJIUTH Ba KYIT KUMMAaTIN «HYKTa-3pUITYBYAHINK TYTUIAMI aKCIAHTUPHII
cudarnia y3ryKCU3ITUTH NCOOTIaHTaH;

MabJIyM KHIIMaT[aH OllIMAaraH BaKT/Aary SpUIIYBYAHIIUK TYIIJIAMU EMAFUHUHT
KOMITAKTJIUTH Ba MabJIYM CHH(] BEKTOp MalJOHJIAPU YUYH IPUIITYBUYAHIIMK TYTIIA



MH BaKTTra y3JyKCHU3 OOFIUKIIUTY KYpCaTUIITaH;

YU3HUKJIM CUCTEeMaap YUyH dpUITYBYaAHIUK (OOIIKApUITYBYAHINK) TYTIIIaM
Japu OUp XUJ1 YIdamiii TeKUCIUKIap OWiiaH yCTMA-yCT TYIIUIITMHUHT IapTiaapu
TOITHJITaH.

TagKMKOTHUHT aMaJIuil HATUZKACH HOMaH(DUI STPUIUKIN KYTIXWJ JIUKIapAaru

JTWHAMUK cCHCTeMajiap Xojatiap (ha3oCHHHUHT STPUIMTMHN aHUKJIAIIIa, XaM/1a

OOILIKapyB CUCTEMAJIAPUHUHT SPUIITYBUAHIIMK TYTIJIaMIIapu
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XOCHWJI KWJITaH KaTjJaMaJlapHUHT TEOMETPUSICUHH YpraHuia KyUlaHUIUIIN
MYMKHHJIMTUAAH HOopar.

TaagkMKOT HATHKAJAPUHUHT HIIOHYIMJIMIH KaTIiaMalu KYIXUJUTUKIIap
TE€OMETPUSICH Ba TOTIOJIOTUACH XaM/la BEKTOP MaiIoHIap OpOUTaTapUHUHT
TEOMETPUSICHHY YpraHulJa KariaMaaap Ha3apusicu, pUMaH F€OMETPUSICH,
muddepeHian TonoJOrusTHUHT TeopeMallapy Ba yCy/UlapyuHU KyJuiaml Ouiian
ACOCJIAHTaH.

TagKMKOT HATHKAJAPUHMHI MJIMHHA Ba aMajJuMl axaMUATH. TagkKuKoT
HaTWKAJIAPUHUHT WIMUNA aXaMusATH BEKTOP MalJOHJIAp YYYH SPUIIYBYAHIUK
TYIUIAMUHUHT ~KOMMAKTJIIUTK Ba KYN KUUMariud akciaaHTupuil cudaruga
Y3IYKCU3JIUTH OYirYa OJTMHTaH HaTWXKajlap JUHAMUK CUCcTeManap Xoariap
(ha30CUHUHT STPUINTUHU aHUKJIAIITa UMKOHHUST SIPaTUIIN OUJIaH U30XJIaHA/IH.
TanKuKOT HaTWKaTAPUHUHT aMaJInid aXaMUATH TAJKUK KWJINHAETTaH OOBEKTIIAp
CUH(UHU Ce3UJIapiiv PaBUIIIA KEHIaWUIIY YU3UKIIH CUCTEMAJIap YUyH
APUIITYBUAHIIUK (OOMIKAPMITYBYAHIIMK) TYTJIaMJIapU CTPYKTYPAaCHHU aHUKJIAIITa
XU3MAT KUJIaIu.

TaagkKMKOT HATHKAJTAPUHMHT KOPUIl KMJIMHUIIKU. J[uccepTanusi TaAKUKOTH
Kapa€HuJa OJIMHIaH WIMHUK HaTWKalap KyWuaaru WyHanuuuiapaa amaiauérra
KOpPUW KUJIUHTaH:

BEKTOp MAJOHIJIAp YUYYH 3PUIIYBYAHIIMK TYTUIAMUHHUHT KOMITAKTJINTHA Ba KYTI
KHMUMATIN aKCIaHTUPHUII cudaruma y3ayKCU3IUTH OVinWYa OJWHTAH HaTKajap
Poccuss Tabnmum Basupnuru Ba Poccus ®enepammsicu danm Ba (dyHIaAMEHTAT
tangkukoriaap ¢orauHuHr 12-01-00195 pakammm «JleTepMUHMK Ba CTOXacCTHK
*Kapa€Hjaap JUHAMUKACUHHM TIO3MIIMOH OOIIKapuIll Macajajgapu Xamaa Kym
umITupokumn - auddepennman  YiuuHIAp» WIMHNA JIOWUXACHHU Oakapuiiga
JUHAMUK  CHCTEMajlap TPACKTOPUSJIAPUHUHT Ba  Xonamiap  (a3oCHHUHT
CTPYKTYpPacHUHHU YpTraHWIll UMKOHUHU Oeprad (YIMypT JaBiaT YHUBEPCUTETUHUHT
2016 i#un 25 aBryctmarm 7873-8965/20 con MabiaymoTHomacu). Wnmuit
HaTYOKAHUHT  KYJUTAHWJIWIIKA ~ JWHAMHK =~ CHCTeMajiap Xomariap (a3ocuHUHT
STPUJIUTHHYU aHUKJIAIra Ba OONIMIKAPWIYBYM CHCTEMAIAPHUHT JPUIITYBYAHIUK
TYIJIAMUHUHT T€OMETPUACUHU YpraHuIlra Xu3mar Kujiras;

y3rapmac ['aycc arprIMkiv TyJjia puMaH KyIXWUIMKIApUAary Karjiama puMaH
cyOMepcusicuJiaH XOCHWJI KWJIMHraH Oyica, y xohjga Oy Karmiama Karjiamiapu
y3rapmac laycc SrpwmmkiIv KYMXWUIMKIApAaH HOOpaTiuru Oyinda OJIMHTaH
Hatwxkanap Poccus @enepanusicu Pannap AKaJaeMUSICHHUHT WIMUNA TaIKUKOTIIAP
dboumuuuar 1.3.1.3 pakamnu «Sparum ycymwiapu, Ep xakumarm mareMaTuk



MOJICJUTAPHU TAJKUK KWIMII Ba HWJACHTU(DUKAIUSATIAND) WIMHH JOMMXAaCUHU
Oaxkapuiiga JOMHAMMK CHUCTeMajiap Xojamiap (a30CHUHHMHI  CTPYKTYpacHHH
ypranum wuMkoHuHU Oepran (Poccusi ®denmeparmusicn danmap AxageMUSCHUHUHT
Cubup Oynumum  XucoOmamr  MareMaTMKac Ba  MareMaTuk  Treodusuka
uHCTUTYTUHUHT 2016 iiun 24 apryctaaru 15301/12-2711 coH MabiyMOTHOMACH).
Nnmuii HaTWKAHUHT KYJUITAHUJIWIIM HOMAaH(PUN STPWIMKIN KYNXWUIMKIapIari
AMHAMHK CHUCTEMasap Xoiamiap (a3oCHHUHT CTPYKTYpacHHH YpraHUINTa XU3MaT
KWITaH.
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TaagkMKOT HATWKAJTAPUMHHMHI anpodanusacu. TagKUKOTHUHI HaTHXalaph
WIMUR-aMaluil aHXKyMaHlapAa Myxokama KWJIMHTaH, XymianaH: «leomerpus
oyitnua MaKkTaO-ceMUHap» (AGpay-ropco, Poccusi, 2006), «Em
MaTeMaTUKJIapHUHT sHTU Teopemanapu» (Hamanran, 2006, 2009), «/lunamuk
CUCTEMAJIap Ha3apUsICH Ba HOKOPPEKT MacajlajlapJard SHTU WyHaJIUILIap»
(Camapkann, 2007), «MaremaTuka, MexaHuKa Ba MHPOPMATUKAHUHT 3aMOHABH
myammonapu» (Tomkent, 2008), «Karnamanap, AMHaAMUK  CHCTEMaylap Ba
Maxcycnukiaap — Hazapuscuw»  (Camapkann,  2009), «CuptnapHuHr  Ba
KYNIEKIMKIApHUHT MeTpuk reomerpusicn» (MockBa, Poccus, 2010), «Jlokan
aHanutuk reometpus» (Jlaxop, Iloxucton, 2012), «Amanuii maremaTuka Ba
MH(POPMAIIMOH TEXHOJOTUSIIAPHUHT J0J13ap0 MyaMmosapu —aj-Xopasmuit 2012»
(Tomxkent, 2012), «'eomeTpusHUHT A013ap0 MyaMMOJIApU Ba YHUHT TaIOUKIapH»
(Tomkent, 2014), «OxTUMONIAP HA3APUACUHHUHT JIMMUT TeOpeMajapy Ba YHUHT
tanouknapuw» (Hamanran, 2015), «bomkapyB Hazapusicu Ba MaTeMaTHK
MOJICJUTAIITUPUID)  MaB3ycuaaru Ymympoccusi KoH(pepenuusacuna (VbxeBck,
Poccus, 2015), «Marematuk ¢u3uka Ba 3aMOHABUN aHAJU3HUHT TYPAOMI
macananapuw» (byxopo, 2015), «Ananuzauar nomsapd myammonapu» (Kapiy,
2016), «3amoHaBuii TOMOJIOTHA MyamMMoiapu Ba Tanoukiapuw» (TomikeHt, 2016)
KaOu aH)XKyMaHjiapa Mabpy3a KypuHUIIMAA Oa€H 3TWIraH Xamjaa anpodanusgaH
YTKa3WIraH. TaaKUKOTHUHT HaTWXKaJIapU V36exucron Muini
YHUBEPCUTETUHUHI «leoMeTprs Ba TONOJOTHSHUHI 3aMOHABHA MyaMMOJIapH»
(2000-2016), «dyHkuMoOHaN aHaAM3 Ba YHHHT TaTOukiapu» (2014-2015),
«Kommekc  aHanmu3HMHT  3aMOHaBuUi  Macananapu» (2015) xabu  wimMwid
ceMHHapiapHuaa, Y30ekucToH MHUIUIMii yHHBEPCHTETH KOIIMaard Maremaruka
MHCTUTYTHHUHT «Orneparopiap anredOpanapu Ba yiaapHUHT Tagoukiaapu» (2015)
WiMul cemuHapuaa, HamaHran MyXaHIUCITUK-TIENAroruka WHCTUTYTH «Onwuii
MareMmarukay kadenpacuuHr (2016) nnMuii ceMuHapuia MyxokaMa KAJTWHTaH.
TagKuKOT HATHXKAJAPUHUHT IbJOH KWJIMHMIIM. [{uccepranus MaB3ycu
6yitnua xamu 43 Ta WIMMI WMII YON OSTHITaH, WIyJIapAaH Y36eKHCTOH
Pecnybnukacu Onuit arrectanusi KOMUCCUSACUHHUHT JOKTOPJIMK JHUCCEepTalUsIapu
acOCHM MIMHN HAaTWKAJAPUHU YOIl STULI TABCHUS ATUITAH WIMHUHM Hampiapaa 16 ta
MakoJjia, xymiaaan 6 ta xopwkuid Ba 10 Ta pecnyOnMka XypHajiapujaa Haiip
STUIITaH.
Juccepranusi Ty3WINIIU Ba XaxxMu. [luccepraiust TapkuOu KUpUII, TYpPTTa



000, xyrnoca Ba ¢oitnananuirad anaduémiap pyixaruaan udopar. Jluccepramus
HHUHT XakKMU 161 OeTHH TaIIKWII DTraH.
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JTACCEPTAIIUSAHUHI ACOCUI MA3MYHHU

Kupum kucmMuja yTKa3wiraH TaJIKUKOTIAPHUHT J0I3apOUId Ba 3apyparu
acocllaHraH,  TaJAKUKOTHUHI  pecnyOnuka  (gaH  Ba  TEXHOJOTHsUIApH
PUBOXJIAHUIIMHUHI YCTYBOp WYHaJIMIIJIApUra MOCIMUIM KypcaTuiaraH, MaB3y
Oyiin4ya XOpIKUKW WIMHA-TAIKAKOTIAD IMapXH, MYaMMOHHHT YpraHWJITaHJIUK
Japa)xxacl KeJITUPWITaH, TaAKUKOT Makcadu, Bazudanapu, oObEKTH Ba MpeIMETH
TaBcU(IaHraH, TaJKUKOTHUHI WIMHN SIHTUJIWTH Ba aMaluil Hartwkanapu OaéH
KWIMHTaH, OJIMHTaH HaTWKaJapHUHI Ha3apuil Ba aMainuid axaMHsITH O04u0d
Oepwiirad, TaJKUKOT HATHKAJIAPUHHUHT >KOPUN KWJIMHHINW, HAIIP STHITAH HIILIap
Ba JMCCepTaIUs TY3WIUIIN OYiinya MabIyMOTIap KEATUPUIITaH.

JluccepraiiusiHUHT «AcOCHil TymyH4aaap Ba épaamum daxkraap» ae0
HOMJIaHTaH OupuHYM O000M EpnaMud xapakrepia OYnuO, auccepraius MaB3yCH
Oyiinua acocuil TyuyH4a Ba €paaMuu Qakmiap KeJITHpUIITra OaruiljiaHraH. Y y4Ta
naparpadiaH TallKuI TONTaH.

bupunun 600HMHT OMpUHYM naparpaduaa CHILTHK KYIXAUIMKIAP HA3apUsICU
KUCKa OaéH STWUiraH, AMCcepTalysAa WUIUIATWIAJUTaH CWUIMK KYNXWIIUKIapra
noup 3apyp Tabpudnaap Ba Epaamun  dakmiap kentupuiaraH. CHIITHK
KYNIXWUIMKIJIApra Ba KUCM KYTIIXWUIAKIapra MUCOJIJIAP KEATUPHUIITAH.

WNkxnHum naparpadaa CUILIMK KYIXWUIMKIApJard BEKTOp MaiI0HIap
Ha3apusCU KUCKa Oa€H 3TWIIraH, BEKTOP MaiIoHIap OpOUTaIapUHUHT aCOCU
xoccanapu KenTupwirad. bapya tymyHuanap Mucosiap OuiaH EpUTHITAH.

VYuuHun maparpad Karigamaliap Ha3zapusiCUra OMJI acOoCHi TylIyHuYajap Ba
EpmamMun (akTiapra OarunuiaHraH OYynmO, yHIa KaTiamajnap Has3apusicura O]l
Tabpudap Ba U3NAHUILIAPHUHT HATHKAIAPU KEITHPHUIITaH.

busra ymuamu nra tenr Oynran” CcuH@ra TETUIUN CHULTUKM KYTIXWIITUK Ba Oy
KYIXWUTMKHUHT CTPYKTYpPAaCHHU aHUKJIOBYHM 4— MaKCUMaJ atiiac Oepuiral
oyncun, Oy epaa r 2 0. Arap 0 < <s rmyHocabar ypunimu 6yica, MKYIXWLIAK®
Ccungra xam terunum 6ynanu.” Ccudra Teruiii M KYIXUUIMKIATy JTOKa
KOOpJMHaTalap cucreMacuHu * A0unaHn Oenruinaimus.

Ouau 0< <k NTEHrCU3IUKHU KaHOATJIAHTHPYBYH OyTyH KCOH Kapailluk.
Tavpug 1. bepunraHMKYIXWITHKHUHT YA3UKITH OOFIaHUIIIIN KHCM
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COHJIap.

Kapanaérran LyTymnam FKargamMaHUHT KatiaMu Aeiimnanu. Ymly Xonariaa
kymaamnu ° Ckariiama kKoyiadamu g n k = —ra TeHr Oynran * Ckarmama Xam
nevnnanu. FOxopuaaru (F)), (F,) maptiap MKYOXWUIMK y3ap0o KEeCUIIMaWauraH
KarjaamiapaaH uoopaTiuruuu, (F;) mapT dca Karjaamiap Jiokajl MabHOJa Mapasiie

TEKUCIWKIIApra VyXIIall JKOWIAIITaHJIWTUHYA aHoiaraau. Arap (F;) wapr

*U 4 A A ¢ ExoopaumHaramap arpoduapu KaTiamiiaHTaH

Oaxapunca, ( , )
nermnanu, Oapua KaTiaMmJiaHTaH KoopawHaranap arpodmapu Tyrmiamu * A OunaH
OenruiIaHaIy Ba KarjamMJIaHTaH KoopAuHaTanap arpodiapu cuctemMacu JIeiniiaiu.
Cunnuk Mxynxuwukaa Frariama 6epuiran 0yiica, OyHaan KYIXUUIAK
KaTIaMasu Kymxumnuk aeitunamu sa (M F, )xabu 6enrunanam. CybMepcusnapaan

XOCHJI KWJIMHTaH KaTiamManap CuH(U KaraaMaJapHUHT MyXHUM CHUH(IIapuiaH oupu



XucoOIaHaIu.
Tavpug 2. Panru makcuman 6ynaran nuddepennuanianysunf: M — B
aKCIAHTUPHII yIyHn > minapT 6axkapuica, y cyomepcus aeitmnanu, oy epaa M
,Bymyamnapu Moc paBuIllJia #7Ba mra TEHr OYJIraH CHIUIUK KYTIXUAJUTHKIIAP.

['eomeTpuKk HyKTau Ha3apjaaH, TyJa reojJie3uk KaTiiamanap Ba Puman (MeTpuk)
KaTiamMalapy KaTlaMaJapHUHT MyXUM CHH(U XHCOOJIaHa IH.

Tavpug 3. bepwiran M - Puman KYIIXWITUTHHUHTNKUCM KYTIXUJIJTUTUTA
YPUHYBYM MKYIXWUIMKHUHT T€OE3UK YM3UFU NKynXwukaa érca, M - Puman
KYIXWUITMTHHUHT NKUCM KYTIXWJUIMTH TYJ1a T€0Ae3UK KYNXWIIUK JSUH JTaau.

Tavpugh 4. buzraM - Puman kynxumnurujaarua Fratiama Oepuiiran OYIICHH.
bepwiiran karinaMaHUHT KaTjiaMura OUTTa HyKTaJla ypUHYBUM I€0IC3UK YHM3UFU 1Ty
Kamiamazaa €rca, sS’bHM Xap OMp KamiaM TYyla TE€OAE€3MK KUCM  KYIXWUIMKAAH
ndopar 6yica, Fxarmama TyJa Te€oAe3UK JTeHrIau.

Kputuk HykTanapra sra 6ynmaran auddepeHnnanianyBuu GyHKIUIAP
caTX CHUPTIapH XOCUJI KUJITaH KaTiiaMaiap cuHGu Koyayamu Oupra TeHr OyiraHn
KaTjaaMaJlapHUHT MyxXuM cuHbuaup. AMepukaiuk npodeccop Ph. Tondeur " M
Puman kynxunauruaa rpaJueHTUHUHT Y3YHJIUTH Xap OUp caTxX cupTuja y3rapmac,
KPUTHUK HyKTajapra sra 6yimarad '

fMR - QyHKIMSITApHUHT caTX CUPTIAPH

Te€OMETPHUSACHHHU YpranraH. byHnai GpyHKOusuIap caTx CHpTIApU XOCHIT KHJITaH
Kariaamanap Puman (MeTpuk) Katiiamacu OYIuIuHu ucootnarad. Tavpugh 5.
['pamueHTH y3yHIHUTH caTX TYTIaMIAPUHUHT OOFTaHUIILTAIUK

KOMIOHeHTacu/a y3rapmac 6yran ( ) dyHKIHsS METPHK (QYHKIMS AeHIIa .
fMR: - *'C M R,cundra Terumuim '
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Tavpugh 6. busra MPumaH KYNIXWUIMTHA aHUKJIAaHTaHFKaTiiama Oepuiran

Oyncun. bepwiran FkaTiaMaHUHT KaTjlaMura Oupop HyKTajaa OpTOroHaji OynraH
MKYIXUIITMKHAHT TeOAe3UK YM3UFU Y3WHUHT Oapya HyKTajlapuaa FKaTiaMaHUHT
KaTiamiiapura opToroHnan oynca, y xonga M
KYyXumukaa 6epunran Framiama Puman Kamnamacu nevinnanu. JluccepraiistHuHT
«Katnamaau KynxXuwijiMKJIap reoMeTpusic» 10 HOMJIAHTaH UKKUHYHA 000U
KaTiaMalii KYTXUJUTUKIIAp TE€OMETPUSICH, CyOMepCHs XOCHJI KWITaH KaTiamMaiu
aTiaciapHu TaJIKUK KUWJIUIITra Oaruiianrad. Puman cyOMepcHsicHuiaH X0CHIT
OynTaH KaTaaMaJapHUHT Karjaamiapu y3rapmac ['aycc sTpuiuKiIn Ky IXIITHKIIAp
oYUM, KaTaaMaiu KYIXWITHKHIHT TEOJE3UK YU3UKIApH JINMHUTH, KaTJJaMaHUHT
JUMUTAATU KaTJIAMUHUHT T€0/Ie3UK YM3UFU OYIUIIHN XaMm/ia TYPT YirdaMiu
COJKYIIXUJUIUTUHU O€lll YIyaMiu eBKINJ (pa30cura M30MEeTpPUK OKIa0
Oymmacuru ucOOTIaHTaH.

CyOMmepcusnap XoCHJI KWJITaH KaTiaManap CUHGHU KaTIaMaJlapHUHT MyXUM



cunu xucobnanaau. Panr xakunaru Teopemara kypa xap kangaif M B : —
cyomepenst Mxynxuunkaa Katamiaapu (), Lfpp B -

= EKUCM
KYIXWUTHKIIapAaH ubopatk n m = —ymuamin FratiaMmaHu XOCHJ KUIaad, Oy epaa
nm,MocC paBuga M B KyIXWUIMKIAPHUHT yiIyaMiiapy Ba n m> . busra
MxyTxunnmukaa kymuaminy cuutuK Fxarnama 6epwiran 6yncud. L p( Jopkanu
FKaTJIaMaHWHT pHYKTa/aH YTyBuu Kamiamunu, T,Lopkamu L p( )katnamMHuHr
puykracunaru ypuama daszocunu, H p( Jopkamu T,L ypunma pasoHUHT

MKYIXWIIMKHUAHT pHyKTacuara ypuama 1,M, pEM da3ocuraua oproroHan
TYynaupyBurcunu oenrunaimus. HarmwkanaTMypunama Katinamauuar TM =TF ©

Hwmynocabar ypuniu Oynaaurad MKKUTa KUCM Katiamanapu 1F ={T WL pEM}, H

= {H( p): pEM}(cunnuk Takcumor) maiino Gynamm, Oy epna Hxarmama
TFxatnamaHuHT 7Mparu oproroHan tynaupyBurcuaup. by xonna xap oup X
€V(M )Bexrop MaiifoHHn , X = X, + X;KypuHHIINA TACBUPJIAII MyMKHH, Oy epra
X, Xy

, - BEKTOD
MalIOHJIap MOC paBHILIIa XBEKTOp MauIOHHUHT 1F,Haarn oproronan
POCKUHUSIIAPUAMDP.

Bepuiran Xsektop Maiinon yuyn X €V(F)mynocabar (1510 X,=) Ypuriu
Oy7ca, y BepTUKaJl BEKTOP MaiiIoH aeiunaan. Arap Oepuiran XBeKTop MaiI0H
yuyH X V&€ (H)mynocabar (spauX 0

,=) Ypuniu Oyica, y TOpU30HTal
MaioH nevinnanu. Cyomepcusiiap nunjga Puman cyOMepcusnapu 1e0 aTainyBuu
CUH()UHU aJTIOXH]Ia AXKPATULL MyMKHH.

Tavpugh 7. bepunranf: M — Bcyomepcussauar nuddepernuany df
TrOPU30HTAJ BEKTOPJIAPHUHT Y3yHJIMTMHU CaKJIaraH XoJAa aKCIaHTHpCa, y X012
Oy cyoMepcust Puman cyOMepcusicu aeiuinaay.

bupunun  maparpapna  Puman  cyOMmepcusiapy  XOCHJ  KWJITaH

KATJIAMQJIAPHUHT CEKI[MOH OJIPUJIMTH TAaJKUK KWJIMHTaH, XymijajgaH, Puman
cyOMepcusiapy XO0CHUJ KWITaH KaTiaMaJdapHUHT TeOMETPHSICHHH H(OoaanoBun
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Teopema ncbotTiianran. Puman cyOMepcusicuian XO0CwI OyJraH KaTiaMalapHUHT
KaTiamiiapu y3rapmac ['aycc srpumkny Kynxuwuinkiaap Oynumm kypcaruwirad. Ph.

1

Tondeurnunr ummunaa xap Oup BepTHKan XBeKTOp MailIoH y4yH ( ) 0

2
X gradf =myHnocabar ypuniau oynaaurad QyHKIUsIAp caTX CUPTIAPUHUHT

TEOMETPHUSICU YPraHUJITaH.

busz fM B : — cyOMepcusmapHUBKYIXWIITUK Oup Ymdamin Oyiaran xonaa
KapaliMu3, aHUKpOFH, [ : M — Rcwinuk QyHknusHU Kapaiimus. Arap Crit{ f'} -



KapanaérraH fpyHKUMSHUHT Oapua KpUTHK HyKTandapu Tymiaamu Oyica, y xonaa M
\ Crit{ f }xynxuvkaa Kamiamiaapy fQyHKIUSHUHT caTX CUpTiIapuaaH ubopart n
—1ymyamnu (€xu koymuamu 6upra TeHr OynraH) FKaTiama XOCuiI Oymaau.
Teopema 1. busra M - y3rapmac SrprIdKIH TYJa puMaH Kynxuury Ba f M
R : — puman cyOmepcuscu Oepuiran 0yiacuH. Y xonjaa, pumaH
1

cyoMepcusicu (fbyHKIUS caTx CUPTIIapy) XOCUJI KWITaH FKaTJIaMaHUHT Xap Oup
Kamiamu ['aycc arpuiuru y3rapmac KynxuuiuK Oyinaiu.

NkxkrHYM O0OHMHT MKKMHYM Maparpadu KaTiaMain KYIXUUIMKIAp Te0Ae3UK
YU3WUKJIAPUHUHT T€OMETPUSCUHU TAJKHUK 3THUILNTa OarulIaHrad. Puman
KYTIXWUIATH KaTJIaMalld KYTIXUUIUK OYJTaH X0Ja, YIAPHUHT T€0/Ie3UK YN3UKIIapH
Karjuam/a €TUILIN Ba ylap KaTlaMJaru KelTupwirad Puman merpukacura
HUCcOAaTaH reoIe3uK YM3UK OYnuiiu Oy MacajaHu KUWUHIIAIITUPAIH.
Kynxummkaaru reofe3uk YM3MKJIapHUHT JINMUTH XaKH1ard KJIACCUK
TEOpPEeMaHUHT yMyMJIallIMacu OYyJraH KyhHujaru reopema ucoomianran. Teopema 2.
Busra nymaaman M — CUIIHK TYJ1a puMaH Kynxuwimaruaa k yoaammm (0 < <k
n)KaTnaMa Oepwiran OyicuH. Y xonaa

1) kenTupuIraH puMaH MeTpUKacHu OuiIaH xap OMp KarmiaM Tyja pUMaH
KYTIXWJLTUTH OYIau.
Y :(, )reoae3uK YN3nUKIap KETMa-KETIIUTH
2) arap L,karnamnapaa ,.a b — L,
o6epunran 0ynuob, 6upop (, ) 5,€ a — Oakapuica, y Xoijaa ,,
byayam — oynranga s vy 8 ,.(,) Y.(S) - p, ss=gap
YKeTMa-KeTuK L p( )Kamiamaaru
HYKTaJlaH YUKYBYH OUpOP
VBEKTOp HyHaIuImaa Y (a,b) - L( p)reone3uk
YU3MKKA HyKTaBUI SIKMHJIAIIAIN.
Kylingaru reopemazna 2 - TECOpEMaHUHT UKKMHYU KUCMHHH Ky4alTHPaMU3.
Teopema 3. buzra nymyamiu M — CUITUK TYJla pUMaH KYIXWUIMTAAA k YiaaMin
(0 < <k n)xarnama 6epunran 6yncu. Bupop !

s R €yuynm —
0

Y s p —MyHOcabat 6axxapuiaauras, L, KaTiamiuapaa kentupuwirad (),

oynranma
“Y mm

pHMaH MeTpHKacura HucOaraH '

R L — —reone3uk 4n3MKJIap KETMa-KETIUTH

§ § =1a pHYKTaJIaH YUKYBYHU
Oepunran Oyincus. Y xonaa L p( )kaTiaMmiaru
Y : ()R L p - reone3uk Yn3uKKa HyKTaBUH SKUHJIAIIAIUTAH ,

oupop ' KETJIMKHUHT ,,

% - 1
VKHCMHH KCTMa-KCTIIMI'H MaBXyJ. = Tondeur Ph. Foliations on Riemannian manifolds//
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Puman dazomapunu eBxiauj azonapura €ku Oupop Oolka puMaH ¢azocura
U30METPUK OoTupHil Oy (a3oJapHHUHT SIHTU KU3UKAPIH TEOMETPHUK XOccanapra sra
KUCM  KYNXWUIMKIAPUHU KypHUIl ycy/ulapunan Oupuaup. Kynxummukimapau
€BKJIM]I Ba OOIIKa (pazosnapra M30METPUK OOTHPUII Ba JKOMIAIITUPUIIT HaaKaT
muddepeHnran reoMeTpUsIHUHT, 0anku PuMaH reoMeTpuUsSCHHUHT XaM MapKa3uil
MyaMMmoJapugaH Oupu XxucoOnaHuO, Oy coxamtapja TypJiad HYKTald HazapaaH
YpraHwiaau.

MN3omeTpuk OOTHpHUII Hazapusicu 4YM3UKIM Oyiamaran auddepeHIman
TEHIJIaMajiap CUCTEeMAacCHUHU €YMIIl MacallacH, XaMJa TOMOJOTUK MyaMMoJap Ouiian
OofnMK OYynuO, yHAAa KEHI MUKECAA MaTeMaTWK YCYJUIAapHU KyJulaml OuiiaH
Oupranvkaa SKKoJ TeOMETPUK FosIap Xam MIUIaTUIaIu.

VYyunuu naparpad KYNXWIIMKHU eBKIU hazocura O0TUPHUII MyaMMOCHUHU
TaJIKUK Kuiuiira Oarunuianrad. JKymianas, Typt yinuamiu *

SolKYTIXUIITUTUHA
Oemn yaamiu eBKIUA (pasocura M30METpUK OOTHUPHIN XaKUAaru Macania

Kapanaau. TYpt ymyammm *

SolKYIXWILTMTUAA YallMHBAPUAHT METPUKA
p22292(Ydsedx dyedzdt”
= + + +dopmyna 6wtan 6epunay.

Ky#tunaru Teopema ucOoTiaHraH.

Teopema 4. Typr ymaamau *

Solkynxunauruau Oenn yoyamiiu ° ReBKIN
¢dazocura uzoMeTpuk 00THPUO OYIMaANTH.

XaKUKUil 3JIeMEHTIIN Ba JeTepMUHAHTH | Ta TeHr Oynran 2 2 X
MaTpurairapaad uoopar yd ymuamium Jlu rpynmnacu

M
abab
SLRGLR

(2, det 1)

T
cdcd

=€ =

KaOu, YHUHT YHUBEpcaJ KoIulamacH 3ca , SL Rounan Oenrunanaan. Mabiaymkw,
»SL Rrymuiam xaMm JIu rpynnacuHu Tamkuil KAJaad Ba YHIA Yarn KynaiTmara
HUCOaTaH MHBAPHAHT OYNTaH METPUKA KUPUTHII MYMKHH.

OHIU , SL RKYTIXUTUKHU



222()

dx dy dx ydt

det

2:y 5

YanuHBapUaHT METpUKa OWIaH TYpT ymuamin * ReBkina pazocura M3oMeTpukK
OOTUPUII MaCATACUHU TAJIKUK KUJIAMU3.

Teopema 5. Y4 ymuamiu , SL RKYIXWIIUK TYPT ydaMiu * ReBKIua
¢dazocura nzoMeTpuk 00THPUO OYIMaTH.

JuccepranusHuHr «KariamMaay KynXuJUIMKIAp H30MEeTPUsiJIapu Ipynnacmw»
7e0 HOMJIaHT'aH YYMHYM 00011a KaTJlaMajau KYyNIXWUIMKIAPHUHT H30METPUSIIapu
rpynmacu TaAKUK KUIMHTaH. XKyMiaanas, KaTiaMand KYTXIITHK U30METPUsCH Ba
KaTJIaMaJIi KYNIXWIUTHKHUHT O0apua U30MeTpusiIapy TYTIaMua KaTiaManu
KOMITaKT-OYHUK TOTIOJIOTHSI €K F -KOMIAKT-O4MK TOMOJIOTUS TYIIyHYaJIapH
KUPUTWIAIH, KaTJIaMalli KYIXWUIMKHUHT Oapya U30METpUsIapy Tymiamu F
-KOMITaKT-OUUK TOMOJIOTHa CAHOKJIM Oa3zara ara 0ynrad Xaycnopd dazocu
9KAHJINTH, CUJUTHK YEKJIM YI4amiid, OOFIaHUIUIN KYIXUUTHKHUHT
roMmeoMophu3miIap rpynnacu KOMIakT-O4HuK TONOJIOTUsAra HucOaTaH TOMOJIOTHK
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rpynmna OYnauIM, KarjaMaidu KYNXWUIMKHUHT Oapya HM30MeTpusiiapuaadH uoopar
KUCMIpyMa XaM Iy TOMOJOTHsAa TOMOJOTHK Trpymmnaiap OViauIiM, Kariamaiu
KYTIXWUTMK HM30METPUSJIapH  KETMa-KeTJIUTH Xap OWp KaTiaMmjaard OWTTaaaH
HyKTajga SKHHJIAMICA, Yy Xoijga Oy KeTMa-KeTIuKIaH F — KOMITAaKT—OYHK
TOTIONIOTHAJIA KAaTIaMaJId KYNXWJUITMK HM30METpUsIapura SIKWUHJIANTYBYM KHUCMUUN
KETMa-KeTJIMK aXpaTUlll MyMKUHJIUTH UCOOTIaraH.

Yyunun OOOHMHT OupuHUM maparpaduma KarjaMaad KYNXUUIMKHUHT
mometrpusick Ba ( ) G Mpma xariamaaud KOMIIAKT-OYUK TOMOJOTHUS EKu F -
KOMITAKT-OYMK TOTIOJIOTUS TYIITyHUYAJapy KUPUTUIAAU. ATap KaTJIAMAaHUHT YIT4amMu
KYNXWUIMK ~YI4aMura TeHr Oyica, KUPUTUITAH TOIOJOTHS KOMIAKT-OYUK
TOTIONIOTHS OWJIaH YCTMAa-yCT Tymaau. Arap KaTJJaMaHWHT KOYIY9aMH KYTIXWJUTHK
Vnyamura TeHr Oyiica, Oy TOMOJOTHSAATA SIKUHIAIIUIIM HYKTaBUM SKUHJIAIIUIIT
Owtan Oup xua 6yIaau.

Busra kynuamnu |, F F xatnamanap ounau ( ) { M, Fsa( ) , N,Fxatnamanu
KYIXWUIHKIap Oepuiran O0YiIcHH.

Tavpugh 8. bupop UXTHEPUHN L KaTIIaMHUHT

¢:MN - —C- ¢( ) L,akcuF,KaTiaMaHUHT KaTjaMu

anddeomophusMaar KatiaManarun  Gyica,
6epunran ( ) M, FBa () , N,Foxyprmaknap " C - qupdeomopd neiimnanm a ()
M F = (,) N F,xa0u O6enruiaHaim.

1



Bepunran ( ) | M, Fxynxuiukeu ( ) o N,FKYIXUIIMKKA aKCITAHTUPYBYH ¢

aKCIAHTHPHII KaTaamanu cakjioBun’ C - muddeomopdusm aerimmamu Ba 1,9 : (, ) (
,)MF NF - xabu é3unaiu.
Arap M =Npa F F ,,
=MyHOcabatnap ypuHian 0yica, KaTiaMaiu

KYTIXWITUKHUHT auddeomopduzmu Oepuirad AU MyMKHUH.

Tavpugh 9. Katnamamu (M F,) — KamlaMJIaru KeJaTUPUIIraHu
Kynxuwuuk ¢ ¢ : () L L U30METpUsiIaH noopar 0yica, aa
¢ : M M - nubdeomopduzmu

HUHT

¢ : M M - akcrantupumn Katiamand (M F,) KYIXUUTAKHAHT H30METPUSICH
IenIaau.

Busra xap Oupu FKamiamMaHMHr OMpop Kammamuaa éraguran {K)}0apua
KOMIIAKT TYyIUIaMJIap OWIACH Ba MKYNXWUIMKIA {UB}6apqa OYMK TyIUIamiap
omnacu Gepuiran 6yacun. Xap 6up Ky C Lqsa Ugxydrmuk yays () K Up

fC
MyHocabar ypuniau 6ynaguran 6apya () »
f G M €akcianTvupuiuiap TyIJIaMUHA
KapaiimMu3. by akcnaHTupuILIap TyIJaMUHA

[KpnUpl ={f: M ~ Mf(K)) C U}
kabu 6enrunaiimus. Ymoy [ , | K, UgkypuHUIIIAry TYIaMIapHUHT YeKIN
COHJIaru KecuiiMacuan noopar () G M TynaMHUHT KUCM TYTUIamiiapu
OWJIACUHU kputepuiira'kypa () G M, Tymaamaa
O6wian OenrunainmMus. Mabiaym
Oowusia 6a3a Oynaguran TOMONOTH MaBXKy/ Ba Oy Tomosorus sirona 6ynanu. by

'Baxensman M.51., Bepuep A.A., Kantop b.E. Benenue B b hepeHInanbHyio TeOMETPHIO «B LETOM». — M.:
Hayxa, — 1973, — C.440.
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TOTIOJIOTUSTHH KATJIaMaJii KOMITaKT-O4HK €K F' — KOMITAKT-OYMK TOTIOJIOTHS Je0
aTanmu3.

Teopema 6. F -KOMITaKT-04MK Tomojorus owiad () G MyrynnaM caHOKIU
Oazara sra 6ynran Xaycaopd dazocu 6yaaau.

MasbnymkH, arap KYIXUJIMK KOMITAKT Oyiica €ku " ROuiaH ycTMa-yCcT TylIca,
y xonaa MxynxuinmukHuHr auddeomopduszmnap rpynnacuDiff M( ) KoMOakT-04uK
TOTIOJIOTHSITa HUCOATaH TOMONIOTHK rpymmna 6ynanu. Kyitnagaru teopema ymoy
HaTUKAHUHT UXTUEPUN CUIUTUK KYIXWUIMK YYYH yMyMJIalIMacuup.

Teopema 7. busra CUIUTMK YEKJIH YI4amiid, OOFTaHUIUNA MKYTIXUTUTUK
Oepwuran OyicuH. Y xonja yHUHT romeoMopusmiap rpynnacu Homeo(M )
KOMITaKT-OYMK TOTOJIOTUATa HUCOATaH TOMOJIOTUK Tpynna 6ynaau. XycycaH, Diff
M(), () G MKucMm rpynnaiap Xam Iy TOTOJOTHs1a TOTIOJIOTHK IpyInaiap



oynmasu.

Karnamanu xynxunnukausr () G Mpu3omeTpusiiap rpynnacu yMyMuid XoJijia
KYIXWUIMKHUHTG M( )u3oMeTpusiiap TPYNMacHHUHT KUCM TPyMHacud sMac, Ba
aKCHHYa, KYNXWUIMKHUHTG M( )u3oMmeTpusiiap Tpylmack Xam KaTjaMalld
KYNXWITMKHUHT () G Mpu3oMmeTpusinap TpyNHaCMHUHT KHCM TPYIIIAcH 3Mac.
Jlexun, anbarra, Oy rpynnanap Oy OynMaran kecuinmara ara, seHu, 1 G M G M
€ # QD ) (). Tabuniixu, caBon maiino 6ynamu: aifHnii aKCTAHTHPHIIAAH (BapKIH
KamlaMaJid KYIXWIIHK U30METPUSIIapU TPyNnacura TEeTUIUIH, JIGKUH KYTIXUIUTAK
M30METPUSICU OYIMaliIuraH akCIaHTUPUIL MaBKYIAMH?

bu3 TOMOHWMH3IAH KarTjamMaiau KYNXWIIUK HW30METPHUsIIapH TPYIITACHHUHT
DIIEMEHTH OyJajWraH, JIGKUH KYyNXWUIMK HW30METPUsUIapu  TPYyNIaCUHUHT
AIIEMEHTH OYJIMaliuran KarjiaMaHUHT MaBXKYJTUTH UCOOTIIaHTaH.

Teopema 8. bepunrau (M F, )xatnamanu kynxunmukaudr () G.M

uzoMeTpusnapu rpynnacu, (M g, Jpuman kynxuinuk G M( )uzoMeTpusiapu
IPYyNIACUHUHT 3JIEMEHTH OYJIMalIuraH, 3JIEMEHTHU Y3 nuura onaauras f: M —
BcybOmepcus maBxky.

Ky#uaaru mucon kypcatud TypuOIuKy, TeOpeMa IapTUHU KaHOATIaHTH
PYBUYH COAAA MUCOJUIAP KyPHUII MyMKHH.

Kynxuwuink cudaruga ukku Yirdamian > M R =TeKMCIUKHY, YHIarH KaTiama

()

fxyxy,=-
(GYHKIUSHUHT caTX, YM3MKJIApUIaH XOCUJI KUJIMHTaH OYIICUH 1e0
OJIafIJ]I/IK. KaTJIaMaJ'II/I KS’/HXI/IJIJII/IK I/I3OM€TpI/IHCI/I

OA(xyxyxy,,,)=+(())
dopmyna 6rian Gepriran 6yiacun. Arap A — ¥3rapmac con 6yica, Oy
AKCIIAHTUPHII TEKUCIUMKHUHT XaM KaTJaMald TEKUCIMKHUHT XaM H30METPUSICH
oynamu. Arap )MyHOCa6ar Ypuniu 6yica,
Mxyfxy,,)=—( dakcmanTHpHIIT
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TEKUCIIMKHUHT H30METPHUACH OYIMaiin, TeKUH KaTaaMaid KYIIXHUIHK H30MET
pusicu Oynaau.
Xaxukaras, arap ( x y, )aykra 2
X y ¢ — =mapabomnana ETUIH MabiiyMm OVyiica,

yxomma (xyxy,,+A())nykra >
X y ¢ — = 2mapabonana éraau. by akcianTupwun
napaboiiaiary YN3KuKIap y3yHIMKIAPUHE CaKTakIH.
Vuunur GOOHMHI HWKKHHYM Taparpaduga SHMH F -KOMITAKT-OYHK
TOMOJIOTHANA  KaTlaMmadd  KYOXWUIMKHHHT — HM30METPHsIap  PYIIIACHHHUHT
TeOMETPHSICH TaJKHK KHJIMHTaH.



Karnamanu KynxwuiMkiap y4yyH KyHuJ1ara JeMMaliap Ba TeopeMa

UCcOOTIaHTaH.

"F

Jlemma 1. busra 4 C L TyIuiamaa HyKTaBui skuainamysan{f,, }€ G (M)
KeTMa-KeTIUK Oepunrad OyicuH, Oy epaa L,— KapanaéTrad KariaMaHUHT Oupop
KaTiaMu. Y xonza {f, }JKkeTMa-KeTInK ATYIIamMaa XaM HyKTaBUil sIKHHJIAITyBUU
oynanu (4 — ATynnaMHUHTL

J[Karimamiaru €nurn).

Jlemma 2. busra f( p) ,K€TMa-KETJIMKHUHT SKUHJIALIYBYH f ( p) ,,KUCM KE€TMa
KEeTJIUTYA MaBxXKyJl OYnaauran LKaTiaMJarupHykrainap TymiamMu 40epuiiran
OoyncuH. Arap Atymmam O0ym 0ynmaca, y xonga A L =

«MyHOCa0ar YpuHIH
oynanu.

FOxopuaa kenTupuiaTaH JeMmanap KyWnaara TeopeMaHy HCOOTIal
MMKOHHUHU Oepaiu.

Teopema 9. buzra nyn4amiii MCUIIIUK Tyna KYIXWIIUKIA kYIT9aMiIn

CHIUTHK Fkariaama Ba (), 0, 1,2,3,.... 7

wef GMrmE 2 =keTMa-KeTJIHK Oepriran
oyncun. Xap Oup L Karnamaa myHaai o L , , EHyKTa MaBxya 0ymmo, (),

f0q
KeTMa-KeTJIMK AKUHJIayBYu OYcuH ne6 dhapa3 Kuianuk. Y xomiaa ,,
fkeTma
KeTJIMKHUHT F -KOMITaKT-O9YHK TOTIOJIOTHS/IA SKHHIIAITYBYH OYIITaH ,,
fkucmuii

KETMa-KETIIUTH MaBKy/.

Kamnamamap Hazapusicn JAMHAMUK CUCTEMajap Ha3apusaCH, JUHAMUK
MOJINCUCTEMAJIap Ha3apusACH Ba OOLIKAPYB Hazapusiapuia KEeHI TagOuKiapra sra.
Bekrtop wMmaiionnap ousacMHUHT opOuTanmapu xojariaap (a3oCHHU CHHTYISP
KaTiiama €0 arajyBuu KaTjiamjapra axparaju.

OpuniyBYaHIuK TymamMu (OOMIKapyBYaHJIHMK TYIjiamMu) Ba OOIIKapyB
TU3UMJIADUHUHT WHBAPUAHT TYIUIaMJapyd ONTUMajl OOIIKAapyBHUHI cu(aTui
HazapusICHAa MyXUM oObekmiap xucoOmanamu. bomkapyB TH3MMIapUHUHT
WHBApUAHT TYIUIAMJIAPA CUCTEMAHUHI YHI KUCMH €pPIaMHIAa aHUKJIAHTAH BEKTOP
MaiIoHIap OUJIACUHUHT OpOuTanapu OUiaH yCTMa-yCT TyLIaIH.

HMuccepranusinuar «BekTop MaiiioHJap opOuTajapu reomerpusicw» el
HOMJIAHTaH TYPTUHYM OOOM BEKTOp MailJIOHJApHUHT OpPOUTATIAPUHU TaTKHK
KWInIra OaruvuuiaHrad. Maxcyc KYpHHHILJArd BEKTOpP MalIOHIap CHUCTEMACH
YUyH ODpHUIIYBYAHJIMK TYIUIAMUHUHI KOMIAKTIMIH Ba «HYKTa-3PHUIIYBYAHIIMK
TYIUIAMW» KYII KUMMATIM aKCIAHTUPULIHUHT Y3JIYKCH3JIMTH, MabiIyM BaKTIaH
OILIMaraH BaKTJIard pUIIYBYAHIIMK TYIIIaMU EMUFUHUHT KOMIAKTIUTHA Ba MAbIyM
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cuH( BEKTOp MalJOHIApH YUYH 3PUITYBUAHIIUK TYTUIAMH BaKIra y3JIyKCHU3



60FJIPIKJIPIFI/I I/IC6OTJ]aHI‘aH, XaMJa YU3UKJIN CUCTCMAJIap YUYH 3PHUITYBYAHIINK

(OomrkapmTyBYaHIMK) TYTUIAMIAPUHUHT TYPFYH OYIUIIN MIapTIapu TOMUITaH.
TYprunun 606HUHT OupUHYM Maparpaduga

= +Z(1)

Xxfxfxu
y OO0

0 =
i 1

KYPHUHUILJIATA BEKTOP MAUAOHIAP IPUILTYBUAHIIMK TYIIIAMIIADUHUHT TEOMETPHUSICH

TaJKUK KWJIMHTaH, Oy epaa 1,

u <6apua i m =1,2,...,nap y4yH

Fxfxfxoi(), e () () -06apua”

x R €nyxranap yuyn ()
fx M<mapTHu

KAHOATJIAaHTUPYBUU BEKTOP-QYyHKIUMsIap, M,— y3rapmac connap. (1) renrmama

OulaH aHWKJIAHTaH BEKTOP MaiIoHIapra Kyiuaarn KypUHHUIIUAArd OOIIKapyB
CUCTEMAJIAPU MOC KEJIau:

=+z@)

xXfxfxut
OO0

i

1

Yoy

m.,
i

=+Z(3)xtfxfxut

00

muddepennnan teHramanap cucremacu yuyH [0; | 7Tkecmaza aHUKIIaHTaH
OOLLIAHFMY IIAPTIAPHU KAHOATIAHTUPYBYH €YMMU MaBKy/l OVIaqurad yIdoBam ' 2

OO, s D"

utututut=BeKTOp-QYyHKIMI MaBKy1 OVica, XHYKTa

HyKTaJaH TBAaKTIa SPHIIMII MyMKHH ae0 aiitamus, Oynmaa " (), 1,°



xTxu==<

V €t T[0; ]mynocabarnap ypunnu 6ynaau.
XHYKTaJlaH TBaKT/Aa SPHUIIUII MyMKHH OYITaH HyKTajJapu
" Rpa3zoHHHT
tymiamunay ( ) G T ,xkabu 6enrunaiimus. Tabpudra kypa 6apua Tmap yayn x G T'
€MmyHOocabaTHU XOCUJI KUJIaMU3.

0,( )

by nmaparpadna (1) cucrema yuyH ( ) G T ,3pUITyBYaHIHMK TYTUIAMHAHIHT
KOMITAaKTJINTY Ba 7Ta y3IyKCcU3 OOFIMKINTY UCOOTIAHTaH.
Kylingaru reopemanap ucOOTIaHraH
Teopema 10. bapua T 2 Onap yuyH ( ) G T ,Ty1u1aM KOMIAKT TYTILIaMIAP.
Teopema 11. Xap 6up T = Onykrana ( )
TG T - .akcna"Tupuil Xaycaopd

METPHUKACU/IA Y3ITyKCH3.

TYpTuHYM OOOHUHT UKKHUHYHU Maparpaduaa SpuiryBYaHINK TYTUIAMUHUHT
CTPYKTYypacH TaIKUK STHUIAIH.

Kyitngaru KypuHuigaru

() XfxuxRuUR=€€EC(4)

OomrkapyB cucteMacu Kapanaau. by epma Utymiam " Ria komMnakT OyiaraH
ty1uiam. Kapanaérran fx u (, )Bexktop MaioH xap oup u UEna C cundra
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TETUIILIU Ba faKCIaHTUPUII Oapya apryMeHTIapu Oyitnda y3:1yKcu3 OYJICHH.

byHnan Tamkapy, CHCTEMaHUHT YHI TOMOHU

SN0
fxuMxNxuRU<+V eEx (5

IApTHU KAHOATIAHTUPHUIIHN Tajal KuinHaau (MBaN -y3rapmac KaTTajaukiap).
Yuby G T, (< )BaG T, ( )rymnamnapHuHr XoccanapyuHu YpraHuil ONTUMA
OomKapyBHUHT cu(aThii Ha3apuscHaa MyXUM YpuH srajutaiian. Macanan, G T, (<
)T¥maMBMHT ENUKIMTH (EKM KOMIAKTINTH) ONITUMAJ OOIIKAPYBHHMHT
MaBXYJUIMTY XaKUJard TeopeMaJlapHUHT UCOOTUAA acocuil (axTopiapaald oupu
xucobnanany. Ymyman onranna, G T, (< )saG T, () tymuamnap énuk
OyIMacIuru MyMKHUH.

Kyitngaru teopema ypuHIIn.

Teopema 12. YmbyGn (<T)Ba Gn (T)rymnamnap KOMIAKT TYILIAMIAPIHD.
Masbiymky, " Rpa3oHUHT KOMOAKT KUCM TyTiamiiapuaan noopar ()" K R tynnam
Xaycnopd merpukacu Ominan MeTpuk ¢azoaup. TeHriaManap CUCTEMaCUHUHT YHT
TOMOHH (5) WapTHU KaHOATIaHTUpPCca, KyHHIaru TeopeManap YpuHIH



Teopema 13. YuoyT — G (£7T) Bal G (7) - naKCIIaHTHPHILLIAP
Y3IyKCU3UD.
Teopema 14. Xap 6upT = OyuynG (7) TYIUIaM KoMnakT O6yica, y xonga G
(<7) nIYILIaM XaM KOMIIAKTIuUD.
Hamuorca 1. (3) Tenrnamanap cucremacu yuyH G 7' () STY1uiamM KOMITakT
TYTUIaMJIUD.
by naparpadna
"xAx Bux RuR=+ € € (6)
KYpUHUILAArM YM3UKIN cUCTEMajap xam Kapanaau. by epaad— n n Xymuamiu
MaTpuia, B — n m*yauamiu Marpuna. XXous oomkapysaap : 0; , [ ]”
ulTR -
0< < +oco T'— ymuoBnM yerapananrad ¢pyHkuusiap 0yiacun ne6 dhapasz Kujlaiiuk.
BborkapyBHUHT MaKcanu cucteManu Oupop " NERTalinH XoaTra KeATUPHIIIaH
nubopar.
" Rpazona aHUKJIAHTaH aHAIUTUK BEKTOP MaiJIOHJIap TYIUIaMUHU V'KaOu
oenrunaitnuk. Mabinymku Oy Tyiam Jlu anrebpacu O0ynanu, Oynaa XBa ¥ BEKTOP
MaiiIOHIApHUHT KymaiitMacu cudaruaa ynapuunr Jlu xascu [X Y, | omunran.() X

X Ax Bu ,= +BekTop MaliJJoHIapHU KapalJluK, { ' }’”X u R ,EBexTop MalIOHIIAp
TYymIaMuHu DOunan, DOWIaHy ¥3 HuMra oidyBYM MUHUMaJ KucM Jlu anrebpacunu
A D( )ounan 6enrunaitiux.

FOxopunaru (6) cuctemanuHr xHykTagaH yTyBun L x( )opoutacu " R
(dha3oHUHT
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KYpUHHMIIUAArM 6apya HyKTajdapy kabu anukinanaau. by epna 6apua i / =1,2,...,
Jap yuyH , X D t ;;€ —xakukuii connap, ()’
t Xx —naca X D €Bexrop
MaiimonHuHr ¢ = Opma xHyKTagaH VYTyBum wuHTerpan um3urn. Arap (7)
MyHOca0aTmaru gmap MycOar coHimapmaH wubopar Oyica, y XoJaayHyKraiap
TymiaMu Myc6ar opoutranu xocui Kunaau. JKous u u ¢ = ()0omKapysnap Oyiakiu
ysrapmac QyHknusnapaan uoopar 6ynca, y xonmaGomycbar opbura Oynaau Ba
mwyHuHr yayH G L( ) , C NmyHocabar 6apya " NERnap y4yH ypuHim Oyaaam.
Arapu u t = ( )uerapasianra ymuoBnu QyHkius, xt()(6) cucremara
xx(0)=



GOLIIAHFHY MIAPT OWIAH MOC KEJTYBYH TPaeKTopHs OyIica, y Xouaa uima’,
Kypcartuiaranuaex, fx t u ¢ ( (), ( ))BeKTop MalaoH (L x( )KYIXUIIMKKA fespid x L
€ () NHyKTaJaH YMKyBYU MOC Xxt()
Oapya HyKTanapJa ypuHaIu, IIYHUHT YYYH
TpaekropusaL( ) Nua éragu. Harwxkana, yiraosnu sxou3s Oomkapysnap yuyH G,
APUILYBYAHIIMK TYTJIAMUHUHT KMCM TyTiamMu 0ynaau. FOkopuaaru (6) cucrema
y4ayH G ryminam L( ) NOuaaH ycTMa-ycT TylIaIu.
xRE€mapyays ADXxXAD . ()=€{():()}6yncun. Y xonna
bapua "

. () — BexTOp MaiinoHnap TYIIAMH X
A D() — JIn anrebpacu 6ynrannmurugan, A D
HYKTaJlaru BeKTopiap (pa3o0CHHUHT YU3UKIN KucM Qazocu 6ynanu. XKymnanan, x R
Eyayu () ) Xx4D,,
u R €Ba G6apua”
xap oup” EmyHocabar YpuHiu 0ynaau.
Papmranku, 6apya ”

x R €nap yuyn 0 dim < £ 4 D n myHocabaT 6axapuiaiy.
HaOatnaru Teopemasna xap 6up opOUTaAaHUHT TEKUCIIHK OYIUIIN YUyH €Tapian
mapiap TOMUIITaH.
x R €nap yuyn dim4 D k .( ) =(0< <k n) 6yncun neb6
Teopema 15. bapua "
(apa3 kunainuk. ¥V xonaa 6apya "NERnap yuyH G,TyniaaM KyI4oBian TEKUCIUK

oynasu.
Mabnymkuy, (6) cucteManuur G 00MIKapyBYaHIMK TYILUIAMU COXa Oynumm

Y4YH
()

rank BABABn =

n

HIAPTHUHT Oa)KapUIIMILIY 3apyp Ba eTapiiu.
Yoy ¢aktau 3pTHOOpra 0aubd 15-reopemanan Kyiiuaaru HaTuxa Keiauo
YUKaI1

xREIJIapquH()()

H 2.b "
amuoied apia rank BABABAD<,,..,dim"

MyHOca0ar YpuHIu.

Teopema 16. Kyinnaru( )!
» 5.y’ BAB A B” MaTpUILIaHUHT paHTH # —Ta TEHT

oyncun ned dapasz Kunaimk. Y xomnaa 6apua opouTanap (SpUuryBYaHINK
Tymnamu) n — 1 yadgaMian TeKucIukIap €ku xonatrnap (asocu yuara opOuTaHUHT



1
- ArpaueB A.A., CaukoB F0.JI. Teomerpudeckas Teopust ynpasieHus. — M.: ¢puzmanmt, 2005. — 392 c.
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Ouprnammacuaad uoopar: opOUTanapAaH UKKUTACH nYIT4aMii, KOOpIUHATaIap
Oommaan yrangurad opouta 3ca n — 1 yadaMin TeKUCIIHK.

bomkapyBHUHT cudaTtuili HazapusIcHAa CHWUIMK KYNXWUIMKIArd OOIIKAapyB
CUCTEMACHHUHT OOIIKAapWIyBUM TYTIaMu (€KU SPULTYBYAHIIMK TYIUIaMU) OYIaKkiau
¥y3rapmac Oomkapysiap cuH(duma OOIMIKapyB CHUCTEMacH OWIIaH STOHA PaBHIIJIA
aHUKJIaHAJUTaH BEKTOp MaWJoHIap OWJAaCMHUHT MaHpuii (MycOar) opOuTacu
OwiaH ycTMa-ycCT TyIIaIH.

P. Stefan katnama TylmyH4acHHUHT yMyMJalIMacu OYiraH CHHTYJSIp KaTiama
TYIIYHYaCUHU KUPUTAU Ba opOHUTanap OUpop CUHTYISIp KaTJIAMAHUHT KaTiamiiapu
OymummHM  kypcatau. bapua opOurtamap Oup xun Yiauamiau — Oynranga
KYNXWUIMKHUHT opOuTanapra OYIuMHUIIM KaTtiamajgaH uOopar Oynaau. by sca
KaTjiaMajap Ha3apUsACUHUHT METOMJIAPUHHM CHIUTUK CHUCTEMaJIapHUHT OpOHTaNapH
Ba OOIIKapyB TYIUIAMJIAPUHUHT XOCCAJIAPUHHU VYpraHUllra KyJlam HMKOHUHU
oepanu.

TypTuHun 600HUHT yuynHYM naparpaduga YM3UKIA CUCTEMalap yuyH
OOIIKapyBYAHIUK TYTUIAMUHUHT OONUIAHFUY HYKTara y3JIyKCU3 OOFIMKJIUTH
Macanacu Kapaiaau. Kyn kuitmatim

N — G QyHKUMSHUAT y3IIyKCU3IUTH
OamkapyB HazapusicHaa Tyia OOMIKapyBYaH CUCTEMATIAPHUHT TYyPFYHIIUTH
MacajlaCUHU TAJKHUK ATHUIIIa MyXUM YPUH TYTaJIH.

Xycycan, ymly naparpadaa arap 4Yu3UKIH CUCTEMaHUHT OpOUTaIapu XOCHJI
KWITaH Kariamajap peryasp Oynca, y xonga OOIIKapyBUAHJIMK TYIJIaMU
OOIUIaHFUY HYKTara y3iayKcu3 OOFIUK SKaHIUTY UCOOTIIaHTaH.

Tavpugh 10. Uxtuépuii  Oyuyn mynmai O > Ocon
€ > OBa uxtuépwmii R >
MaBxyn 6yauo, ( ) ,p NN O, <myHOCabarnan

(()())000>RRdGBGB,mf]r]£<

TEHICU3JIMK YPUHIWINTH I — G aKCTaHTHPUII N (HyKTama
Kkeaub YuKca,

KyWUJIaH IpUM y3JIyKcu3 aenunnany, Oy epaa G rymnam G,TyIIIaMHUHT " Raaru
émurn, By (N, ) —Mapkasu
N (HyKTajaa paanycH Rra TeHr OyiraH €nuK map.
Tavpugh 11. Uxtnépuit  Oyuyn mwynpai O > Ocon
€ > OBa uxtuépwmii R >
MaBxkya 6ymuo, ( ) ,p NN O, <myHocabaraan
(()()) 00> 22d GBGB NN ES<

TEHI'CU3JIUK YPUHIWINITK  SIPUM y3JIyKCHU3 IeHniIaan N (HyKTaza

Kenub YMKCa, FOKOpuaaH 1 — G aKCIaHTHPHUII



N - G aKkCIaHTUPHUILI
Tavpug 12. bepunran
N (HyKTaJa Xam KyHuJIaH Xam Jlemma 3. Xap oup "NERuyKrana
FOKOPHZIaH IPUM Y3IyKcus 0yi1ca, 0y  spumysmykcus.
AKCIIAHTUPUIL JIeUUIaIu. N - G,akcraHTHpHI Kyiinaan
N (HyKTaJa y3JIyKCHu3

Kylinnaru reopemaza kapana€Trad akCIaHTUPUIITHUHT IOKOPUJIaH IPUM
Y3IyKCU3 OYJIUINN yUyH €Tapiiv [apT TOMHIITaH.
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x R €nap yuyn dimA4 D k . ( ) =6yncun, 6ynna
Teopema 17. bapua "

ADXxxADkn ()=€< <{ ():,0 (HyKTacm[aymeKcm.

-G "R
)} . Y xonna dazonuHr Xap oup n ndKCJIaHTHPHUII

XakukaraH xam, Oy Teopema opOuTazap XOCWI KWIraH Kariama kymdaminn
KaTiama, OOIIKapYBYAHJIMK TYTUIaMH dca Oy KaTJiaMaHUHT KaTiaMyiapy OVITHIITHHA

kypcaraau. llynnai kunmuo, kyn XVJIOCAJIAP
KUAMATIN «HYKTa-KaTJIaM» pUII N — GhakcianTu

y3IYKCHU3 aKCIAaHTUPHUILLIUD.

Huccrepranmsaga Kamiamaid pPUMaH KYNXWUIMKIAPUHUHT W30METpPHsIIapH
rpynnajapyu TAAKUK KuinHrad. Kyilwiran macananapHu €4dlil y4yH KaTiamasid
KYNXWUIMKIADHUHT TOMOJOTHMK Ba TIE€OMETPUK XOCCaJlapyh YpHATWITaH Xam[a
pUMaH CyOMepCHSIIapUHUHT TEOMETPHUSCH TaaKWK KuiauHraH. Karimamara GOFimk
OynraH, SHTU F -KOMIIAKT-OYMK TOMOJIOTHS TYIIyHYacu KupuTwirad. Kartmamanm
KYTIXWIIUKIIAP U30METPUSIAPU TPYNIIACH KOMITAKT-OYMK TOIOJOTHsAa Ba F -
KOMIIAKT-OYHMK TOMOJIOTUS1a TAIKUK KUJIMHTaH.

TagKUKOTHUHT aCOCU HATWXKAJIapu Kyruaarmiapjad uoopar.

1. Xap Kanaai KYnXWUITMKHUHT ToMeoMOp(u3MIIap Tpymnacu KOMIaKT-09rK
TOTIOJNIOTHAJIa TOTIOJIOTHK TPYyIINa OYIUIIMHN TabKuAJIa MyMkuH; 2. Katnamanu
KYNIXWIIMKHUHT U30METPUSUIAPU TPYNIACH KOMIAKT-OYMK TOMOJOTUsAAA
TOMOJIOTUK Tpymnma Oyauiiy ucOoTIaHTaH;

3. Arap KaTinaManu KYOXWUTMKHUHT H30METPUsIIapU KETMa-KETJIUTH Xap Oup
KAaTJIaMHUHT OMpOp HyKTacHa SKUHJIANIYBYH OYIica, y Xoiaa Oy KeTMa KeTIuKIaH
F -KOMIaKT-O4MK TOMOJOTUSAAA IKUHIAITYBUA KUCMHI KETMA-KETIIMK aXPATHIILI
MYMKHHJIUTH KYpCaTuiraH;

4. Puman cyomepcusicu ['aycce arpunuru y3rapmac Oyiarad KariaManu
KYNXWUINKHU XOCHJT KWJIMIIMHU TabKUJIAl MyMKHH;



5. Kammamanu KynxuiuiMK reoIe3uK YN3UKJIAPUHUHT JIMNMUTH JTUMUATIATU
KATJIAMHUHT I€0JI€3UK YM3UFU OYIINIIN UCOOTIAHTaH;

6. Typt ymuamnm *

SolKYTIXWILTAKHYT Oem Yrdamiiy eBKIU a3ocura
00THpUO OYIMacTUTH KYpCcaTUiraH;

7. Karmnamanu KYOXWUIMK M30METPUSICHM TPYNIAaCUHHUHI 3JeMEHTH Oynuo,
JEKUH KYOXWUIMK HM30METPUSICH  TPYNIACUHUHT AJIEMEHTH OYyiMaiinurax
KAaTJIaMaHUHT MaBXKYJIUTH UCOOTJIaHTaH;

8. Mabiym Oup cHUH(ra TEruIUIM BEKTOp MAaWJIOHJIAp CHUCTEMACHHHUHT
SPUILITYBYAHJIMK TYIUIAMH KOMITAKT OYJIMIIM Ba YHUHT BaKITa Y3JIyKCU3 OOFJIMKIIUTH
AQHUKJIAHTaH;

9. Uusukiaum  OOLIKAPYB  CUCTEMACHMHMHI  JSPUILYBUAHIMK  TYIUIAMHU
(OomkapyBUaHIHMK TYTJIAMHU) TaMH YI4aMJIM TEKUCIUKAAaH nOopaT OYIuId yIyH
eTapiiv mapmiap TOMWITaH.

Myannmud wunmuit  macnaxatum  npodeccop HapmanoB — Abnurammap
SIkyboBHUYra MyaMMOJIApHUHT KYWHJIMIIN Ba yJapHU MyXOKaMma KWIMILIA JOUMUN
doitmanu Maciaxamiapy Ba KYyJJIa0-KyBBaTJIAraHJIWIA Y4YyH V3UHUHT YYKYyp
MUHHATAOPYHUIUTUHU OWIIIUPaIH.
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HAYYHBINA COBET 14.07.2016.FM.01.01 ITO IPUCYXKJIEHUIO
YUYEHOM CTENEHU JOKTOPA HAYK
TP HAIUOHAJIBHOM YHUBEPCUTETE

V3BEKUCTAHA HAIITMOHAJIbHBIA YHUBEPCUTET
Y3BEKUCTAHA

INAPHUITIOB AHBAPKOH COJIMEBUY

I'PYIIIIA U3OMETPUMN CJIOEHBIX MHOI'OOBPA3U

01.01.04 — I'eomeTpust ¥ TONOJIOTUS
(pu3nKo-MaTeMaTHYECKUE HAYKH)



ABTOPE®EPAT JJOKTOPCKOM JIUCCEPTAIINA

Tamxent — 2016
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TeMa TOKTOPCKOI IMccepTAlMM 3aperucTPUPOBaHa B Boicineii aTTecTalinOHHON KOMUCCHH
npu Ka6unere MunucrpoB Pecnyoiuxm Y30exkucran 3a Ne 30.09.2014/B2014.5.FM132

JlokTopckas quccepTalius BoinojHeHa B HaljnonansHOM yHUBEpcUTETE Y30€KUCTaHa.

ABtopedepar muccepranuy Ha Tpex s3blkax (y30€KCKHH, pycCKWil, aHTIMHCKHI) pa3MelleH Ha
BeO-cTpanuue Hayunoro cosera (http://ik-fizmat.nuu.uz/) u nHGOPMaTMOHHO-00pa30BaTENHLHOM MTOpTAJIE

«ZIYONET» (www.ziyonet.uz).

Hayunblii koHcyabTanT: HapmanoB Aogurannap SIky6oBu4
JOKTOp (pU3HKO-MaTeMaTHUECKUX HayK, mpodeccop

Oduunanbupie onnonentol: Vakhtang Lomadze
JOKTOP (DM3HKO-MATEeMaTHYECKUX HAYK,

npodeccop (Tommmcckuii rocymapcTBEHHBIH
yHHUBepcuTeT, [ py3us)

Bemmmmos Py3suna3zap beOyroBnu
JOKTOpP (pU3HKO-MaTeMaTHUECKUX HayK

PaxumoB Abayradyp AdgymaxxuaoBu4
JOKTOpP (pU3MKO-MaTeMaTHUECKUX HayK,

npodeccop

Benymas opranusanusi: @eepaibHoe rocyiapcTBeHHOE OI0IKeTHOe
o0pa3oBaTebHOE yUpesK/IeHHne BbICIIEro

00pa3oBaHMA « YIMYPTCKHII rocyiapcTBeHHbII
yHuBepcute» (Poccuiickas deneparus).

2016 roma B YacoB Ha 3aceJaHuu

3ammra quccepTalii COCTOUTCS « »
Hayunoro cosera 14.07.2016.FM.01.01 npu HamuonanbHOM yHHBepcuTeTe Y30ekucrana. (Anapec:



100174, r. TamkeHnt, AnMasapckuii paiioH, yn. YHuBepcuterckas, 4. Tem.: (99871)227-12-24, dakc:
(99871) 246-53-21, (99871)246-02-24, e-mail: nauka@nuu.uz.)

C JoKTOpCKOM Juccepranueld MOXXKHO O3HAaKOMHUTbCS B MH(OpPMaMOHHO-pECYpCHOM LIEHTpE
HammonansHoro yHmBepcuteTra Y30ekucraHa (3apeructpupoBaHa 3a No ). (Ampec: 100174, T
TamkenT, Ammazapckuii paiioH, yi. YauBepcurerckas, 4. Temn.: (99871)246-02-24).

ABropedepar auccepranuy pa3ociaH « » 2016 rona.
(mpoTokon pacchUIKH Ne OT « » 2016 rona).

A.A. Aopymykypos
[Ipencenarens HayuyHoro coBera no npuUCyx JAEHUIO
YYEHOM CTeneHH JOKTOpa Hayk, J1.().-M.H., mpodeccop

I'M. Borupos
VYuenslii cexkperapb HaydHOro coBera 1o npucyxIeHHUI0
Y4EHOU CTETNeHH JOKTOpa HayK, K.(h.-M.H.

P.b. bemmmos

3amecTuTeNb Npeaceaaress HayYHOrO

cemMuHapa npu HaydyHoM coBeTe MO MPUCYKICHUIO
YYEHOI CTeleHH TOKTopa HaykK, A.(].-M.H.

26
BBE/IEHUE (anHOTAIMS TOKTOPCKOI JUCCEPTALIMH)

AKTYaJIbHOCTh W BOCTPe0OOBAaHHOCTH TeMbl auccepramum. B cBs3u c
OypHBIM pPa3BUTUEM HAyYHO-TEXHUYECKOTO TMporpecca B MHUpPE, TpeOyroTcs
pa3pabOTKM HOBBIX METOAOB (PyHIAMEHTATbHBIX HWCCICHOBAHUA W BHEIPCHUS
MOJTYYCHHBIX PE3YJIBTaTOB B MPaKTUKY. Mcxoms u3 moTpeOHOCTEH MpaKTHUKH, Ha
cTeike auddepeHIIMaIbHbIX  ypaBHEHUNH ©  auddepeHIInaIbHON  TOTOJOTHH
(bpaHIy3CKUMU YYEHBIMU CO3[aHbl (DyHJAMEHTaJIbHbIE OCHOBBI TEOPUU CIIOEHBIX
MHOrooOpasuil. JlokazaHbl yCTOMYMBOCTh KOMIIAKTHBIX CIIOGHH U HWHBap
WAHTHOCTh TMpPEJEIbHBIX MHOXECTB cioeB. YdeHbiMu CIIIA wu Poccumn
WCCJICIOBAaHbl KAUECTBEHHAs TEOpHUSl CJIOCHUH, B KOTOPOM MCCIEAYIOTCS
reOMETPUYECKHE U TOIMOJIOTMYECKUE CBOMCTBA CIOEHBIX MHOrooOpasuii. Bmecre ¢
ATUM MPUMEHEHNE TEOPHH CIIOCHBIX MHOTOOOpa3uii Ha MPAKTHKE OCTAETCS OJHOU
13 BOKHEHIINX 3aJ]1a4 T€OMETPHHU.

ITocne mnpoBo3MialieHUs HE3aBUCHUMOCTH B Hallle CTpaHe BHUMAaHHUE K
aKTyaJbHbIM HAMpaBJICHUSM B OO0JIACTM €CTECTBEHHBIX M TOYHBIX HAayK B
OIYIIAEMOW CTENEHU YBEIUYUIIOCh, B YACTHOCTH 0CO0O€ BHUMAHUE YACISAETCS
MPUJIOKEHUI0 METOJIOB M PE3yJAbTaTOB 3TOW TEOPUU K TEOPHUSIM ONTHUMAIBHOTO
yIpaBiIeHUs] U JUHAMHYECKHX CUCTEM. B 3To¥ 00nacTu MoJydeHBI J10CTaTOYHBIC
YCJIOBUS CTAOMIBHOCTU JJIsl YIPABIISIEMBIX CUCTEM, JI0Ka3aHa HEOTPUIIATEIbHOCTh
CEKIIMOHHBIX KPUBU3H CJIOEB CIOCHMS, IIOPOKICHHBIX PUMAHOBBIMHU CYOMEPCHS MU



B IMPOCTPAHCTBAaX C HEOTPULATEIbHBIMM KPUBU3HAMU U IO HCCIECIOBAHUIO
T€OMETPUM BEKTOPHBIX MOJICH MOJyUYE€HbI BECOMBIE PE3YJIBTATHI.

Ha cerogHsmnpii JeHb UCCIIEI0BAHUS, IPOBOJUMBIE B MUPE IO TEOMETPUHU
OpOUT ceMelcTBa BEKTOPHBIX MOJIEH HA MHOTOOOpAa3uH, SIBJISIIOTCS BaKHBIMU TSI
WCCIIEIOBAHUM, CB3aHHBIX C TEOPUAMHU JUHAMHUUYECKHUX MMOJTUCUCTEM U OITH
MaJIbHBIX yIpaBieHuN. B 3Tol 00macTy BaXHOM 3a1aueit BIISIFOTCS IHUPOKUE
MPUJIOKEHUS LIETIEBBIX HAYYHBIX UCCIIEIOBAaHUN MO TEOPUU CIIOCHUH JJIs
OTIPEICTICHUH CTPYKTYPHI (ha30BOTO MPOCTPAHCTBA TUHAMHYECKUX TIOJTUCUCTEM:
MIPUMEHEHUSI METOAOB TEOPHUU CIIOCHUHN K TEOPUU TUHAMUYECKUX MOJIUCUCTEM,
ONTUMAJIBHOTO YIPABJICHUS; K PA3TUYHBIM 3a/1a4aM B JPYTrUX 00JIacTsX;
HCCIIEIOBAHUE TEOMETPUU CIOCHUMN, TOPOXKIECHHBIX PUMAHOBBIMU CYOMEPCHUSAMU;
HCCIIEIOBAHUE T€OMETPUY PUMAHOBBIX CIIOCHUM HA MOBEPXHOCTSIX C
HEOTPHULIATEIBHONU CEKIIMOHHOW KPUBU3HOM. BBINONIHsAEMbIE HAYUHBIE UCCIIEN0BA
HUS B BBILIEMTPUBEACHHBIX HAIPABICHUSIX 0OOCHOBBIBAIOT aKTyaJlbHOCTb TEMBbI
HACTOAIIEH JUCCEPTALIUH.

HccnenoBannsi NaHHOW JUCCEPTALMM B OIPEICIICHHOM CTEIEHU CIIyXkKar
pelieHnto 3aaad, o0O3HAaYeHHBIX B mocTaHoBieHusx Ilpesumenta PecmyOnuku
V36ekucran I1I1-436 ot 7 aBrycta 2006 rona «O Mepax Mo COBEpPUICHCTBOBAHUIO
KOOPJAWHALIMY U YIIPABJICHUS Pa3BUTUEM HAYKU U TEXHOJIOTUNY, & TAKKE
IT11-2204 ot 8 urona 2014 roga «O Mepax no JajibHEUIIEH ONTUMHU3AIIUN
cTpykTypsl Akanemun Hayk PecyOnuku Y30ekncTad v yKpeIrjieHHI0 HHTETPAIluu
aKaJeMUYeCKON HayKU U BBICIIET0 oOpa3oBanus PecnyOnuku» u B Ipyrux
HOPMAaTHUBHO-IIPABOBBIX aKTaX, OTHOCAIIUXCS K JaHHOUW 00JIacTU AesTEeIbHOCTH.
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CooTrBeTcTBHE HCCIEI0BAHUSA ¢ TPUOPUTETHHIMH HANPABJICHUSAMH
Pa3BUTUSI HAYKM W TeXHOJOruWii pecnyOamku. JlaHHOe wucclenoBaHMe
BBITIOJTHEHO B COOTBETCTBUM C MPUOPUTETHHIM HAIPABICHUEM PA3BUTHUSI HAYKU U
texHonmorui B PecnyOmmke VY3b6ekucran [V. «Maremarnka, MexaHWKa U
uH(pOpMaTUKa.
00630p MeKIYHAPOIAHBIX HAYYHBIX HCCICTOBAHMIL 10 TeMe ANCCepTANN .
HayuHble uccienoBanus 1o TEOPUMU CIOCHHUM, KAYECTBEHHOW TEOPUH CIIO €HU, I1ie
B OCHOBHOM HCCJIETyIOTCS TOMOJOTUYECKUE U T€OMETPUUECKHE CBOM CTBA,
JIOKaJIHHOW ¥ TI00AIBHON YCTOWYUBOCTH KOMITAKTHOTO CJIOS CIIOCHUS, 0000 ICHUS
TEOPEM YCTOMYMBOCTH JIJIs HEKOMITAKTHBIX CJIOEB, CHHTYJISIPHBIM pUMa HOBBIM
CJIOCHUSIM, TEOMETPUH TE€OJIC3UUECKUX U PUMAHOBBIX CIIOEHUMN, TOMOJIOTUU
CJIOCHUN KOPa3MEPHOCTH OJIMH, BEyTCSA B KPYIMHBIX HAYYHBIX IIEHTPAX U BBIC IIUX
y4eOHBIX 3aBEJCHUSX MUPA, B UaCTHOCTHU: B YHUBepcurtere CtpacOypra
(Opannus), B YauBepcutete [penodns (Opannus), B [lapmkckom yHUBEpCUTETE
(Opanuus), B YauBepcutere Mounense (Opanimus), B Yausepcurere WnuHoiica
(CIIA), B VYuusepcurere Kamudopuuss (CHIA), B VYauepcutere WHauana
(CIIIA), B IIpuncronckom yuupepcutere (CIIIA), B YOPBUKCKOM YHUBEPCUTETE
(BenukoOputanus), B YauBepcutetre Jlonnona (BenukoOputanus), B Tokuiickum
yHuBepcutere (SAnonus), B YHuBepcutere Toxoky (Smonus), B YHUBEpCUTETE



Kuoro (SInonust), B MockoBckoM rocynapctBeHHoM yHuBepcutete (Poccus).

B pesynbrare uccneqoBaHUW MO Ka4YECTBEHHOM TEOPHUM CIIOCHHM, IIIE HCCIIe
OYKOTCS TONOJOTHYECKHE W T€OMETPUYECKHE CBOWCTBA CIIOEB, U CBOWCTB CHH
TYJSIPHBIX PUMAHOBBIX CIIOGHHUW B MHUpPE, PEIICHBI PSAJl aKTyaJdbHBIX MpPOOJeM, B
YaCTHOCTH, IIOJIYYEH CIECIYIOIINM Psii pEe3Yy/IbTaToOB: JOKa3aHbl TEOPEMBI O
JIOKAJIbHOM ¥ 1M100aIbHON yCTONYMBOCTH KOMITAKTHBIX CIOEB CJIOCHHUS, a TaKKe
MOKa3aHo, YTO CEMENCTBO OPOUT BEKTOPHBIX Mojied KuinHra mopoxaaroT
CUHTYJISIpPHBIE pUMAaHOBBI cl10eHus (yHuBepcuter CrtpacOypra, yHUBEpCUTET
I'peno6is, [Tapuxckuii yauBepcuteT, yHuBepcuTeT Mounense, Opanius).
JlokazaHo, eciiy clIoeHHE TOPOXKICHO CIOSMU CyOMEpCHH, TO VISl HETO TOHSITHE
CBA3HOCTH JPECMAaHA YKBUBAJICHTHO N3BECTHOMY IOHSTHIO CB3HOCTH DpEeCMaHa
I cyOMepcHH, a TaKKe MOKa3aHO BIOJHE T€0JIe3UYECKUE U PUMAHOBBI CIIOCHHUS
o0amarT CBA3HOCThIO Dpecmana (yHuBepcuteT Mnnunouca, Kanudopauiickmii
yHuBepcuTteT, yuuBepcutet Uunuansl, yauepcuret [Ipuncrona, CIIA).
JIOKa3aHo, YTO KaxkJass OpOuTa ceMeicTBa MNaJIKUX BEKTOPHBIX MOJIEH SBIISETCS
IIaIKKM MHOTOOOpa3ueM, 1 pa3oueHne MHOrooOpas3usi Ha OpOUTHI MOPOXKAAET
CUHTYJISIpHOE cloeHue (YHUBEpCUTET Yopuka, yHuBepcuteT Jlonnona, Bennko
Oputanus). [lokazana, JokanbHasi CTAOMIBHOCTh HEKOMITAKTHOTO COOCTBEHHOTO
CJIOSl CJIOCHMSI KOPA3MEPHOCTH OJIMH HA TPEXMEPHOM MHOT000pa3uu, oKazaHa
CBA3b MEXKJ1y YACTUYHOM yHOPSTOYEHHOCTH MHOYKECTBA CI0E€B U TOIIOJIOTMH CIIOEB

1 . . . . .
0030p 3apyOeKHBIX HAy4YHBIX HCCIICAOBaHMN 1Mo Teme auccepraiuu: Actualite Sci. Indust.; C.R.Acad. Sci. Paris;

https://www.math.uni-muenster.de/u; Proc. Fifth Canad. Math. Congress; Ann. of Math.;Ycnexu mMaTemMaTu4ecKkux
Hayk, www.mathnet.ru/umn; MaremaTnyeckue 3aMeTkH, www.mathnet.ru/mz; www.ams.org/bull; Progress in

Mathematics; https://projecteuclid.org/euclid.ijm; Ann. Math.; Topology; http://link.springer.com; Journal of
mathematical Physics, analysis, geometry; http://www.foliations.org, Takxe HCIIOIb30BaHBI M JPYTHEC UCTOTHUKH.
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(ynuBepcuret Tokuo, yauBepcuteT Toxoky, yausepcuteT Kuoro, SAnonus).
JlokazaHo, 4TO KaXxJ10€ CI0OEHUE KOPAa3MEPHOCTHU OJIMH HA TpEXMEpPHOU cepe
oOnagaeT KOMIakTHBIM cioeM (MockoBckuit yHuBepcuTeT, Poccust).

Ha MupoBOM ypoOBHE OCYWIECTBISAETCS PAN HAYYHO-UCCIEHOBATENBCKUX
paboT B NPUOPUTETHBIX HAIMPABICHUAX IO T'E€OMETPUM M TOIOJOTMH CIIOE€HBIX
MHOroo0pasuii, a MUMEHHO: HUCCIIEJOBAHME T€OMETPUU PUMAHOBBIX CIOCHUN Ha
MTOBEPXHOCTAX C HEOTPULATEIBHONW CEKIMOHHON KPUBU3HOW, U3yUEHUE CTPYKTYPBI
IpyNnbl M30METPUN CIOCHBIX MHOTrooOpa3uii, OIpeneieHHe T'eOMETPUYECKOM
XapaKTePUCTUKU  CIOCHUH, TMOPOXKAECHHBIX CyOMEpCcHsIMH Ha PUMaHOBOM
MHOrooOpa3uM, CBOICTB T€OJE3UYECKUX JIMHUN CIOEHOr0 MHOrooopasus,
IIPUMEHEHUE TEOMETPUU CIOCHUM B TEOPUSAX JMHAMUYECKHX CHUCTEM U
ONTUMAJIBHBIX YIIPABJICHUM, UCCIIETOBAHUE TEOMETPUU MHOKECTBA JOCTHAKUMOCTH
(ympaBisiMOCTH), a TaKKe HCCIIEOBAHME HENPEPHIBHOM 3aBUCUMOCTH MHOXKECTBA
JOCTUKUMOCTH OT BPEMEHU KaK MHOT'O3HAYHOT'O OTOOPaKEHUSI.

CreneHb M3y4eHHOCTH NpodiaemMbl. B popmMupoBaHun U pa3BUTUU TEOPUU
cioeHus: OONBIION BKJIAA BHeCHW (paHIly3ckue mareMaThku Takue, kak C.
Ehresmann, G. Reeb, H. Lawson, P. Molino, A. Haefliger, R. Langevin, H.



Rosenberg, G. Lamoureux. OcnoBubie pabotsl XK. Puba (G. Reeb), onnoro u3
OCHOBOTIOJIOKHUKOB TEOPHH CIIOCHUH, MOCBAIICHBI 3a7a4aM KaueCTBEHHON TeOpUu
cinoenuii. K. PuboM moka3aHo, 4TO €ClM KOMIAKTHBIM CJIOW WMEET KOHEUHYIO
byHIaMEHTaNbHYIO TpPYIIy, TO CYLIECTBYET Takas OKPECTHOCTb 3TOrO CIIOS,
KOTOpasi COCTOMT u3 cioeB, auddeomopPHbIXx gaHHOMY cioto. B paborax
I.9pecmana (C. Ehresmann) rnmoka3aHo, 4T0 pUMaHOBBI M T€0I€3UUECKUE CIIOCHUS
Ha MOJIHBIX PUMAHOBBIX MHOIO00pa3usix 00JIalatoT CBSI3aHOCThIO DpecMaHa.

HccnenoBanne rpymnmbl M30METPUNA CIIOEHOTO MHOTOOOPAa3usl SIBISIETCS HOBOM
3a/la4yeil B TEOPUU CIOCHBIX MHOTO0Opa3uil. [loHsTHE N30METPHH CIIOEHOTO
MHOroo0Opa3us Obu10 BBesieHo mpodeccopom A.S. Hapmanossim. UM nokasano,
YTO 7151 HEKOTOPOTO KIIacca CIIOEHUH CYIIECTBYET M30METPHSI CIIOEHOTO MHOTO
oOpasusi, KOTopasi He ABJISIETCSA U30MeTpueil MHOrooopasus. ['pynmna usomerpuii
CJIOEHOTO MHOT000pa3usl SIBISIETCS] TOArpyNoN rpymsl auddheomopduzmon
cioeHoro MHorooopasus. ['pynna aguddeomopduszmMoB ciioeHOro MHOTOOOpa3us
u3zydena B padorax C.X. ApancoHa. IM nojiy4eHo HeOOXOAMMOE U JOCTAaTOYHOE
YCIJIOBUE TOMOJIOTUYECKON COMPSHKEHHOCTH Takux Auddeomopdusmos. s kom
MaKTHBIX MHOTOOOPA3uil pa3IndHble MOATPYIIIbI, U Tpymibl nuddeomophusmMon
uzyuensl P. L. Antonelli, D. Burghelea, P. J. Kahnom.

B coBpeMeHHOM reoMeTpun OJJHUM W3 OCHOBHBIX 3aJ1a4 SIBJISIETCS HCCIIe JOBAaHUE
Ipezena reoae3ndecknx. MOmHbpIM Opy>KMEM PUMAHOBOW T€OMETPUHN  SIBIIIETCS
TeopeMa O Ipejiesie reofe3nYecKux JIMHUNH puMaHoBa MHOrooopasus. B ciyqae

CJIOEHBIX MHOT000pa3uii 3Ta 3aa4a OCIOXKHIETCS TEM, UTO Te0Ie3uuecKas JTHHUS
CJIOGHOTO MHOTO00PAa3us JIGKUT Ha CIO0€ U SBISETCS T€0Ie3MUECKON OTHO CUTEIIHHO
WHyIMPOBAHHOW pUMaHOBOUM MeTpukH cios. B paborax C. Xenracona noka3aHbl
3aMeyarebHble TEOPEMBI O T€0JIC3UYECKUX U O TPYIIax U30METPUl pUMaHOBA
MHOTO0OOpa3us. B yacTHOCTH, UM JJOKA3aHO, YTO TPyIIa U30METPUIM pUMaHOBa
MHOT000pa3us sIBISETCS TOMOJIOTUYECKOM IPyNnoi B KOMIAKTHO OTKPBITOM
Tononoruu. KpoMme 3Toro oH J0Ka3ai, 4To €CIM Ha PUMAHOBOM
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MHOFOO6paBI/II/I 3aJaHa II0CJICOAOBATCIbHOCTD I/ISOMCTpI/Iﬁ KOTOPBLIC CXOIATCA B
OIHOM TOYKCEC, TOrga CymecCTBYyCT IoAImoCiacaoBarCiIIbHOCTDb ATOM

MIOCJIEIOBAaTENIbHOCTH, CXOMAIIAsACS B  KOMIIAKTHO-OTKPBITOM  TOIIOJIOTMH K
HEKOTOPOU U30METPHUH 3TOTO MHOTOO0Opa3usl.

CuHrynspHble puMaHOBBI ciioeHus ObuH BBesieHbl P. Molino, reomerpuuec
KHE U TONOJIOTUYECKUE CBOMCTBA CUHTYIISIPHBIX PUMAHOBBIX CIIOEHUHN TAKKE U3y
yeHsl B padorax A.Sl. Hapmanosa, H.W. XKyxoBoii u apyrux aBropos. P. Molino
IIOKAa3aJI, 4YTO €CJIM CUHTYISIPHOE CIOCHUE SIBISIETCS PUMaHOBBIM, TO PUMaHOBA
METpUKa MHOT000pa3us MOPOXKIAET TPAaHCBEPCATbHYIO METPUKY Ha HOPMAJIbHOM
paccioeHnu Kaxaoro cios. s momHeix MHOTo0Opasuii A.5l. HapmManoBeIM
JI0Ka3aHo, YTO 3TO YCJIOBUE SIBISETCS HEOOXOAUMBIM U I0CTATOUYHBIM /ISl TOTO,
YTOOBI CUHTYJISIPHOE CIIO€HUE ObLIO PUMAHOBBIM.

HecmoTpst Ha 3TO, OCTaeTCs OTKPBITBIM BOIPOC O TOM SIBJISIETCS JIM TpyMnma
mupdeoMopPU3MOB HEKOMIAKTHBIX MHOTO00pa3uil TOMOJIOTMYECKON Tpynmoi, a
TaK)Ke SIBISIETCS JIM TPYyMIa U30METPHI CIIOEHBIX MHOTO0Opa3Hii TOMOIOTHYECKON



IpyNIOi, OTHOCUTEIBHO KOMITAKTHO-OTKPBITOM Tonojiornd. Kpome Toro,
OCTaBaJICSl OTKPBITBIM BOIIPOC O MPEJENie reoIe3UeCKUX CI0EHOr0 MHOro00pasusi, a
TaK)ke BOMPOC O KPUBU3HE CIOCHUIA, TOPOXKICHHBIX PUMAHOBBIMU CYOMEPCHUSIMH.

CBsa3b aucCepTalMOHHON padoThl € (PYHIAMEHTAJBHBIMM M IPHK
JAAHBIMH MCCJICAOBAHMSAMH, C MHHOBALMOHHBIMHM mpoekTamu, locymapcer
BCHHBIMH HAYYHO-TEeXHHUYE€CKUMHM NPOrpaMMaMH.

JuccepTallmOHHOE  KMCCIENOBAHME  MPOBOAWIMCH B paMKax  HAy4yHO
HCCIIEIOBATEIbCKUX TPaHTOB HalmoHambHOTO  yHUBEpPCHUTETa  Y30eKucTaHa
1.®.1.1.9 «DyHKUMOHAIIbHBIE M TOIMOJOTUYECKUE CBOWCTBA 3KCTPEMATbHBIX
yIOpaBJIeHUH, 007acTeil MOCTUKUMOCTH M CTAOMIBHOCTH BIIOJHE YMPABISIEMBIX
cuctem» (2003- 2007), OT-®@1-096 «Co3nanue u pa3padboTka T€OMETPUUECKUX U
TONOJIOTMYECKUX METOAOB JUId PEHIEHWHA 3a4ad  TEOPUM  JTHHAMUYECKUX
nonucuctem» (2007— 2011), OTD-01-04 «I'eomMeTpusi ¥ TOMOJOTHUS CIIOCHBIX
MHoOTo00pasuit» (2012-2016).

Henbro nccjieq0BaHus SABISIFOTCS UCCIEN0BaHNS TEOMETPUH U TOTIOJIOTUA
CJIOEHBIX MHOTOOOpPAa3uii, CTPYKTYpPbI TPyIIIbl H30METPUN CIOEHBIX MHOTOOOpa3Hii
Y TEOMETPUU CIIOEHBIX MHOTO00pa3nii MOCTOSHHOM CEKIIMOHHOM KPUBU3HBI, a
TaK>Xe IPUMEHEHHE ITOTYYEHHBIX PE3YJIBTATOB K UCCIIEJOBAHUIO MHOXKECTBA
JOCTUKUMOCTH CUCTEM YIIPABIICHHS U B JOKA3aTEIbCTBE HEMPEPHIBHOW 3aBHCHU
MOCTH MHOKECTBA JOCTHKUMOCTH OT HAYaJIbHOW TOUYKH.

3amaum ucciIe10BaAHMA:

YCTaHOBJICHUS] OCHOBHBIX CBOMCTB re0JIe3UYECKHUX CIIOEHBIX MHOTO00Opa3nii;
000011IEHNE KIIACCUYECKOTO Pe3yibTaTa O Ipynie roMeoMoppu3MOB KOMITAKTHOTO
MHOT000pa3usi 1Jisi HEKOMIIAaKTHBIX MHOTO00pa3uii; CCieI0BaHUE TEOMETPUH
TPYIIIbl K30METPUI CIIOEHOTO MHOTOOOpa3us B HOBOU F - KOMIAKTHO-OTKPBITOM
TOMOJIOTUH;

HAXOXKJICHHsI YCIOBUH, IPU KOTOPOM CJIOHM CIIOEHOTO MHOT000Opa3usl SBISIOTCS
MHOT000pa3usiMu TOCTOSIHHOM ['ayccoBOM KpUBU3HBI,
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UCCIIEIOBAHUE  CTPYKTYpbl ~ MHOXECTBAa  JOCTIXKMMOCTH  (MHOXKECTBa
YOPaBIsiEMOCTH) CHUCTEM BEKTOPHBIX TOJieH, 3aJaHHBIX Ha PUMAHOBBIX
MHOT000pa3usix.

O0beKTOM HCCJIEN0OBAHMS SIBIISIIOTCS CJIOCHBIE PUMAHOBBI MHOTI0O00pasus,
reo/Ie3NYeCKUe JIMHUMA CIOCHBIX MHOT000pasuii, OpOHWTHI CEMEWCTBa TIIATKUX
BEKTOPHBIX IOJIeH, MHOXXECTBO JOCTHKUMOCTH U 0O0JacTH YNpaBIsieMOCTU
JMHAMHUYECKUX CUCTEM, CJIOCHHUSI, TOPOKICHHBIE PUMAHOBBIMHU CYOMEPCHUSIMHU.

IIpenmMeTomM HcC/IeN0BAHMSA SIBISIOTCA HMCCIEAOBAHUS TPYIIIBI HW30METPUN
CIIOGHOTO MHOT000pa3usi, TEOMETPHUs M TOMOJOTHUS CIOCHOTO MHOT000pasus,
CIIOCHUS, TOPOXKICHHBIE CYOMEpPCHUSIMHU, T€OMETpHUsl OpOUT BEKTOPHBIX MOJEH U
CUHTYJISIPHBIX CJIOCHUH.

Metoab! ucciienoBanus. B nuccepranyy NpUMEHSIOTCA METOABI JTOKAJIIBHOW U
robanbHOM auddepeHImanTbHON TeOMETPUHN, METOJIBI TEOPUH CIIOCHUH, a TaKKe



F€OMETPUYECKHUE U TOMOJOTHUYECKUE METOJIBI TEOPUHU TUHAMUYECKHUX CUCTEM.

Hayuynasi HOBM3HA 1M CCEPTALMOHHOIO UCCIIEIOBAHUS 3aKIIOYAETCS B
CIENYIOLIEM:

JIOKa3aHo, 4YTO TpyIIia roMeoMop(dHU3MOB JIF0O0TO I1aJIKOT0 MHOT0O0pasus
SABJISICTCS TOIOJIOTHYECKOU IPYNIIION B KOMITAKTHO-OTKPBITOM TOITOJIOTUH; TOKA3aHO,
YTO TpyNIa U30METPHI CIIOEHOTO MHOTOOOPAa3usl SBISETCS TOMOJIOTUYECKON
IPYNION B KOMIIAKTHO-OTKPBITON TONOJIOTUH; JOKA3aHO, YTO €CIIU
MOCJIEZIOBATEIHPHOCTh U30METPUI CIIOEHBIX MHOTO00pA 31Ul CXOISATCS IO OTHOM
TOYKE Ha KaKJIOM CJIO€, TO U3 3TOM MMOCIEA0BATEILHOCTH MOYKHO U3BJICYb
CXOJISTY IO TIOJIMIOCIEI0BATENHLHOCTh K U30METPHIO CJIOEHOTO MHOTroo0Opasus B F —
KOMIIaKTHO-OTKPBITOM TOMOJIOTHH;

MOKa3aHO, YTO €CJIM CIIOEHHWE TOPOXKIECHO PUMAHOBOM cyOMmepcueil, Toraa
CIIOM OTOTO CIIOGHUS SIBISIOTCS MHOTOOOpasusiMu TOCTOsSiHHOW ['ayccoBoii
KPHUBU3HBI,

JI0Ka3aHo, YTO MPEeIl Te01e3MUEeCKUX CJI0€HOT0 MHOrooOpas3usi, sIBIsIeTCs
reoJIe3MYECKON Ha MPEAETBHOM CJIOE CIIOCHHS;

JI0OKa3aHO, CYILIECTBOBAHUE CIIOCHHUS, IJII KOTOPOrO CYIIECTBYET SJIEMEHT
IpyNnbl  U30METPUN CIOCHOTO MHOT00Opas3usi, HE SBISAIOMIMNCA 3JIEMEHTOM
IPYNIbI U30METPUN;

JIOKa3aHa KOMIIAKTHOCTb MHOXECTBA JOCTHXKMMOCTH, W HENPEPBIBHOCTD
MHOTO3HAYHOTO OTOOpaKE€HUsI «TOYKA - MHOXECTBO JTOCTUKUMOCTH» CHCTEM
BEKTOPHBIX NOJIEN CIIEUNAIbHOTO BUA;

JIOKa3aHa KOMITAKTHOCTh 3aMbIKaHUSI MHOXKECTBA TOCTHKUMOCTH 32 BPEMS HE
npeBocxosiee GUKCUPOBAHHOE BpEMsl, U HETIPEPBhIBHAS 3aBUCUMOCTh MHOXECTBA
JOCTMKUMOCTH OT BPEMEHU /ISl BEKTOPHBIX MOJIEW OMPEAEIEHHOTO Kilacca;

HaWJICHBI YCIOBUS JJI TOTO, YTOOBI MHOXKECTBA IOCTUKUMOCTHU (MHOXKECTBA
YOPaBISIEMOCTH) COBNAAANN C TNIOCKOCTAMH (PUKCHPOBAHHON Pa3MEPHOCTH IS
JIMHENHBIX CUCTEM.

IIpakTHyeckne pe3yabTaTbl HCCJIE0BAHUS COCTOST B BO3MOXKHOCTH IIPU

MEHEHUS VISl OTIPECIICHHS] KpUBU3HBI (DA30BOT0 MPOCTPAHCTBA AMHAMUYECKHUX

CUCTEM Ha MHOroOOpa3usax HEOTPULIATEIbHON KPUBU3HBI, a TAKXKE AJI UC-
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CJIEAOBAaHUS TEOMETPUH CIIOEHUSI, TOPOKICHHOTO MHOKECTBAMU JTOCTHUKUMOCTH
CHUCTEMBI YIIPABIICHUSL.

JlocToBepHOCTH  pe3yibTaroB  McciaenoBanumsi. Ilpu  ucciegoBaHuu
T€OMETPUM U TOIMOJOTHH CJIOEHBIX MHOrooOpaswii, a Takke Ipu H3YUYCHUH
T€OMETPUN OPOUT BEKTOPHBIX IMOJEH TOCTOBEPHOCTh OOOCHOBaHA MPUMEHEHUSIMHU
TEOPEM M METOIOB TEOPHUH CIIOEHUN, PUMaHOBOM reoMeTpuu 1 auddepeHnnan
HOU TOIOJIOTHH.

Teopernueckas " NpaKkTH4YeCKast 3HAYMMOCTh pe3yabTaToB
uccjaenoBanus. HaydyHoe 3HaueHHWE pe3ylbTaTOB HCCIEAOBAHMS 3aKIIIOYACTCS B
BO3MOKHOCTH HCIIOJIb30BaHUSI KOMIIAKTHOCTH MHOMKECTBA JOCTIDKHUMOCTH |
HEIMPEPHIBHOCTh MHOTO3HAYHOTO OTOOpaXCHHUSI Il ONPEACIICHUS KPUBHU3HBI



($ha30BOro MPOCTPAHCTBA TUHAMHYECKUX CUCTEM.

[IpakTueckoe 3HAYECHHE NMCCEPTALMOHHOIO HCCIIEIOBAHMS 3aKIIFOYACTCS B
TOM, YTO paclIMpPEeHHE Kiacca HUCCIeAyeMbIX OOBEKTOB MO3BOJISET ONPENEITUTh
CTPYKTYpbl MHOXECTBAa JOCTUXKUMOCTH (MHOXKECTBAa YHOPABISIEMOCTH) ISt
YIIPaBISIEMBIX CUCTEM.

BHeapenue pesyabTaroB uccienoBaHus. llomydeHHble B aucceprauuu
pe3yabTarbl ObUIM HUCIIOJIB30BaHbl B CIEAYIONIMX HAayYHO-HCCIIEI0BATEIbCKUX
MIPOEKTAX:

pe3y/bTaThl MOJTYYCHHBIE 0 KOMIIAKTHOCTH MHOXXECTBA JI0CTHXKUMOCTH
BEKTOPHBIX TOJICH U TI0 HEMPEPHIBHOCTH MHOTO3HAYHOTO OTOOpaKEeHUS, ObLIN
HCMOJIb30BaHbI B HAy4yHOM TipoekTe 12-01-00195 «3amaum mo3uinoHHOTO
yIpaBiIeHUsl 1€TEPMUHUPOBAHHBIMU U CTOXaCTUUYECKUMU JUHAMUYECKUMU
nporeccamu u auddepeHImanbHbIe UTPHI CO MHOTUMH YYaCTHUKAMID) TI0
byHIaMeHTaIbHBIM UCCIeAOBaHUSAM MuHUCTEpCTBAa 00pa30BaHUS U HAYKU
Poccuiickoit @enepanuu, IpUMEHEHUE dTUX HAYYHBIX PE3YIBTATOB ITO3BOJIMIIN
OMUCaTh CTPYKTYPY TPACKTOPHUI U (pa30BOT0 MPOCTPAHCTBA JUHAMUUECKUX CUCTEM
(CrpaBka Ne 7873-8965/20 YamypTCKOTO TOCYIapCTBEHHOTO YHUBEPCUTETA OT 25
aBrycta 2016 roga). [IpumeHeHre HAyYHOTO pe3yJbTaTa MOCIyKIJIO PEIAIOIINM
(hakTOM 110 ONIpeACIICHUIO KPUBU3HBI ()a30BOTO MIPOCTPAHCTBA TUHAMUYECKUX
CUCTEM M MPU U3yYCHUU T€OMETPUN MHOXKECTB JIOCTHKUMOCTH YIIPaBIISEMbIX
CUCTEM;

pE3yNbTAThl, NMOJYYEHHBIE B JIHCCEPTALMU IOKA3bIBAIOT, YTO €CJIU CIIOCHHE
MOPOXKJICHO PHUMAHOBOM CyOMepcHell Ha MOJHOM PHUMAaHOBOM MHOT0OOpazuu ¢
MOCTOSSHHOM ['aycCOBOM KpMBHM3HOM, TO CJIOM OTOTO CJIOCHUSA SBJISIOTCS
MHOT000pa3usiMu MOCTOSIHHOW ['ayccoBOW KpWMBHM3HOM, 3THU pPe3yibTarbl ObUIM
UCIIOIb30BaHbl B HAyYHOM IMPOEKTE B paMKaX HAy4YHbIX HCCIEAOBAaHUUA IO
rocynapctBeHHomy rpanty HUP 1.3.1.3 «Metoael co3maHusi, UCCIENOBaHUS M
UJISHTU(PUKAIIMK MaTeMaTUYeCKUX Mojelie o 3emie», NPUMEHEHHE JTUX
pE3yJABTAaTOB  TO3BOJWIM  W3YYUTh  BO3MOXKHOCTH  CTPYKTYpHl  (ha30BOTO
npocTpancTBa auHamuueckux cucrteM (CrpaBka Ne 15301/12-2711 HuctutyTta
BoluucnurenbHo MareMaTUKHM HM  Mmaremarndeckod reodusuku  CuOupckoro
OTJIeJICHUsI POCCHUICKOM akameMuu Hayk OoT 24 aBrycta 2016 roga). [Ipumenenue
ATUX HAYYHBIX PE3YJIETaTOB CIIOCOOCTBOBAJIO OIPENEIEHUIO CTPYKTYPhI (Pa30BOr0O
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MPOCTPAHCTBA TUHAMHYECKUX CUCTEM Ha MHOTOOOPa3UsIX HEOTPUIIATEIHLHOM
KPUBH3HBI.

Anpobauusi padorsl. OCHOBHBIE PE3yJbTaThl HCCIEAOBAHUS OOCYXKIAIUCh
Ha HAy4YHO-MPAKTUYECKUX KOH(pEpEeHIUsX, B TOM yucie: «B mkoire—cemuHape 1o
reometpun» (Abpay-ropco, Poccus, 2006), «HoBble TeopemMbl MOJIOIBIX
maremarukoB» (Hamanran, 2006, 2009), «HoBble HampaBieHUS B TEOpUU
IUHAMUYECKUX CHUCTEM U  HEKOppekTHhIX 3amaw» (Camapkann, 2007),
«CoBpeMeHHBIE MPOOJIeMbl MaTeMaTUKH, MEXaHUKU U UHPopMaTukuy» (TamikeHT,
2008), «Foliations, Dynamic systems and Singularity theory»



(Camapxkanp, 2009), «Metpuueckass ~ reoMeTpuss ~ IMOBEPXHOCTEH U
MHororpanHukoB» (MockBa, Poccusi, 2010), «Locally analytical geometry»
(Lahore, Pakistan, 2012), «An-Xope3mu-2012» (Tamxkent, 2012), «AkTyanabHble
BOIIPOCHI reoMeTpu U e€ npunoxkeHus» (Tamkent, 2014), «IIpenenbabie TeOpeMbl
Teopur BeposATHOCTeM u ux npuinoxkenus» (Hamanran, 2015), «Teopus
yIpaBieHHs 1 MareMatuyeckoe moaenuposanue» (Mxesck, Poccus, 2015),

«Maremarnyeckasi (u3MKa M POACTBEHHBIC 3aJaud COBPEMEHHOTO aHaJn3a»
(byxapa, 2015), «CoBpemennsie mpobiemsr ananuza» (Kapmm, 2016), «IIpobiaemsbr
COBpeMeHHOM Tomnonorud u e€ mnpuioxkenus» (Tamkent, 2016) BeICTymiieHUS U

JOKJIapl MPOLUIM IMIMPOKYK ampobamnuio. Pesynbrarsl UCCIICIOBaHUs
o0CY)XJ1alluCh B HAy4YHBIX CEMHHapax Ha MaTeMaTH4YeCKoM  (akyabTeTe Mpu
HanuvonaneHoMm  yHuBepcutere Y30ekuctaHa «CoBpeMEHHbIE poOIeMbl

reometpu u Tomojorun» (2000-2016), «DyHKUMOHANBHBIA aHAIN3 U  €r0
npuioxerus» (2014-2015), «CoBpeMeHHbIe TPOOJIEMbl KOMIUIEKCHOTO aHAJIA3ay
(2015), B HayuHoMm cemuHape «OrmneparopHbie aareOpbl U UX  MPUIOKCHUS
HNucturyra Marematuku npu HaunonansHoM yHUBepcuteTe Y30ekucrtana (2015),
B HaydHOM cemuHape Kadenapbl «Beicmas wmarematuka» — HamaHranckoro
WHXEHEPHO-TIeAarornyeckoro uHctutyta (2016).

Ony0JMKOBAaHHOCTH pe3yJIbTAaTOB HccjenoBanusi. [lo Tteme aguccepranuu
onyOiMkoBaHO 43 HayuHble palbOThl, U3 HHUX 16 BXOOAT B MEpPEYEHb HAYUHBIX
U3JaHUM, TPEJIOKEHHBIX Bpicimiell arrectannoHHONW KoMuccued PecnyOnuku
V30ekucTan s 3alUThl JOKTOPCKUX JUCCEpTaluid, B TOM 4Hucie 6 U3 HUX
OMmyOJIMKOBaHbI B 3apyOekHbIX >XypHantaXx U 10 B pecnyOIuMKaHCKUX HayYHBIX
U3JIAHUSX.

Crpykrypa m o0bem auccepranum. Jucceprauus COCTOMT U3 BBEACHUS,
YeThIpEX IVIaB, 3aKJIIOYEHUS, CIHUCKAa HCIOJIIb30BaHHON juteparypbl. O0beM
IyccepTaluu cocrapisier 161 crpanuil.

OCHOBHOE COJEPKAHME JUCCEPTALIMU

Bo BBegeHMH O0OCHOBBIBAIOTCS AKTYaJlbHOCTb UM BOCTPEOOBAHHOCTbH TEMBI
IUCCEepTallikM, B  COOTBETCTBUM C  HCCICHOBAaHUSAMU B  NPUOPUTETHBIX
HaMNpaBICHUSIX Pa3BUTHS HAyKd U TexHojioruil PecmyOmukum VY36ekucraH, maércs
0030p MEXAYHapOAHBIX HAy4yHBIX HCCIEJOBAHUNA IO TEeME JAHCCepTalui,
pacKpbIBalOTCA  CTENEHb HM3YyYEHHOCTH NpoOJeMBI M CBA3b C HAy4YHBIM
HampaBieHrueM HamuoHanbHOTO yHHBepcUTeTa Y30€KHUCTaH, (OPMYIUPYIOTCS
LIeJIN U 3a/1a4H, a TaKXKe OOBEKT U MPEAMET UCCIIeI0BaHMsI, N3J1araloTcsl HayyHast
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HOBU3HA W TMPAKTUYECKHUE PE3ylnbTaThl HCCIEAOBaHUSA, OOOCHOBBIBACTCS
JOCTOBEPHOCTh TIOYYEHHBIX PE3YJIBTATOB, PACKPBIBACTCS €€ TEOPETHUYECKas H
MpaKTUYECKasi 3HAYUMOCTb, IPUBEJICH CITUCOK BHEIPEHUH B TIPAKTUKY PE3yIbTaTOB
UCCJIEIOBaHUSI U OMYyOJMKOBAaHHBIX pabOT, MaloTcs CBeACHUS 00  ampoOaruu
MOJTyYEHHBIX PE3YJITATOB U CTPYKTYPE TUCCEPTAIINH.
[lepBast TmaBa amccepranuy, Ha3BaHHass «(OCHOBHbIE CBeIeHHSI W
BerioMorarejibHble (PaKThI», HOCUT BCIIOMOTAaTEIIbHBIA XapakTep W IOCBSIICHA



U3JIO)KEHUIO OCHOBHBIX OIPEICICHU W BCIOMOrarelbHbIX (DAaKTOB IO TEMe
naHHoOM nucceprauuu. OHa COCTOUT U3 Tpex naparpados.

B nepBoM mnaparpade nepBoil MIaBbl KPAaTKO H3J0KEHA TEOPHs TIIMaJKUX
MHOT000pa3uii, NpPUBEIEHbI HEOOXOIMMbBIE OIPEACIIEHUS W BCIIOMOTaTEIbHBIE
(bakThl, OTHOCSIIHUECS K TIaJKUM MHOT0OOpa3usM, UCIIOIb3yEeMbIE B JUCCEPTAIIUH.
[IpuBeneHs MpUMeEpHI MAJKUX MHOTOOOpa3Hid, MOAMHOI000pa3uil.

Bo BropoMm maparpade KpaTko H3J0XKEHAa TEOpUs BEKTOPHBIX MOJEH Ha
I1aJIKOM MHOTOOOpa3uu, W NPHUBEAECHbI OCHOBHBIE CBOMCTBA OpPOUT BEKTOPHBIX
nosnen. Bee noHsTHE OCHAILIEHBI TPUMEPAMMU.

Tperuii maparpad TOCBAINIEH OCHOBHBIM TOHSTHSM W BCTIOMOTATEIbHBIM
dakram Teopuu cioeHHM. B HeM MNpUBOAUTCS ONpeNeieHUs U Pe3yibTaThl
WCCJICIOBAHUN IO TEOPUU CIIOCHUSIM.

Ilycte M —rminaakoe MHoOroo0Gpasue pasMepHOCTH n , A— MaKCUMaJbHBIN

atyac, onpeAeNsaomuil Ha MCTpyKTypy IaJKoro MHOTooOpas3us kiacca " C, rae 7
2 (. Muoroobpaszue MsBusercs Takxke MHOroodpasuem ° C, eciim 0 < <s 7.
Cucremy J0OKaIbHBIX KPUBOJIMHEHHBIX KoopauHat Ha' C - MHOTooOpaszuu M

0003HaYnM uepes ‘A4 .

[TycTh Teneps nenoe kynosnerBopsietr HepaBeHcTBaM 0 <k n. Onpeoenenue
1. CemeiictBo F' ={L ;0 € B} ,JIMHEWHO CBSI3HBIX IOJIMHOXECTB MHa3bIBACTCS k —
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IIOCTOAHHBI Ha KOMIIOHCHTAX JIMHCHMHOU CBA3HOCTHU. C C C

9 9eeey

MHuoxecTBO LyHa3bIBaeTCs clioeM ciioeHus F. B onncanHoi cutyauu k
MepHoe cioeHune’ C - cinoeHue HaspiBaeTcs Takxke * C - CIIOEHUEM KOPa3MEpPHOCTH
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qg n k = — . YcnoBus (F,), (F,) O3HA4YaKOT, YTOMCOCTOUT U3 B3aUMHO
HETIePECEKAIOIINXCS CI0EB. YCaoBUe (F;) 03HAYAET, YTO JIOKAIHHO CJIOM YCTPOCHBI
KaK TapajuieJIbHbIC TIOCKOCTH. Ecim BBIMOMHSAETCS ycloBUE (F;) KOOPIWHATHBIC

OKpCCTHOCTI/I( ) (,)°UA )\ b E, Ha3pIBAIOTCA PACCIOCHHBIMHE, 3 COBOKYITHOCTb
BCEX  PpACCIOCHHBIX KOOPIMHATHBIX OKPECTHOCTEH oOo3HauaeTcss uepe3 °
ApHa3pIBa€TCSI CUCTEMOM PACCIOEHHBIX KOOPAMHATHBIX OKPECTHOCTEH.

Ecnu na MmHOTOOOpa3zun M3anano cioeHus F, TO Takoe MHOTOOOpas3ue
Ha3bIBa€M CIIO€HBIM MHOTO0OOpaszueM, U 0003HaunM uepes( , ) M F. OkpectHocth U
B ONPEJICJICHUU HA3bIBAETCS PACCIOCHHOM OKPECTHOCTHIO.

OmHuM U3 BaXKHBIX KJIACCOB CIIOCHMUS, SIBIISIETCS KJIACC CIIOCHUM, MOPOXKICH
HBIE CyOMEpCHSIMHU.

Onpeodenenue 2. Jludpdepenunupyemoe otrodbpakenue f : M — Bwmakcu
MaJbHOTO paHra, rme M ,B- Tinaakue MHOTOOOpa3us pPa3sMEpPHOCTH 71,m
COOTBETCTBEHHO, MIPUA > 11, HA3BIBAETCSI CYyOMEPCHEH.

C reoMeTpuYEeCKON TOYKH BAKHBIMU KJIACCAMU CIIOCHUH ABJISFOTCS BITOJHE
reoJIe3NYECKUE CI0CHUS U PUMAHOBHI (METpUUeckue) cinoeHust. Onpeoenenue 3.
[TonqmuOTO0Opa3ne NpumaHoBa MHOrooOpasusi M Ha3bIBa€TCS BIIOJIHE
reofIe3UYeCKUM, €CIIH Kax/aasi reo/ie3ndueckas MHOrooopasusi M , kacaromiasics
MoaAMHOT000pa3usN, conepKutcs B N .

Onpeoenenue 4. Ciioenve FHa puMaHOBOM MHOTOOOpa3uu MHa3bl BacTCs
BIIOJIHE T€0JIE3UNYECKUM, €CIIM Ka)KJasl reofie3nyecKas, KacaTeslbHas K CIO0
cJIOeHUs F'B OJIHOM TOYKE, OCTAETCS HA ATOM CJIOE, T.€. KaXKIbIH CJIOM SBJISICTCS
BIIOJTHE T€0JIE3UNYECKUM MTOAMHOT000pa3ueM.

BaxxHbIM KJIacCOM CIOCHUN KOPa3MEPHOCTH OJIMH SIBIISIIOTCSA CJIOCHUS,
MOPOXK/ICHHbIE TOBEPXHOCTAMH ypOBHS AuddepeHuupyeMblx GyHKUUA 0e3
KpUTHYECKUX To4eK. Amepukanckuii mpodeccop Ph. Tondeur paccmarpusan
Gynkumo'

o
f M R - 0e3 KpUTHYECKHX TOYEK Ha PHMaHOBBIM MHOTOOOpazuu " M,
JUIMHA TpagydeHTa KOTOPOW IIOCTOSHHA Ha KaXJOM MOBEPXHOCTU YpOBHA. s
Takux (PyHKIUN OH JI0Ka3aj, YTO CIOEHUE, TOPOKIECHHOE TOBEPXHOCTSIMH YPOBHS
Tako! (P)YHKILUU SIBJISETCSI PUMAaHOBBIM (METPUYECKHUM) CIIOCHHUEM.

fMR: —wu3xnacca ()

Onpeoenenue 5. Oynkuus '
*'C M R,nnuHa rpa



JMEHTAa, KOTOPOM ITOCTOSIHHA HA KOMIIOHEHTAaX CBA3HOCTU MHOXECTB YPOBH,
HA3bIBACTCS] METPUYECKON (DYyHKITHEH.
Onpeoenenue 6. Cioenrne FHa puMaHOBOM MHOT0OOpa3uu MHa3bIBa €TCS
PUMAaHOBBIM, €CJIU Ka)KJ1as N€0Ie3UUECKast, OPTOrOHAIbHAsA B OJHOM TOYKE K CJIOIO
cioenus £, ocTaéTcss OpTOrOHAIBHOM K CIIOSIM F'BO BCEX CBOMX TOUYKAX.
Bropas r1maBa  gumccepraumu, Ha3BaHHasg  «l'eoMeTpusl  CJI0€HBIX
MHOroo0pa3uii» NoCBsLIEHA UCCIEIOBAHUIO TEOMETPUU CIOCHBIX MHOT0OOpa3uid,
CJIOCHBIN aTjac KOTOPOTO MOPOXACH cyomepcuen. J[okazaHbl, 4TO CIIOHM, CIOCHUS
HNOPOXKJCHHBIE ~ PUMAHOBBIMU  CyOMEpPCHSIMH,  SBISIOTCS ~ MHOTOOOpasusiMU
IIOCTOAHHOM ['ayCcCOBOWM KpUBMU3HBI, NpEAE] TIEOHAC3UYECKUX JIMHHUM CIOEHOIO
MHOT000pa3usl, SIBISIETCS T€0A€3NYECKOM JIMHUK HA MPEAEIBHOM CII0€, a TAKXKE
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HEBO3MOXHOCTh U30METPUUECKOTO MOTPYKEHUS YETHIPEXMEPHOTO MHOTO00pa3us
Sol msTIMepHOE eBKINI0BO TPOCTPAHCTBO.

BaxXHpIM KJIaccoM CIIOCHUH SBISAETCS KIACC CIIOCHUH ITOPOXKIACHHBIMU
cyomepcusimu. Ilo Teopeme o panre Bcsikasg cyOmepcust f M B : — mopoxiaaeT
cioernne Fpa3smepHocTd kK n m = —Ha MHOrooOpaswum M, CIOSIMH KOTOPOTO
SABJISIOTCS mogMHoroo6pasus '( ), Lfp p B -

= €, rue nm,pasMepHOCTH

MHOT000pa3uii M B,COOTBETCTBEHHO U 1 m> .

Iycts F — mazgkoe cloenue pasMepHocTH kua M. O603HaunM gepes L p( ) — cnoit
CIIOCHUS F, IPOXOAAIIUI uepe3 ToUKy p , 1,L - kacareabHOe MPOCTPAHCTBO CIIOA

L( p)B Touxe p, H p( ) — oproronansnoe gononuenue 7,Le T,M, pEM.
Bo3HUKAIOT [Ba Hoapaccaoenus (raakue pacupenenenus) TF ={T L: pEM}, H =
{H( p): pEM}xacarensnoro paccnoenns TMrakue, uto TM =TF & H, rue
HsBnsgeTcsa OpTOrOHAIBHBIM JIONIOJTHEHUEM TF. B 3TOM ciydae Kaxa0€ BEKTOPHOE

noneX €V(M )MOXHO IPeCTaBUTh B BUJIE , - OPTOTOHAJIbHBIE IIPOEKIIMU XHA
TF.H

, X=X, + XhFI[CXVXh
COOTBETCTBEHHO.

Eciu X €V(F)(t.e. 0 X,=), To XHa30BeM BepTUKAILHBIM moneM. Eciu X VE
(H) (X 0)

,=, TO XHa30BEM ropu30HTaIbHBIM NOJEM. 13 cyOmepcuii ocoboe

MOKHO BBIICJIUTH KJIACC TAKUX CyOMepCcHil Ha3bIBaeMble PUMaHOBBIMHU.
Onpeodenenue 7. Cyomepcus f: M — BHa3bIBaeTCS pUMaHOBOM, €CITU
muddepeHnran oToopakeHus dfCoxpaHseT JIMHY TOPU30HTAIBHBIX BEKTOPOB B
nepBoM naparpade ucciaenyeTcsi CEeKIIMOHHbIE KPUBU3HBI CIOCHUM, TOPOXKACHHON
PUMaHOBBIMU cyOMepcusiMu. J[0Ka3zaHO, UTO €CJIM CIOEHUE MOPOXKIEHO
PUMAHOBOM CyOMepCHeid, TOTIa CJIOU 3TOTO CJIOEHUS SIBJISIOTCS. MHOTO00pa3usiMu
ITOCTOSTHHOM ['ayCCOBOM KpUBU3HBI.

B pa6ote'u3yueHa reoMeTpus IOBEPXHOCTEH YPOBHS (BYHKIIMH, sl KOTOPHIX
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X gradf =nns Kaxa0ro BEpTUKAILHOTO BEKTOpHOTO 1oJist X . Mbl paccMoTpuM
cyomepcuu f M B : -, xoria MHOTOOOpasue BABIAECTCS OTHOMEPHBIM
MHOToo0pasuem, a MMeHHO majikyto pyHkuuio f: M — R. Ecmu Crit{ f }-
MHOXKE€CTBO KPUTHUECKUX TOUYEK (QYHKINH f, TO Ha MHOTOOOpasuu M\ Crit{ f
} BOSHUKAIOT clioeHue FpazmepHocTy n — 1 (Wi KOpa3MEepHOCTH OJMH), CIOSIMU
KOTOPOTO SABJISIIOTCS MOBEPXHOCTH ypOBHA (pyHKIMU /. JlOoKa3bIBaeTCs Teopema,
XapaKkTepHU3YIOIlas FEOMETPUIO CIOCHHUSI, TOPOXK JEHHOTO PUMaHOBOM CyOMepCHEN.
[ToBepxHOCTH ypOBHS (DyHKIIMI 3TOTO KJIacca SIBJISIOTCS OBEPXHOCTAMU
nocTosiHHOM ['ayccoBoil kpuBu3HbL. Teopema 1. IlycTh M — IOJTHOE PUMAHOBO
MHOTOO0Opasue ¢ nocrosinHol f M R : — pumanoBa cyOmepcust. Torma Kaxblii
CJIOU ciioeHus F
KPUBHU3HOM U '

1
= Tondeur Ph. Foliations on Riemannian manifolds// Springer Verlag, — New York, — 1988.
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MOPOXKICHHOW PUMaHOBOM cyOMepcueil (MOBEpXHOCTh YPOBHS (QyHKUUNS)
ABIIAETCSI MHOTOOOpa3ueM MocTostHHOM ['ayccoBOM KpUBU3HBI.

Btopoit maparpad BTOpoil IIaBbl TOCBSIIEH HCCIECIOBAHUIO TE€OMETPUU
reofIe3UYECKUX CIOCHBIX MHOrooOpasuii. B pHMaHOBONM TreoMeTpuH BaXKHBIM
ABJISICTCS U3YUYECHUSI CBOMCTB I€OAE3MUYECKHE JUHHM. B 4acTHOCTH, U3BECTHO, YTO
€ClIi TOCJIE0BAaTEIbHOCTh I€0IE3UUECKUX JIMHUM CXOIOATCS B OJHOM TOYKE, TO
CYLIECTBYET MOAIOCIEAOBATENIBHOCTD MOCIECA0BATENBHOCTH, KOTOpas CXOAUTCA
MMOTOYEYHO K HEKOTOPOU T€0JI€3NUECKOM JTMHUM B KaXKJOM TOUKE.

JlokazaHa cneayrolasi TeopemMa, KoTopas SBJIsieTcsi 00001eHreM
KJIACCUYECKON TEOPEMBI O TIpejielie TeoAe3uUeCKUX JIMHUNA Ha MHOTO0Opasusl.
Teopema 2. Ilycts M — magKoe MOJIHOE PUMAHOBO MHOTOOOpa3ue pa3MEPHOCTH 1C
IJTaJIKKM CIIOCHHEM pa3MepHocTH &, rie 0< k < n. Torma 1) Kaxmprit cioii ¢
VHIyUWPOBAHHOW PUMAHOBOW METPUKOM SIBISETCS MOJHBIM PUMAHOBBIM
MHOT000pa3HeMm.

Y :(,) - mociIen0BaTeIbHOCTD Ie0Ee3UIEeCKUX

2) Ilyctb ,ab - L,

(OTHOCUTEIHFHO UHAYIIUPOBAHHBIX PUMAHOBBIX METPHUK) CI0€B L, Takas, 4To Y ,.(S,)
> p,svY8.(,) —IpH m— ®Is HEKOTOporo ( , ) s,E a b. Torma
MOCJIeI0OBATEBLHOCTD ,, Y «(a,b) - L(p)

YIIOTOYEYHO CXOJUTCS K I€0e3UIECKOMN

cinod L( p), BEIXOASIIAs U3 TOUKHU PIIPH
§ = SB HaIlpaBJICHUU BEKTOpPA V .

B cnenyromieit Teopeme ycuiMBaeTcsi BTopasi 4acTh TeopeMsbl 2. Teopema 3.
[TycTh M — majkoe MojaHOE€ pUMaHOBO MHOT0OOpa3ue pa3MEpHOCTH AC TIaJAKUM



CIIOEHHEM pa3MepHOCTH k, Tne 0< <k n. : VY ...

ITycrs '
R L - —1OCIen0BareIbHOCTh M€0AE€3UUECKUX (OTHOCUTENLHO Y §
p —1pHu
VHIYLIUPOBAHHBIX PUMAaHOBBIX METPUK) CIOEB L, TaKas, 4To ,
() m

m — %Il HEKOTOPOIro '
s R €. Torma cymecTByeT MOANOCIEI0BATEIIBHOCTS

Y

MOCIIEA0BATENBHOCTH ,,
Y, KOTOpast MOTOYEYHO CXOAUTCS K HeKoTopord Y : ()R L p

— c1os L p( ), BBIXOIAIIAA U3 TOUKUPIIPH

reoIe3NIeCKOi !
S§S=.

N3oMerprueckoe TOrPYKEHHE pPHUMAaHOBOTO IPOCTPAHCTBA B EBKIUIOBO
NPOCTPAHCTBO WM B JIPYrO€ PHUMAHOBO MPOCTPAHCTBO SBJISCTCS OJHUM W3
CIIOCOOOB TMOCTPOCHHS TOAMHOTOOOPa3suil A3THUX MPOCTPAHCTB, OOIATAFOIINX
HOBBIMH  HWHTEPECHBIMH  T€OMETPUYECKHMMH  CBOMCTBaMH.  lIpoOiemsr
MU30METPUYHBIX MOTPYKEHUH W BIOXKEHUH MHOTOOOpa3uii B €BKIUIOBBI U APYTHE
NPOCTPAHCTBA  SIBISIOTCS  OAHMMU W3  IICHTPAJIBHBIX TpoOJIeM Kak B
nuddepeHmanbHON TeOMETPUH, TaK U B PUMAHOBOW T€OMETPHH, U U3y4arOTCs B
ITHX ITUCIUILTUHAX C CAMBIX Pa3HBIX TOYEK 3PEHHUSL.

Teopust N30METPUYECKUX MTOTPYKEHUH CBS3aHA C TPYIHBIMH BOTIPOCAMHU
Pa3peIMMOCTH HEIMHEHHBIX cucTeM AuddepeHaTbHbIX YPaBHEHUH, a TAKKE C
TOIOJIOTUYECKIMH BOTIPOCAMH, B HEH UCIIOIB3YIOTCS U HATVISTHBIC TEOMET
pHUYECKHe UIeH, HapsIy C MPHUBICUCHUEM IIMPOKOTO apCceHaIa MaTeMaTHIeCKUX
CPEICTB.
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Tperuit maparpad MocBsIIeH UCCIEIOBAHUIO, TPOOIEMY O TIOTPYKECHUU
MHOT000pa3uii B €BKJIM0BO MPOCTPAHCTBO. PaccmaTpuBaeTcst BOIIPOC 0 BO3
MOKHOCTH TTOTPY>KEHHsSI MHOTOOOpa3uii B €BKJIMI0BO IPOCTpancTBo. Ha
YEeTBIPEXMEPHOM MHOT00Opa3uu *

SolneBOMHBapHUaHTHAs METPUKA
3azaercst opmysoit
a2 dsedxdy edz dt”
=+++,

Jloka3zana cinenyronas
Teopema 4. Muoroo6pasus *
Solnenp3s OTpy3UTh B MATUMEPHOE



€BKJIMJOBO POCTPAHCTBO.
Tpexmepnas rpynmna Jiu Bcex 2 2 X - MaTpull ¢ BEIIECTBEHHBIMU JIEMEHTAMHU
u onpenenurenieM 1 o0o3Havyaercs yepes

Minn
abab
SLRGLR

(2, det 1))

HH””[JUU
cdcd

=€ =

a , SL Robo3HauaeT e€ yHUBEpCalbHYIO HakpbiBarollyt. M3BectHo, uto , SL R
TOXE SIBJISIETCS TpyNIoi JIu u JomyckaeT METpUKY, THBAPUAHTHYIO OTHOCUTEIHHO
JIEBOTO YMHOXKEHHS.

Tenepb nccneayeM BOIPOC O BOBMOKHOCTH H30METPUUECKOTO OTPYKEHUS
MHOT0o00pa3zus , SL Rc 1eBOMHBApUAHTHON METPUKOU

222

()
dx dy dx ydt

dstt

2

y

B UETBIPEXMEPHOE €BKJIMI0OBO MPOCTPAHCTBO ‘R .

Teopema 5. TpexmepHoe MHOTOOOpasue , SL RHeNb3s MOrpy3uTh B
YETBIPEXMEPHOE €BKJIUIOBO MTPOCTPAHCTBO.

B Tpernel mmaBe puccepranuu, HazBaHHOU «I'pynma uM3oMeTpuil CJI0OEHBIX
MHOroo0pa3suii» HucclelyeTcs Tpynna H30METPUM CIOEHBIX MHOrooOpasuii. B
YACTHOCTH, BBOIATCSA TMOHSITHS HM30METPUU CIOEHOTO MHOroobpasus W Ha
MHOKECTBE BCEX M30METPUI CJIOCHOr0 MHOrooOpa3us BBeJIeHa CJIOeHast
KOMIIAKTHO-OTKPBITasi TOIMOJOTHUS WM F - KOMIAKTHO-OTKPBITas TOMOJIOTHS,
JI0Ka3aHbl, YTO MHOXXECTBO BCEX H30METPHUI CIIOEHOI0 MHOrooOpasus SIBISETCS
XaycnoppoBOM MPOCTPAHCTBOM OTHOCUTEIBHO [ - KOMIIAKTHO-OTKPBITOM
TOTIONIOTHH, TPyNma ToMeoMOP(PU3MOB TIIAJIKON CBA3HOM MHOTOOOpPa3uu KOHEUHOMH
Pa3MEPHOCTH SBJIAETCS TONOJIOIMYECKOM IPYIIIION OTHOCUTEIBHO KOMITAKTHO
OTKPBITOM TOIOJIOTMH, MOArPYIIA COCTOALIEH M3 BCEX H3OMETPHUM CIIOEHOIO
MHOT000pa3usi TOXE SBISETCS TOMOJOTMYECKOM T'pYyNmnod OTHOCUTEIBHO 3TOH
TOTOJIOTHH, €CJIH TOCIEA0BaTeIbHOCTh H30METPHI CIIOEHOTO MHOT000pa3us
CXOIATCS 10 OAHOM TOUYKE KaKIOIO CJO0s CIOEHUs, TOTAA U3 HEE MOXKHO BBIJIEIINTD
MOJIMOCIIE0BATEIBLHOCTh CXOMAIIYI0 K U30METPHUIO CIIOEHOr0 MHOrooOpasus B F -
KOMIIAKTHO-OTKPBITOM TOIIOJIOTHH.

B nmnepBoM maparpade TpeThel TIIIaBbl BBOAMUTCS TIOHATHE W3OMETPUU
CJIOEHOTO MHOT000pa3usi M IMOHSITHE CIOCHOW KOMIAKTHO-OTKPBITOM TOIMOJIOTHH
Ui F - KOMIIaKTHO-OTKpBITast TonoJiorus B ( ) G My, KoTopasi 3aBUCHUT OT CJIOCHUSI.



Ecan PasMEPHOCTH CIIOCHUA COBIIAAACT C Pa3MCPHOCTBIO MHOFOO6paBI/ISI,

38
TO 3Ta TOIOJOTHS COBNAJACT C KOMIIAKTHO- OTKPBITOM TOIOJIOTHEHN, €CIIU
KOPa3MEpHOCTh CJIOCHHS COBIAJAaeT C pPa3sMEpPHOCTBIO MHOTooOpasws, TO
CXOAMMOCTD B ATOW TOTIOJIOTHH COBIAAAET C TIOTOYCUHON CXOIUMOCTHIO.
[ycre( ) | M, Fu( ) , N,Fcnoensle MHOro0Opasus co CIIOEHUSIMH, , F F,
pa3MepHOCTHL .

Onpeoenenue 8. Eciim ipu HekoTopoM §( ) L 1100010 ci1ost LyClToeHus

"C - nuddeomopduzme FaBnsercs cj1oeM ciloeHus F,, To
¢:MN -
oOpa3
rosopat, uto napel ( ) ; M, Fu () , N,F" C - mudpeoMoppHbI ¥ IULIYT |
(,)MF=
( ’ ) NF2
OtobpakeHue - nuppeomopduzmMom,

¢uz (), M, Fe (), N,FrassBaercs " C
COXPAHSIOIINM ClIOeHHUE U muiiercs B Buae 1,9 : (,) (, ) M FN

F - .Bcayuvae, kotnaM =Nu F F |,

=, TOBOPAT 0 auddeoMmopdusmMe cI0eHOro
MHoroobpasus (M,F).

Onpeodenenue 9. ludpdpeomopduszm ¢ : M M - cnoenoro MHOTOOOpa3us
Ha3bIBACTCS U3OMETPHUECH CIIOeHOTO MHOT00Opasus (M F)), ecnu cyxenne ¢ ¢ : ()
LL

— SIBJISIETCS U30METPHUEH.

aa

[ycte {K)} - ceMeHCTBO BCEX KOMITAKTHBIX MHOXKECTB, IJIe Kak10€ K)
IPUHAIEKAT KAKOMY JTHOO CJIOK0 CIOEHHs FU ITyCTh {UB} - CEMENCTBO BCEX
OTKPBITHIX MHOXKECTB Ha M. PaccmotpuM juist kaxaou napsl K, C Lyu modoro G
M €, nns xoropwix () K), Ug
UgCOBOKYITHOCTh BCEX OTOOpaKeHui ( ) r
DTy COBOKYIHOCTb OTOOpakeHU Oyem
obo3Havars uepes [K),Ug] = {f M — M fTlycrs
(K\) C Ug }. O - ceMeCTBO MOAMHOKeECTB ( ) G M,
fC. ABIIIOIIUXCS NIEPECEUCHUSIMU

KOHEYHOTO 4Mc1a MHOXKeCTB BUJA [ , | K U, . 1o n3BectHOMY kputeprio B () G M,
CYWIECTBYET TOIMOJIOT U, 11 KOTOPOil OsBIsieTCs 0a31UCOM, TPUIEM

CEMENCTBO

ATa TOTOJIOTUS €AMHCTBEHHA. DTy TOMOJIOTHIO Oy/IeM Ha3bIBaTh CIOCHOU
KOMIIAKTHO-OTKPBITOM TOMOJIOTUEN WK F' — KOMITAKTHO-OTKPBITOM TOTIOJIOTHEN.
Teopema 6. MuoxecTBO () G M;c F - KOMITAKTHO-OTKPBITOM TOTIOJIOTUEH SIBIISIETCS



xayc10p(OBBIM MPOCTPAHCTBOM CO CUETHOU 0a30il.

W3BecTHO, UTO €cii MHOroo0Opasue KOMITAKTHO WJIM coBmaaaer ¢ " R , To
rpynmna  aupdeomopbusmoBDiff M( )mmagxkoro MHoroobOpasust M, sBISETCS
TONOJIOTUYECKOM TPYNIoOM B KOMITAKTHO-OTKPBITOM TOomojoruu. Crnemyromas
TeopeMa SBJISIETCS 0000IIEHUEM 3TOTO pe3yibTaTa i JII000T0 MHOT0o00pa3usl.

Teopema 7. Ilycth M - THagkoe CBS3HOE€ MHOTOOOpa3ue KOHEYHOM
pasmepHoctu. Torma rpynma ero romeoMopdusmoB Homeo(M )sBisercs
TOIOJOTUYECKOU IPYIIIOA OTHOCUTEIIBHO KOMIIAKTHO- OTKPBITOM TONOJIOTHH. B

'Baxensman 1.5, Beprep A.A., Karrop B.E. Beesienue B audQepeHmanbHyio reOMETPHIO «B HETOM». — M.:

Hayxka, — 1973, — 440 C.
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yacTHOCTH, oArpynisl ( ), () Diff M G M raxxe SBJISIFOTCSI TONOJIOTUYECKUMU
IPYIIIAMH B 3TOM TOIIOJIOTHH.

['pynna u3omerpuit cioenoro mHorood6pasus ( ) G M B oOuiem ciydae He
sABNISETCA MOATPYIIION Tpymmbl u3oMeTpuii MHoroo6pasus G M( ), u HaoGopor
rpymnna u3oMeTpuii MHoroobpasus G M( )Toxe He SBIAeTCS HOATPYIIION IPYIIIBI
u3oMeTpuil cnoeHoro MHoroodpasus ( ) G M. Ho KOHEUHO 3T TpylIbl UMEIOT
Herycroe mnepecedenne, Te. I G M G M € #+ @ () ( ). CnenoparensHo,
BO3HHMKAET BOIPOC O CYIIECTBOBAHMM OTOOPaKEHHM, KOTOPbIE BXOAMUT B TPYIITY
MU30METPUN CIIOEHOTO MHOTO00pa3usi, HO HE SABISETCS U30METPUE MHOTOOOpa3Hsl.

Hamu nokazaHo, 4YTO CyIIECTBYEeT CIIO€HHE, s KOTOPOTO CYIIECTBYET
AJIEMEHT TPYIIbl HU30METPUM CJIOEHOr0 MHOrooOpasus, HE SBJISIOLIUNCS
AIIEMEHTOM TPYMITbl U30METPUH.

Teopema 8. CymectByeT f: M — BcyOMepcus, 11t KOTOPOU TpyIIa u30

metpuii () G.Mcnoenoro muoroo6pasus (M F, )comepXuT s1eMeHThbI, KOTOphle He
SABIISAIOTCS YIEMEHTAMK IPYIIIBI H3oMeTpuit G M( )pumanosa MHorooopasus (M g,

).

Crenyronuii mpuMep MOKa3bIBaET, YTO TAKUE CyOMEPCUU MOTYT OBIThH
JOBOJIBHO TIPOCTHIMH.

PaccMOTpUM Ha €BKJIMI0BOM IJIOCKOCTH M R =C I€KapTOBBIMH KOOPAMHATAMH X

y,cnoenne F, HOPOKAEHHOE THHAAMH ypoBHs GyHKimn ( )2

fxyxy,=-.
MBI IOCTPOUM M30METPHIO CIOEHOro A — IIOCTOSHHOE YHCIIO0, TO ITO
MHOT000pa3us 0TOOpa’KeHUE SBISETCS U30METpUEH
¢ : MM - o popmyie IJIOCKOCTH Y U30METPUEN CIIOCHOU

ockoctu. Ecnn
Eciu Mxyfxy,,)==() 1o

- 0TOOpakeHue

OA(xyxyxy,,,)=+(()) p

dHe sIBIIETCS U30METPHEH MIIOCKOCTH,



HO ABJIICTCA HBOMeTpHCﬁ
CJIOCHOTI'O MHOFOO6paBI/I$I.

JeiicTuTenbHO, eciu ( X y, )aekuT Ha napabore
Xy ¢ — =, TO TOUKa

(xyxy,,+A())nexur na napaGone’
Xy c — =2.9T0 oToOpakeHrue COXpaHsieT

JUTMHY KPUBBIX Ha mapadouie.

Bo Bropom maparpade TpeThell TIAaBBI HM3Y4YAETCS TEOMETPHUS TPYIIITHI
M30METPUN CIIOGHOTO MHOTooOpa3us B HOBOM F - KOMIAKTHO-OTKPBITOM
TOTIOJIOTHH.

Jlnst cioeHbIX MHOTOOOpa3uil JOKa3aHbl CICAYIONIUE JIEMMbI U TEOpEMa. rF-
II0CJIEI0BATEIILHOCTD, KOTOPAs
Jlemma 1. Tlpeanonoxum, uto {f, } G (M)
MMOTOYEYHO CXOAUTCS HA MHOXECTBE A C L, THE L,- HEKOTOPBIM CION CIIOCHUS F.
Torna {f,, }raxke morouedyHo cXoauTCs Ha A(TIe A - 3aMBIKaHUE MHOXKECTBA AB L

C()'
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Jlemma 2. TlycTbA - MHOXKECTBO TOYEK pHA CJIO€ L,TaKUX, YTO CYLIECTBYET
CXOOAIIASACS MOAIOCIEA0BATEABHOCTD f ( p) ,IIOCIEAOBATCIABHOCTH f ( p) ,. lorma
€CJIM MHOXKECTBO AHCIYCTO, TOA = L.
BrrmenpuBeeHHbIE JIEMMBI TO3BOJISIOT JOKA3aTh CICIYIOULYIO0 TEOPEMY.
Teopema 9. IlycTb M - IOTHOE TIIAJKOE MHOTOOOpa3ue pa3MepPHOCTH nC r

IJIaJIKUM CJIOCHUEM Fpa3MepHocTu &, f €G (M), r 2 0, m =1,2,3,....
mF

[Tpennonoxum, 4To sl KaKAO0TO CHOSI L,CYIIECTBYET TOUKA 04 € L TaKasi, 4TO
MOCIEA0BATENBHOCTD ( ) ,,
foqcxonutes. Toraa cylecTByeT
MOANOCIIEIOBATEILHOCTS
filociaenoBaTeiabHOCTH ,,
f, cxopsiasics B F -

KOMITAKTHO- OTKPBITOW TOIOJIOTUHU.

Teopust CIOCHHM HMEET WIHMPOKUE MPUIOKEHUS B TEOPUM JTHMHAMHYECKUX
CHUCTEM, IUHAMUYECKHX TIOJUCUCTEM W Teopuu ympasieHus. CeMelcTBO OpOUT
BEKTOPHBIX TIOoJIed o0OpasyeT paszOueHue ¢a3oBOro MPOCTPAHCTBA HAa OPOUTHI,
KOTOPO€ HAa3bIBAETCSI CUHTYJISIPHBIM CIIOCHUEM.

MHOX€eCTBO JOCTHMXKUMOCTH (MHOKECTBO YIPaBISIEMOCTH) U WHBAPUAHTHBIE
MHOXKECTBA CHUCTEM YIPABJICHHS SIBISIOTCS BAXKHBIMH OOBEKTaMH B Ka4e€CTBEHHOM
TEOPUM  ONTUMAJIBHOTO  yHpasicHHs. VIHBapuaHTHbIE MHOXECTBA CHUCTEM
VIOPaBJICHHUS COBMANAIOT C OpOUMTAMHU CEMEHCTBAa BEKTOPHBIX IMOJIEH, KOTOphIE
ONPEAEISAIOTCA NPABOM YaCThIO CUCTEMBI YIIPABICHHUSI.

UerBepras maBa auccepranvu, Ha3BaHHas «['eomeTpusi OpOMT BEKTOPHBIX
noJjiei» TOCBAIICHA WCCICAOBAHUIO OPOUT BEKTOPHBIX mojei. JlokazaHsl,



KOMIIAKTHOCTb MHOJKECTBA JIOCTHMKUMOCTH UM HENPEPBIBHOCTh MHOTO3HAYHOI'O
OTOOpa)KE€HUsI  «TOYKA- MHOXECTBO  JOCTHKMMOCTH»  BEKTOPHBIX  IOJIEH
CIIEHIHAIIBHOTO BHJA, KOMIAKTHOCTb 3aMBIKAHWE MHOKECTB JIOCTHXKUMOCTH, U
HENPEPHIBHOCTh MHOTO3HAYHBIX OTOOpaKEHHH, CTaBsllas KaKJOMYy 3HAUEHUIO
BPEMEHM 3aMbIKAaHME€ MHOXKECTBA JOCTHKMUMOCTH 3a BpeMsi He Oosiee ueM
(buKCHUpOBaHHOE BpeMsl ISl BEKTOPHBIX IOJIEH OMPEIENIEHHOrO Kiacca, a TaKxkKe
HaWJICHbl YCJIOBHUS YCTOMYMBOCTHM MHOXECTBA AOCTHKMUMOCTH, MJISI JIMHEWHBIX
CUCTEM.
B nepBoM naparpade uyeTBepToil m1aBbl HCCIAEAYETCS TE€OMETPHUS MHOKECTBA

JOCTH>KMMOCTH, CEMENCTBA BEKTOPHBIX IOJIEH BHJA

= +z(1)

Xxfxfxu
| OO0
0 Y =
i 1
usanaseex imfxfxfx=12,.,,,4.01() () .()- rmankue Bextop -

rae 1

i
(yHKIMH, C OTPAaHUYCHUSIMU ( ) i
fx M<, nnst Bcex "
x R M € - nocTosiHHBIE

BEJINYUHBI.
BekropabiM nosisiM (1) COOTBETCTBYET CUCTEM YIIPABIICHUS CIEAYIOIIETO
BHJIA:

=+ 2
Z()
xXfxfxut
OO0

i = 1
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MBI GyieM TOBOPUTH, YTO TOYKA ~
x3a Bpems T,
XJOCTHXKHUMA U3 TOYKH |
eciu cymectByer usMepumas Bektop Gyskumus ' 2() ((), (),..., ()),”
utututut=raka,

yt0 3a7a4a Ko 15 cucteMsl nuddepeHuanbHbIX ypaBHEHHH

m.
i



=+ 3
Z()
xtfxfxut
00

x x (0) =umeer pernenue onpenenensoe Ha [0;7]
C HAYAJIbHBIM YCIIOBHEM |

npuueM [ |
(), 1,0

xTxutT==VY €.

x3a Bpemsi ToO03HaYNM 4epe3
MHOXeCTBO TOYCK " R, TOCTHKUMBIX U3
() G T,.1lo onpeneneHuto mory4aem, 9to ,( )
xGT€EnnsBeex T .

x

B srom maparpade mokazaHbl KOMIMAKTHOCTh MHOXECTBA JOCTHKUMOCTH U
HETpephIBHAS 3aBUCUMOCTh MHOXKecTBa JocTmxkuMocTd ( ) G T 0T Bpems Tmis
cuctemsl (1).

JlokazaHbl CIEeYIOLINE TEOPEMBI

Teopema 10. MuoxectBo ( ) G T ABAsSETCS KOMIAKTHBIM MHOKECTBOM JIJISI
Bcex 12 0.

Teopema 11. Otoopaxenue ()
T G T — ,HenpepbIBHO B MeTpHKe Xaycnopda B

Kaxxaou Touke 7 2 0.

Bo Bropom maparpade 4eTBepToil IIIaBbl UCCIAEAYETCS CTPYKTYpa MHOKECTBA
JIOCTHKHUMOCTH.

PaccmarpuBaercst cucteMa yrpaBiieHHs BUJa

( ) nm
> 7% 9%

rne U — xommaktHOe moamHoxecTBO” R. Ilpenmonaraercs, 9To mpu KaXKIoM U
U€Egekropnoe none f'x u (, )kiacca C°, a OTOOpakeHUE fABIAECTCS HEMPEPHIBHBIM
10 COBOKYITHOCTH TEpEeMEHHBIX. KpoMme Toro mpeamosiaraercs, 9ro IpaBas 4acTh
CHCTEMBI YIOBIETBOPSIET YCIOBUIO

xfxuxRuUR=€€C(@4)

GO )
fxuMxNxuRU<+VY eEx (5

rae Mu N - TOCTOSHHBIC BEJINYUHBI.

Usyuenue cBoiict MuOkecTB G T (£ )u G T ( )ABISIOTCS BaKHBIME
BOIIPOCAMU B KAYECTBEHHON TCOPUU ONTUMAIBHOIO yrpasienus. Hampumep,
3aMKHYTOCTb (WJIM 5K€ KOMITAKTHOCTB) MHO)ecTBa G T (<) sIBIs€TCS OCHOBHBIM
(akTOpOM B J10Ka3aTelIbCTBE TEOPEM CYLIECTBOBAHUS ONTUMAJIbHOIO YIPaBICHHUS



B TOM MJIM MHOM cMbIcie. B 06mem ciydae, koneuno ke, MEokectBa G T, (S )u G
T ( )ue 06s3anbI GBITH 3aMKHYTBIMH. VIMeeT MecTa Creiyromas Teopema.

Teopema 12. Muoxectsa Gn (ST)u Gn (T)sBAAIOTCA KOMIAKTHBIMH.

W3BecTHO, 9TO MHOKECTBO ( )”K RKOMITaKTHBIX MTOJMHOXECTB " RC paccTosHuEM
Xaycnopda SBIASETCS METPUUISCKUM TIPOCTPAHCTBOM. [Ipy BBITOTHEHUH YCIOBUS
(5) BepHa
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Teopema 13. Orobpawenns T -G (ST) u T G (T) - snsorest
HETIPEPHIBHBIMHU.
Teopema 14. ITyctsb nns mo6oro T = OmHOoXkecTBa G (T ) nKoMnakTHbI. Toraa
muoxecta G (<7) nTAKKEe KOMIIAKTHEL.
Cneocmeue 1. MuoxectBo G T () Snnst cuctemsl (1) sSIBISETCS KOMIAKTHBIM
MHOKECTBOM.

nm

Hanee B aToM naparpade paccMarpuBaeTcs JUHEWHas cuctema Bujga """ x Ax

BuxRuR=+€€(6)
299

rae A- marpuiia pasMepHOCTH n n X , B —Marpuila pasMepHOCTH 1 mX
JIoTyCTUMBIMU YIIPABJICHUSIMU SIBIISIFOTCSI U3MEPUMBIE OTpaHUYEHHBbIE QYHKIIUUA U
TRT - <<+,

:0;,0[]"

[{ens ynpaBieHus - TPUBEACHUE CUCTEMBI B HEKOTOPOE (DMKCHPOBAHHOE

(neneBoe) cocrostHue "NER .

O0o3HauMM yepe3 FMHOXKECTBO aHAJUTHUYECKUMX BEKTOPHBIX IOJIEH,
onpeneneHHbIx Ha " R. M3BecTHO, YTO MHOXECTBO VsaBnsiercss anredpoit Jlu, B

KOTOPOH TIpOHM3BeeHIHeM BEeKTOPHBIX Toneil Xu YemyxuT ux ckobka Jlu [X Y, ].
Honoxum X x Ax Bu ,( ) = +n 0603Ha4MM Yepe3 DMHOKECTBO BEKTOP

HeIx oneit { *}" X u R €, a uepe3 A D( )munumanbHoro nonanre6py Ju, conep
Kamyro D .
Op6ura L x( )cuctemsl (6), mpoxosiiasi 4epe3 TOUKY x, OMPEEIseTCs Kak

MHOKCCTBO BCCX TOYCK YU3 "RBI/IIIa

((0)))

Lttt

llyXXXX'=_. (7)11 ......

11

rae , X D ;€ t — nelicTBUTENbHBIC uncha, i [ =1,2,..., , ( )
t

tXx - —

MHTETpajbHasi KpUBasi BEKTOpHOTO noyist X D €, mpoxoAsauias yepes TOUKy XIpu =



0.

Ecomu B (7) t — monoXuWTENbHBbIE YHWCIA, TO MHOXECTBO TOYEK )oOpaszyer
MOJIOKHUTEIIbHYIO0 OpOuTy. ECiu MOmyCcTUMBIC YIIpaBiIeHUS - KYCOUHO-TIOCTOSTHHBIE
Gynkuuu, 10 G ABIACTCA TONOKUTENLHOM opouToit u mostomy G L( ) , C nuus

BCcex "NER .
Ecnu u u t = — ()orpanndennast usmepumasi GyHkius, xt()-
COOTBETCTBYIOLAs] TPAEKTOPUS CUCTEMBI (6) C HAYaJIbHBIM YCIOBHUEM |

xx (0) =, 10

KaK I0Ka3aHa B pabote', BexTopHOe 1mone fx ¢ u ¢ ( (), ())I04TH BCIOY KacaeTcs
MHOT000pasus ;L x( ), MOATOMY COOTBETCTBYIOIAsl TPACKTOPHUs Xt(), UCXOISAIAS X
L € () n, nexwur B L( ) . CienoBareiabHO, AJIsI ©K3MEPUMBIX

13 TOYKH
o 1
JOILyCTUMBIX YIPABICHUN MHOXKECTBO JOCTHXUMOCTU G\ TAKXKE ABIAETCSA - Arpaues

A.A., Cauxos 10.JI. eomerpuueckas Teopus ynpasienus. — M.: ¢usmariut, 2005. — 392 c.
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noaMHoxecTBoM L( ) . Huxe nokasano, 4ro ans cucremsl (6)G coBnanaer ¢ L( )
n.

HycteA D XxXAD () =€{(): ()}anascex”
x R €. Torga, B cuity TOrO,

. ( )aBnsercs nuneitHbIM

uto A D( ) - anre6pa JIu, MHOXeCTBO BeKTOpoB A D
HOAIPOCTPAHCTBOM IIPOCTPAHCTBA BEKTOPOB B TOUKe x. B wactHOCTH,

()O)Xx4D,, u R €u nnst Bcex "
Enpu kaxaoM "0dim<<ADn g1 xRE.

Beex " x R €. SIcHo, 4TO

B cnenyroiieit TeopeMe nosy4eHbl JOCTATOYHBIE YCIOBHS, ITPU BHINIOJIHEHUH
KOTOPBIX Kaxkaas opOuTa SBISETCS MI0CKOCTHIO.

Teopema 15. Ilycts dimA D k () =nns Bcex "
x R €, rne 0< <k n. Torna mig

Bcex "NERMHOKecTBa G ABIAIOTCS k — MepHOII mi1ockocThio. M3BecTHO, 4TO
MHOKECTBO YNpaBisieMoCTH G,cucTeMsl (6) ABIIETCS 00NacThIO TOIA U TOJIBKO

()
rank BABABn =

n

TOTa, KOraa

9 9ecey o

Hcnonp3yst 3TOT (hakT U3 TeopeMsl - 15 momyuum crienyroiiee:



Cneocmsue 2. VimeeT mecTo clieayroriee HepaBeHCTBO

00

rank BABABAD <
, ooy dIM "
1 Bcex "
xRE.

Teopema 16. IlycTh paHT MaTpUIIbI ( )1
y5-.es' BAB A BpaBen n —1. Torna nu6o

Bce OpOUTHI (MHOKECTBA [OCTHKMMOCTH) sBissiores (n —1) - MepHBIMH
MJIOCKOCTSIMH, JINOO (ha30BO€ MPOCTPAHCTBO ABIISETCS 0ObETUHEHUEM TPEX OpPOWUT,
JIB€ W3 KOTOPBIX 7 - MEPHBI, OJIHa OpOUTa, MPOXOAIIas Yepe3 Hauyaslo KOOpIAUHAT,
SBIIETCS 1 — |- MEPHOH TIIIOCKOCTHIO.

B kadecTBeHHOW TeOpHWHM YMPaBIECHWUS MHOXECTBO YIMPaBIIeMOCTH (WIH
MHOXKECTBO JOCTIKUMOCTH) CHCTEMBI YINPABIEHUS Ha TIIAJIKOM MHOTOOOpa3uu B
KJIACC€  KYCOUHO-TIOCTOSIHHBIX  YIPaBJICHUM COBHAJaeT C  OTPHULIATEIbHOU
(TOJIOXKUTENBHOM) OPOUTON CeMeCTBa BEKTOPHBIX MOJIEH, KOTOPOE OMpeAesieTcs
CHUCTEMOM yIIpaBJICHUS OTHO3HAYHO.

P. Stefan'BBen mOHATHE CHHIYIApHOE CIOEHHE, KOTOPOE SIBISETCS
0000IIIeHNEeM TOHATHUS CIOCHUS, W TIOKa3ajd, YTO OPOUTHI SIBISIFOTCS CIOSIMHU
HEKOTOPOTO CHHTYJSIPHOTO cloeHusi. B cnydae, korma Bce OpOUTHI HMEIOT
OMHAKOBYIO Pa3MEpPHOCTh, pa30MeHWEeMHA OpOWTHI SBISICTCS CIOCHHUEM, YTO
MO3BOJISIET TIPUBJICYbh METOABI TCOPUHU CIOCHHWH ISl U3YYCHHS CBOWCTB OpPOUT H
MHOXKECTBA YIPABISEMOCTH TIAAKUX CUCTEM.

B Ttperbem maparpade dUeTBEepTONW TIIABBI PACCMATPUBAETCS BOIPOC O
HEIMPEPHIBHONW 3aBUCHUMOCTH MHOXKECTBA YIPAaBISIEMOCTH OT IIEJIEBOM TOYKH, IS
JUHEHHBIX CUCTEM yIpaBieHUs. HenmpepbIBHOCTh MHOTO3HAYHOTO OTOOPaKCHUS

lStefan P. Accessible sets, orbits and foliations with singularities// Bull. of AMS, — 1974. — Ne6. — V.80.
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N — G UIrpaeT BaXHYIO POJIb IIPH UCCIIET0BAHNY 33/1a4 CTAOMIBHOCTH BIIOJIHE
YOPABISIEMBIX B TEOPUH YITPABICHHUS.
B wactHOocTH, B 3TOM nmaparpade A0Ka3aHo, YTO €CJIU CIOEHUE, TOPOXK IEHHOE
opOUTaMM TUHEHHON CUCTEMBI, PETYISIPHO, TO MHOXKECTBO YIIPABISIEMOCTH
HEIMPEPHIBHO 3aBUCUT OT LIEJIEBOM TOUKHU.

Onpeodenenue 10. OToOpaxxeHue MOJIYHETPEPHIBHBIM
N - G,Ha3pIBaeTCA
CHM3Y B TOUKE € > 0, u quis kaxaoro R > OcymecTtByer

N ¢, €CJIM IS KaXKI0TO

TaKoe <TO UMEET MeCTO( ( ) ( )) 0
0> 0,uroecmu( ) ,pNNS,y0,,,x:d GBGB, ,NNES<



e G,- 3ambikanuie MHOkecTBa GB , ( )
"R By N — 3aMKHYTHIN 1ap paauyca Rc

N o

IIEHTPOM B TOYKE
Onpeoenenue 11. OToOpaxkeHue II0JIy-HEIIPEPBIBHBIM
N - G, Ha3bIBaETCA

CBCPXY B TOYKC € > Ou s kaxmoro R > OcymecTByer
N ¢, €CJIN IUISI KaXXA0I0o

TaKoe ) w00s-22d GBGB ;NN
0>0,uroeciu(),pNNode<

, <, 1o umeet mecto () (

Onpeoenenue 12. OToOpaxkeHue
N — G, Ha3bIBAETCS HENPEPHIBHLIM B
N ¢, €CJIM OHO TIOJTYHETPEPHIBHO I .

CHH3Y U CBCPXY B TOYKE TOYKC

Jlemma 3. Orobpaxenne "NER . KaXXJIOW TOYKE

N — G, IOIyHENPEPLIBHO CHU3Y B

[TomydeHo TOCTAaTOYHOE YCIOBHE MOTYHETPEPHIBHOCTH CBEPXY BBIIICYKa
3aHHOTO OTOOPaKECHMUSI.

Teopema 17. Tlycts dimA D k () =nns Bcex "x R €, te

ADXxxADkn ()=€<<{():,0(mpocrpancrsa”R .

)}. Torza oToGpaxenue kaxmoii Touke ' — OnHEIPEPBIBHO B

B camom ACJIC, 9Ta TCEOpEMa IIOKA3bIBACT, YTO CJIOCHHC IIOPOXKICHHOC

opbutamMu SBIE€TCA Kk — MEpPHBIM CIIOGHHEM, MHOXECTBa YIPaBISIEMOCTH
SBIISIFOTCA CIOSIMU ATOTO clloeHus. TakuM 00pa3oM, MHOTO3HAUHOE OTOOpakeHUE
«TOYKA - CIIOW» 0TOOpa)keHUEM.

N — G ABISAETCA HENPEPHIBHBIM
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3AK/IFOYEHUE

B nwuccepranum uccienyroTcs Tpynnbl HU30METPUN CIOEHBIX PUMAHOBBIX
MHOTo0Opa3uil. JIyisi penieHus: MoCTaBiICHHBIX 3a]a4 U3Y4YE€HbI TOMOJIOTHYECKHUE U
reOMETPUYECKHE CBOMCTBA CIOEHBIX MHOrOOOpa3uil, HCCIEAOBaHA TE€OMETPUS
PUMaHOBBIX cyOMmepcHil. BBeeHO HOBOE MOHATHE, F — KOMIIAKTHO — OTKPBITOM
TOIIOJIOTHH, KOTOpas 3aBUCHUT OT cioeHMs. MccienoBaHsl Ipynmbl M30METPUN
CJIOEHBIX MHOTO0OpPa3uii B KOMIIAKTHO-OTKPBITON TOTOJIOTHUU U B F' — KOMITAKTHO
OTKPBITON TOTIOJIOTHH.

OCHOBHBIE pe3ylbTaThl HCCIECIOBAHUS COCTOST B CIEAYIOLIEM.

1) yCcTaHOBJIEHO, YTO TPyTIa TOMEOMOP(PU3MOB JTF0OOOTO MHOTOOOpa3us
SBJISIETCS TOMOJIOTUYECKOM IPyNION B KOMITAKTHO-OTKPBITOM TONOJIOTUH; 2)
J0Ka3aHo, YTO IPyIa U30METPUNA CJIOEHOTO MHOTO00pa3us sBJIsETCA
TOMOJOTMYECKON TPYNNONA B KOMIAKTHO-OTKPBITOM TONOJOTUH; 3) YCTAHOBIIEHO
€CJIM MOCJIEeI0BATEIbHOCTh U30METPHM CJIOCHBIX MHOT000pa3Hil CXOnATCA M0
OJTHOM TOYKE Ha KaXXIOM CJIO€, TO U3 OTOM IOCJIEA0BATEILHOCTH MOXKHO U3BJIEYb
CXOJISLIYI0 TTOJMOCEI0BATENBHOCTh K U30METPUIO CIIOCHOI0 MHOToo0Opasus B F' —
KOMIIAKTHO-OTKPBITOM TOMOJ0run; 4) 10Ka3aHO, YTO pUMaHOBa CyOMepcust
MOPOXK/IAET CIOEHOE MHOTOOOpa3ue TMOCTOSHHOM ['ayccoBO# KPUBU3HBI,

5) ycTaHOBJIEHO Mpeell Te€0Ae3NUECKUX JTUHUI CTIOEHOT0 MHOT000pasus,
ABIISIETCS T€0/Ie3NYECKOM JIMHUEH Ha MPEICIbHOM CJIO€ CJIOCHUS; 6) OKa3aHo, YTo
YETBIPEXMEPHOE MHOTOO0pa3us *

SolHENb3s IOrPy3UTh B
IIATUMEPHOE EBKIUA0BO POCTPAHCTBO;

7) noKa3zaHO CYIIECTBOBAaHUE CIOCHUS, IS KOTOPOTO CYHIECTBYET 3JIEMEHT
Ipynnbl  M30METPUM CIOEHOTO0 MHOrooOpasus, HE SBISIIOUIMHCA 3JIEMEHTOM
IPYIIIBI U30METPUM;

8) Il0Ka3aHO, YTO MHOYKECTBA JTOCTUKUMOCTU CHUCTEMbI BEKTOPHBIX MOJEH
ONPEEICHHOIO KJacca SABJISIETCS KOMIIAKTHBIM, U OHO HEINPEPBIBHO 3aBUCUT OT
BPEMEHU;

9) HalileHO MOCTAaTOYHOE YCJIOBME JUIsl JIMHEWHBIX CUCTEM YIpAaBJIEHUS, MPU
BBIIIOJIHEHUH  KOTOPOTO  KaXXJ0€ MHOXECTBO JOCTHKMMOCTH  (MHOXECTBO
YIOPaBISIEMOCTH) SBISETCS TUIOCKOCTHIO (PMKCUPOBAHHOM pa3MEpPHOCTH.



ABTOp TNPUHOCUT CBOIO  DIYOOKYH0  MPHU3HATEIBHOCTh  HAYYHOMY
KOHCYJIbTaHTy npodeccopy HapmanoBy AOauramnmapy SAkyOoBHUy 32 MOCTaHOBKY
npoOseM, IIEHHbIE COBEThl M TIOJIE3HBIC KOHCYJIBTAlMM B OOCYXIECHUU U

MOJIJIEPAKKY.
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INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Due to the rapid
development of scientific and technological progress in the world, required the
development of new methods for fundamental research and implementation of the
results into practice. According to the demand of practice on the intersection of
differential equations and differential topology French scientists established
fundamental foundations of the theory of foliated manifolds. It is proved the
stability of compact foliations and that limit sets of leaves are invariant sets.
Scientists of USA and Russia investigated qualitative theory of foliations, in which
geometric and topological properties of foliated manifolds are investigated.
Moreover, an application of theory of foliations to practice is one of the important
problems of geometry.

After the declaring independence of our country attention to the actual
directions in the field of natural and exact sciences has been significantly
increased, in particular, especial attention is given to applications of methods and
results of this theory to the theory of optimal control and dynamical systems. In
this field are obtained sufficient condition of stability for controllable systems,
proved non-negativity of sectional curvatures of leaves of foliations generated by
Riemannian submersions in the spaces of non-negative curvature, besides are
obtained valuable results on investigating geometry of vector fields.

Nowadays, researches in the world in the area of geometry of orbits of vector
fields on manifold related to the theory of dynamical polysystems and optimal
control and very important for them. In this field, the essential task is a wide
application of targeted researches, in particular, applications of results obtained on
foliations, generated by Riemannian submersions, to determine the structure of
phase spaces of dynamical polisystem: application of methods of the theory of
foliations to the theory of dynamical systems, optimal control and to various



problems in other fields; investigation of geometry of foliations generated by
Riemannian submersions; investigation of geometry of Riemannian foliations on
surfaces of non-negative sectional curvature. Scientific researches on above
mentioned directions justify the relevance of the theme of current dissertation.

Research in this thesis to some extent are the challenges identified in the
Republic of Uzbekistan Presidential Decree number PP-436 of 7 August 2006 «On
measures to improve the coordination and management of the development of
science and technology», as well as PP-2204 from July 8, 2014 «On measures to
further optimize the structure of the Academy of sciences of the Republic of
Uzbekistan and to strengthen the integration of academic science and higher
education of the Republic» and other normative-legal acts of fundamental sciences.

Connection of research to priority directions of development of Science
and Technologies of the Republic. This thesis was performed in accordance with
the priority direction of development of Science and Technologies of the Republic
of Uzbekistan I'V. «Mathematics, Mechanics and Informaticsy.
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Review of foreign scientific research on the theme of the dissertation’.
Researchs on the theory of foliations, qualitative theory of foliations, which mainly
investigated the topological and geometrical properties, local and global stability
of compact leaf of foliation, generalization of the theorems of stability for
non-compact leaves, singular Riemannian foliations, geometry of geodetic and
Riemannian foliations, topology of foliations of codimesion one are conducted in
major research centers and universities of the world, including: the University of
Strasbourg (France), the University of Grenoble (France), University of Paris
(France), the University of Montpellier (France), the University of Illinois (USA),
the University of California (USA), the University of Indiana (USA), Princeton
University (USA), the University of Warwick (UK), the University of London
(UK), the University of Tokyo (Japan), Tohoku University (Japan), Kyoto
University (Japan), Moscow state University (Russia).

As a result of studies on the qualitative theory of foliations, which examines
topological and geometrical properties of the leaves, and the properties of singular
Riemannian foliation in the world, were solved a number of problems, in
particular, it is received the following number of results: theorems on the local and
global stability of compact leaf of foliation as well as It is showed that a family of
orbits of the Killing vector fields generate singular Riemannian foliation
(University of Strasbourg, University of Grenoble, the University of Paris,
University of Montpellier, France). It is proved, if the foliation generated by leaves
of submersion, notion of Ehresmann connection is equivalent to the well-known
notion of Ehresmann connection for submersion, and showed total geodesic and
Riemannian foliations of complete manifolds have Ehresmann connection
(University of Illinois, University of California, University of Indiana, Princeton



University, USA). It is proved that a orbit of a family of smooth vector fields is a
smooth manifold and the partition of manifold to the of the orbit produces a
singular foliation (University of Warwick, University of London, UK). It is proved
the local stability of noncompact proper leaf of codimension one foliation on a
three-dimensional manifold, it is showed the relationship between the partially
ordered set of leaves and topology of leaves (Tokyo University, Tohoku University,
Kyoto University, Japan). It is proved that every foliation of codimension one on a
three-dimensional sphere has a compact leaf (Moscow University, Russia).

At the global level, it carried out series of scientific-research works in priority
directions in geometry and topology of foliated manifolds, namely: the study of
geometry of Riemannian foliations on surfaces of nonnegative sectional curvature,
the study of the structure of the isometry group of foliated manifold, geometric
characteristics of the foliation generated by submersions on a Riemannian
manifold, the properties of geodesic lines of foliated manifold, the use of geometry

1
- Review of foreign scientific research on the topic of the dissertation: Actualite Sci. Indust .; C.R.Acad. Sci. Paris;

https://www.math.uni-muenster.de/u; Proc. Fifth Canad. Math. Congress; Ann. of Math;. Successes of Mathematical
Sciences, www.mathnet.ru/umn; Mathematical Notes, www.mathnet.ru/mz; www.ams.org/bull; Progress in
Mathematics; https://projecteuclid.org/euclid.ijm; Ann. Math .; Topology; http://link.springer.com; Journal of
mathematical Physics, analysis, geometry; http://www.foliations.org, also used other sources.
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of foliation theory in dynamical systems, and optimal control, the study of
geometry of sets of attainability (controllability), as well as study of the continuous
dependence of the attainable set from as multi valued map.

The degree of scrutiny of the problem. In the formation and development of
the theory of foliations great contribution made by the French mathematicians such
as C. Ehresmann, G. Reeb, H. Lawson, P. Molino, A. Haefliger, R. Langevin, H.
Rosenberg, G. Lamoureux. The main works of G. Reeb, one of the founders of the
theory of foliations, dedicated to problems of the qualitative theory of foliations. G.
Reeb proved that if a compact leaf has a finite fundamental group, then there is a
neighborhood of this leaf, which consists of leaves, diffeomorphic to the compact
leaf. In the works C. Ehresmann shows that the Riemannian and total geodesic
foliations on complete Riemannian manifolds have Ehresmann connection.

The research on group of isometries of a foliated manifold is a new problem
in the theory of foliated manifolds. The notion of an isometry of a foliated
manifold was introduced by professor A.Ya. Narmanov. He proved for a certain
class of foliations there are isometries of foliated manifold, which is not an
isometry of the manifold. The group of isometries of foliated manifold is a
subgroup of the group of diffeomorphisms of a foliated manifold. The group of
diffeomorphisms foliated manifold studied in the works of S.H. Aranson. He found
out necessary and sufficient condition for the topological conjugacy of
diffeomorphisms. For compact manifolds various subgroups and diffeomorphism
groups are studied by P.L. Antonelli, D. Burghelea, P.J. Kahn.

In modern geometry, one of the main objectives is to study the limit of
geodesic lines. A powerful weapon of Riemannian geometry is the theorem on the



limit of the geodesic lines of a Riemannian manifold. In the case of a foliated
manifold, this task is complicated by the fact that a geodesic line of foliated
manifold lies on the leaf and it is a geodesic with respect to the Riemannian metric
of the leaf. In the works of S. Helgason it is proved remarkable theorems on the
geodesic lines and on groups of isometries of a Riemannian manifold. In particular,
he proved that the group of isometries of a Riemannian manifold is a topological
group in the compact-open topology. He also proved that if given a sequence of
isometries which converge at one point, then there exists a subsequence which
converges to some isometry of the manifold in the compact-open topology.

Singular Riemannian foliation were introduced P. Molino, geometric and
topological properties of singular Riemannian foliations also studied in papers of
A.Ya. Narmanov, N.I. Zhukova and other authors. P. Molino showed that if a
singular foliation is Riemannian, then the Riemannian metric of manifold generates
transversal metric on the normal bundle of each leaf. For complete manifolds
A.Ya. Narmanov proved that this condition is necessary and sufficient for a
singular foliation to be Riemannian.

Although it remains an open question as to whether the group of
diffeomorphisms of non-compact manifolds topological group, and whether the
group of isometries of the foliation of a topological group with respect to the
compact-open topology. In addition, it left open the question of the limit of the
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geodesic lines foliated manifold, as well as the question of the curvature of the
foliation generated by the Riemannian submersion.

Connection of the theme of the dissertation with the research works of
the higher education institution, where the dissertation is carried out. The
dissertation research is conducted within the framework of research grants from
the National University of Uzbekistan 1.F.1.1.9 «Functional and topological
properties of extreme controls, areas of an attainability and stability of totally
control systems» (2003- 2007), OT-F1-096 «Creation and development geometric
and topological methods for solving problems of the theory of dynamical
polysystem» (2007- 2011), OTF-01-04 «Geometry and topology foliated
manifolds» (2012-2016).

The aims of the research are the investigations of the geometry and topology
of the foliated manifolds, the structure of the group of isometries of foliated
manifolds and the geometry of foliated manifolds of constant sectional curvature,
and also application of the taken results for the investigations of the attainability
set and establishing of the continuous dependence on the initial point of the
attainability set.

Research problems of this work are following:

establishing the basic properties of geodesic lines foliated manifold;
generalization of the classical result of the group of homeomorphisms of a
compact manifold for non-compact manifolds;

study the geometry of the group of isometries of a foliated manifold in a new



the F -compact-open topology;

finding conditions under which the leaves of foliated manifold are manifolds
of constant Gaussian curvature;

investigation of the structure of attainability set for systems of the vector
fields given in the Riemannian manifolds.

The objects of the research work are the foliated Riemannian manifolds,
geodesics of foliated manifolds, the orbit of the family of smooth vector fields, the
attainability set and the domains of control of dynamical systems, foliations
generated by the Riemannian submersion.

The subject of the research work are the study of the isometry group of a
foliated manifold, geometry and topology of the foliated manifold, generated
submersions, the geometry of the orbits of vector fields and singular foliations.

Methods of research work. The thesis used methods of local and global
differential geometry, methods of the theory of foliations and geometric and
topological methods of the theory of dynamical systems.

Scientific novelty of the research work is as follows:

It is proved that any group of homeomorphisms of a smooth manifold is a
topological group in the compact-open topology;

It is proved that isometry group foliated manifold is a topological group in the
compact-open topology;

it is showed that if a sequence of isometries foliated manifolds converge on at
the point on each leaf, then this sequence can be extracted to a convergent
subsequence of isometries of foliated manifold in the compact-open topologys;
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it is proved that if the foliation generated by Riemannian submersion, then
leaves of foliation are manifolds of constant Gaussian curvature; it is showed that
the limit of the geodesic lines of foliated manifold is a geodesic line on the limit
leaf of foliation;

It is proved the existence of the foliation, for which there is a isometry of
foliated manifold which is non-isomety of the manifold;

It 1s proved the compactness of the attainability set, and the continuity of the
multi valued mapping «the point - the attainability set» for a system of vector
fields of a special form;

it is showed compactness of the closure of the attainable set for the time does
not exceed a fixed time, and the continuous dependence of the attainable set from
time for a certain class of vector fields;

it 1s found conditions in order to attainable set (the set of controllability)
coincided with the fixed dimension planes for linear systems.

Practical results of the research are as possibilities for applications, to
determine the curvature of the phase space of dynamical systems on manifolds of
negative curvature, as well as for investigation of geometry of foliations generated
by the set reachability of control system.

The reliability of the research results. In the study of geometry and
topology of foliated manifolds, as well as in the study of geometry of orbit of



vector fields the accuracy is justified by the theory and methods of foliation theory,
the Riemannian geometry and differential topology

The scientific and practical significance of the research results. The
scientific value of the research results is the ability to use the compactness of the
attainability and the continuity of the multivalued mapping to determine the
curvature of the phase space of dynamical systems.

The practical significance of the research lies in the fact that the extension of
the class of the objects to determine the structure of the reachable set (the set of
controllability) for control systems.

Implementation of the research results. The results obtained in the thesis
were used in the following research projects:

the results obtained on the compactness of the attainability set of vector fields
and on the continuity of the multivalued mapping, have been used in the scientific
project 12-01-00195 «The tasks of positional control deterministic and stochastic
dynamic processes and differential games with many participants» for basic
research of the Ministry of Education and Science of the Russian Federation, the
application of these research results have allowed to describe the structure of the
trajectories and the phase space of dynamical systems (Certificate Ne 7873-8965 /
20 Udmurt state University on August 25, 2016). The application of scientific
result was the decisive factor to determine the curvature of the phase space of
dynamical systems and the study of the geometry of attainability sets of control
systems;

the results obtained in the thesis show that if the foliation generated by
Riemannian submersion on a complete Riemannian manifold with constant
Gaussian curvature leaves of this foliation are manifolds of constant Gaussian
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curvature, these results were used in the research project in the framework of
research on the state grant research 1.3.1.3 «Methods of creation, research and
identification of mathematical models of the Earthy, the application of these results
allowed to explore the possibility of the structure of the phase space of dynamical
systems (Reference number 15301 / 12-2711 Institute of Computational
mathematics and Mathematical Geophysics, Siberian Branch of the Russian
Academy of Sciences, of 24 August 2016). The application of these research
results contributed to the definition of the structure of the phase space of dynamical
systems on manifolds of negative curvature.

Approbation of the research results. The main results of the study were
discussed at scientific conferences, including: «The school-seminar on geometry»
(Abrau-Durso, Russia, 2006), «New theorems young mathematicians» (Namangan,
2006, 2009), «New directions in the theory of dynamical systems and ill-posed
problems» (Samarkand, 2007), «Modern problems of mathematics, mechanics and
informatics» (Tashkent, 2008), «Foliations, Dynamical systems and Singularity
theory» (Samarkand, 2009), «Metric geometry of surfaces and polyhedra» '
(Moscow, Russia, 2010), «Locally analytical geometry» (Lahore, Pakistan, 2012),
«Al-Khorezmiy 2012» (Tashkent, 2012), «Actual problems of geometry and its



applications» (Tashkent, 2014), «Limit theorems of probability theory and their
applications» (Namangan, 2015), «The control theory and mathematical modelingy
(Izhevsk, Russia, 2015), «Mathematical physics and related problems of modern
analysis» (Bukhara, 2015), «Modern problems of analysis» (Karshi, 2016), «The
problem of modern topology and its applications» (Tashkent, 2016), speeches and
reports passed wide approbation. Results of the study were discussed on scientific
seminars on the faculty of Mathematics at the National University of Uzbekistan
«Modern problems of geometry and topology» (2000-2016), «Functional analysis
and its applications» (2014-2015), «Modern problems of complex analysis» (2015),
on scientific seminar «Operator algebras and their applications» of the Institute of
Mathematics at the National University of Uzbekistan (2015), on scientific
seminar of chair «Higher mathematics» Namangan engineering pedagogical
institute (2016).

Publication of the research results. On the subject of the dissertation 43
research papers published, 16 of them are included in the list of scientific
publications, proposed the Higher Attestation Commission of the Republic of
Uzbekistan for Protection of doctoral theses, including 6 of them were published in
foreign journals and 10 in national scientific journals.

The structure and volume of the dissertation. The dissertation consists of
the introduction, four chapters, conclusion and bibliography. The total volume of
the dissertation is 161 pages.
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MAIN CONTENT OF THE DISSERTATION

In the introduction the actuality and demand of the theme of dissertation,
connection of the research to priority directions of development of Science and
Technologies of the Republic is stated, review of foreign scientific research on the
theme of the dissertation and the degree of scrutiny of the problem are provided,
the aim and problems are formulated, the object and the subject of research are
described, scientific novelty and practical results of reseach are staded, the
theoretical and practical significance of obtained results is revealed, the
implementation of research results in practice, the list of published works and the
dissertation structure are given.

The first chapter of the dissertation, entitled «Understanding and
supporting facts» is auxiliary and is dedicated to the presentation of basic
definitions and supporting evidence on this dissertation. It consists of three
sections.

In the first paragraph of the first chapter in short form it is given elements of



theory of smooth manifolds, the necessary definitions and supporting evidence
relating to the smooth manifolds used in the thesis, examples of smooth manifolds,
submanifolds are given.

In the second section briefly described the theory of vector fields on a smooth
manifold, and basic properties of the orbits of vector fields. All notions are
equipped with examples.

The third section is devoted to the basic concepts and auxiliary facts of the
theory of foliations. It provides definitions and results of studies on the theory of
foliations.

Let Mbe a smooth manifold of dimension n , 4— the maximum atlas defining

on Mstructure of a smooth manifold of a " Cclass, where » 2 0. The manifold is
also * C -manifold, if 0 £ <s r. System of local curvilinear coordinates on * C
-manifold we will designate through ° 4 .

Letkbe an integer, 0< <k n.
Definition 1. Let F = {L ;0 € B} ,be a family of arcwise connected subsets L

a

of manifold M. We say that Fis a k - dimensional " Cfoliation of Mif F satisfies the
following.

<
(F\):LM
a B
a €
(F)LLggn = Ofor a # f;
a,B €EBwith

(F;): for any a point pEM, there exists a chart O (,) U4 y )¢ €Eaboutp such

that for L with UL ) N # @ , a € Beach (arcwise) connected components of () ¢,

U)\ N Lgis of the form

121122,,...,:,,...,nkkkknnxxx chxcxc¢)\)\++++€===,
()
{()*"}
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where 12
kkn

* *are constants determined by the (arcwise) connected ¢ c ¢

component.

We call Lja leaf of the foliation F. A k -dimensional * Cfoliation is also



referred as a * Ccodimension n k — foliation or a * Cfoliation of codimension n k — .
This 1s a more conventional term and so we shall call Fa * Ccodimension
gfoliation, where n k ¢ — = . By the conditions (F,) and (F,), Mis covered by
pairwise disjoint leaves, and by (F;) the leaves are locally arranged as parallel

planes. A chart O (,)° UA ) ) d Ewhich satisfies (F;) is called a foliated chart or
foliated neighborhood. The set of all foliated charts is called a foliated atlas and
denoted by ‘4.

A manifold Mcoupled with a foliation is called foliated manifold and often
denoted by (, ) M F . The neighbourhood Uin definition is called as the foliated
neighbourhood.

One of important classes of foliations is the class of foliations, generated by
submersions.

Definition 2. Let f : M — Bbe a differentiable map of maximal rank, where M
,Ba smooth manifolds of dimentions n,mrespectively, n > m. Such maps are called
submersions.

From the geometrical point of view, the important classes of foliation are
totally geodesic and Riemannian (metric) foliation.

Definition 3. The submanifold Nof Riemannian manifold Mis called totally
geodesic if each geodesic lines of Mis tangent to Nremains on this N . Definition 4.
The foliation F' on Riemannian manifold M is called totally geodesic if each leaf of
foliation F'is a totally geodesic submanifold, i.e every geodesic is tangent to a leaf
foliation F' at one point, remains on this leaf. Important class foliation are
codimensions one foliation, generated by level surfaces of differentiable functions
without critical points. American professor Ph. Tondeur considered function '

n

fM R - without critical points on Riemannian

manifold " Mfor which length of a gradient is constant on each level surface. For
such functions he has proven that foliation generated by level surfaces of such
function, is a Riemannian (metric) foliation.

fMR: - oftheclass ()
Definition 5. Function'
21C M R,for which length of

a gradient is constant on connection components of level sets is called a metric
function.

Definition 6. Foliation F on a Riemannian manifold M is called Riemannian if
each geodesic, orthogonal at some point to a leaf of foliation F, remains orthogonal
at all points to leaves of F.

The second chapter, entitled «Geometry of foliated manifolds» is devoted to
the study of the geometry of foliated manifold, foliated atlas of which is generated
by submersion. We prove that the leaves of the foliation generated by the
Riemannian submersions are manifolds of constant Gaussian curvature, the limit of
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the geodesic lines foliated manifold is a geodesic line on the limit leaf, and the
impossibility of an isometric immersion of four-dimensional manifold Sol into
five- dimensional Euclidean space.

An important class of foliations is a foliation generated by submersions. By
the theorem on the rank any submersion f M B : — generates a foliation Fof
dimension k n m = —on a manifold M , leaves of which are submanifolds '(), L fp
P B P

= €, where n m,are dimensions of manifolds Mand B, respectively.

Let Fbe a smooth foliation of dimension kon M. Denote by L p( )a leaf of the
foliation Fpassing through the point p, by T' L tangent space of the leaf L p( )at a
point p, by H p( )orthogonal complement of 7,Lin T,M, pEM . There are two

subfibrations (smooth distribution) TF ={T L: pEM}, H = {H( p): pEM}of tangent
fibration TMsuch that TM =TF @ H , where His the orthogonal complement of TF.

In this case each vector field X €V(M )can be represented in the form , X = X, +

Xpwhere X, X,
,are orthogonal projections
of Xonto TFand H, respectively.

If X €V(F)(i.e 0 X,=), then Xis called a vertical field. If X V€ (H) ,=, then Xis

called a horizontal field. From submersions one can choose
(X 0)
the class of submersions called Riemannian.

Definition 7. The submersion f: M — Bis called the Riemannian submersions
if the differential dfof mapping f: M — Bpreserves the length of horizontal
vectors.

In the first section we investigate the sectional curvature foliations generated
by submersions. It is proved that if the foliation generated by Riemannian
submersion then leaves of this foliation are manifolds of constant Gaussian
curvature.

In the paper'studied the geometry of the surface level of functions, for which

it holds ( ) 0
2

X gradf =for each vertical vector field.

We consider a submersionf M B : —when Bis one-dimensional manifold,
namely a smooth functionf : M — R. IfCrit{ f }is the set of critical points of
functionf, then on a manifoldM \ Crit{ f }there exists a foliation of dimension n
—1(or codimension one), leaves of which are level surfaces of the function f".

We prove a theorem which characterizes the geometry of the foliation
generated by Riemannian submersion. Level surfaces of functions of this class are
surfaces of constant Gaussian curvature.

Theorem 1. LetMbe a complete Riemannian manifold with constant curvature
and f M B : - Riemannian submersion. Then each leaf of the foliation Fis



generated by Riemannian submersion (level surface of functionf) is a manifold of
constant Gaussian curvature.

1
= Tondeur Ph. Foliations on Riemannian manifolds// Springer Verlag, — New York, — 1988.
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The second paragraph of the second chapter is devoted to the study of the
geometry of the geodesic lines of foliated manifold. In Riemannian geometry it is
important to study the properties of geodesic lines. In particular, it is known that if
the sequence of geodesic lines converge at one point, there is a subsequence that
converges pointwise to a geodesic line at each point.

We prove the following theorem, which is a generalization of the classical
theorem on the limit of the geodesic lines on manifolds.

Theorem 2. Suppose that Mis a smooth complete Riemannian manifold of
dimension nwith a smooth foliation of dimension k , where0< k£ < n. Then 1) Each
leaf with the induced Riemannian metric is a complete Riemannian manifold.

Y :(, )be a geodetic sequence (with respect to the induced 2) Let ,a b

- L,

Riemannian metrics) of leavesL,such that Y .(S) - p,svy8.(,) - ,m-ofor
some( , ) s,€ a b. Then the sequence,,
yconverges pointwise to geodetic
Y :(a,b) - L( p)of the leafL( p)starting from the point pwhen
s = sin the
direction of the vectorv .
The following theorem is amplified second part of theorem 2.
Theorem 3. LetMbe a complete smooth Riemannian manifold of dimension
nwith a smooth foliation of dimension k& , whereO< <k n.
Let,R - L,
y :be a sequence of geodesies (relative to the induced

Y s p - whenm — efor some
Riemannian metrics) leavesL,such that

() m

s R €. Then there exists a subsequence,,
yof the sequence ,,

! from the point

0
Y , which converges

Y:()RLp —ofthe leafL p(), starting
pointwise to some geodesic'
pat,
sS=.
Isometric immersions of Riemannian spaces into Euclidean space or to
another Riemannian space is one of the ways to build submanifolds having new



interesting geometric properties. Problems of isometric immersions and
embeddings of manifolds into Euclidean space, and the other is one of the central
problems in differential geometry and the Riemannian geometry and studied in
these disciplines from many different points of view.

The theory of isometric immersions linked to difficult questions of solvability
of nonlinear systems of differential equations, as well as topological questions, in
this theory it is used and intuitive geometric ideas. along with a wide arsenal of
matematic means.

The third section is devoted to the study the problem of the immersion of
manifolds into Euclidean space.

On the four-dimensional manifold *

Solthe left-invariant metric is given by
formula
222292(Ydsedxdyedzdt”
=+ ++,

We prove the following
Theorem 4. The manifold*
Solcan not be immersed into five-dimensional
Euclidean space.
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The three-dimensional Lie group of all 2 2 x - matrixes with real elements and
a determinant 1 is denoted through

Minn
abab
SLRGLR

(2, det 1)

cdcd

and , SL Rdenotes it’s universal covering. It is known that , SL Ris a Lie group
too, and admits a metric that is invariant under left multiplication. Now we
investigate a question of the possibility of an isometric immersion of the manifold
,SL Rwith a left-invariant metric

222

()
dxdydxydtds+++

y

into the four-dimensional Euclidean space.
Theorem 5. The three-dimensional manifold, SL Rcan not be immersed in



four-dimensional Euclidean space.

In the third chapter of the thesis, entitled «The group of isometries of
foliated manifolds» explores the isometry group of foliated manifolds. In
particular, it is introduced the notions of an isometry of a foliated manifold, and the
topology on the set of all isometries foliated manifold which is called foliated
compact-open topology, or F' —compact-open topology, it is proved that the set of
all isometries foliated manifold is a Hausdorff space is relative /' —compact-open
topology, the group of homeomorphisms of a smooth connected manifold of finite
dimension is a topological group with respect to the compact-open topology, the
subgroup consisting of all isometries foliated manifold is also a topological group
with respect to this topology, if a sequence of isometries foliated manifold
converge at one point of each leaf, then there exists a subsequence converging to
isometric of foliated manifold in - the compact-open topology, it is proved the
existence of the submersion for which there isometries of a foliated manifold,
which is not an isometry of the manifold.

In the first section of the third chapter is introduced the notion of an isometric
map of a foliated manifold and the notion of a foliated compact-open topology, or
F - compact-open topology on ( ) G My, which depends on the foliation. If the
dimension of the foliation coincides with the dimension of the manifold, this
topology coincides with the compact-open topology, if the codimension of the
foliation coincides with the dimension of the manifold, then the convergence in
this topology coincides with the pointwise convergence.

Let () M, Fand ( ) , N,Fare foliated manifolds with foliations | , F F,of
dimension & .

Definition 8. If for some ” C -diffeomorphism &() Lyof
¢ : M N - the image

any leafLof the foliation Fis a leaf of the foliation F,, then we say that the pairs(
) 1M, Fand (') , N,Fare " C -diffeomorphic foliated manifolds and are

(,)MF=(,)NF,.In this case the ¢from () M, Fto
mapping denoted by ,

() , N,Fis called " C -diffeomorphism, preserving foliation and is written as
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12¢:(9)(9)MFNF_) :
In the case where M N=and F F |,
¢is called a diffeomorphism ¢ : M M - of the class "C(r 2 0),
of the foliated manifold (M,F).

=, mapping

Definition 9. A diffeomorphism

preserving foliation, is called an isometry of the foliated manifold (M F,), if itis an
isometry on each leaf of the foliation F, i.e. for each leaf L,of the foliation F, ¢ ¢ :



()LL
— 18 an isometry.

aa

Let {K)}be a family of all compact sets, where each K)is a subset of some leaf
of the foliation Fand let {UB}be the family of all open sets onM . We consider, for

each pairK) C Lyand Ugthe set of all maps () »
fG M €, such that

f C. This set of maps is denoted by

[KnUgl ={/: M — Mf(K)) C Ug }.
Let M which are intersections of finite
Obe a family of subsets of () G
number of subsets of the form[ , ] K U, . According to well known criterion'in
() G M there exists a topology, for which Ois the base, and this
the family

topology is unique. This topology we will call the foliated compact-open topology
or, briefly the F -compact-open topology.

Theorem 6. The set () G Mywith the F -compact-open topology is a Hausdorff
space with countable base.

It is known that if a manifoldmis compact, or Mcoincides with” R, the group of
diffeomorphisms DifiM)of a smooth manifoldmis a topological group in the
compact-open topology. The following theorem is a generalization of this result for
an arbitrary manifold.

Theorem 7. Let Mbe a smooth connected and finite-dimensional manifold.
Then the group of homeomorphisms Homeo(M )is a topological group with
compact-open topology. In particular, the subgroups ( ), ( ) Diff M G Mare also
topological groups in this topology.

The group of an isometry of foliated manifold ( ) G My, in generally, is not a
subgroup of isometry group of the manifold G(M), and vice versa, i.e. the group of
isometries of the manifold G(M)is not a subgroup of the isometry group of a
foliated manifold ( ) G M, But of course these groups have non-empty
intersection, that is,] G M GM € # @ () () . Hence, one can put the question on
the existence of the maps which belongs to group of isometries of foliated
manifold, but it does not belong to the group of isometres of manifold.

We have proved that there exists foliation for which there exists an element of
group of isometries of foliated manifold, which is not an element of group of
isometries.

1
= Bakelman L.J., Werner A., Kantor B.E. Introduction to differential geometry "as a whole" - M .: Nauka, - 1973,
-440 P.
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Theorem 8. There is a submersionf : M — B, for which the isometry group ()
G- Mof a foliated manifold (M,F)contains a maps, which are not elements of the



isometry group G(M)of a Riemannian manifold(M.g) .
The following example shows that such submersion can be simple enough.
We consider on euclidean plane with Cartesian coordinates x y,foliation F,
generated by level lines of function
()

fxyxy,=—.
We will construct an isometry of ¢ : M M - under the
foliated manifold formula

q))\(xyxyxy::’):-'-(())‘
If and an isometry of the  )map
Ait is constant, this map foliated plane. If ¢is not a plane isometry,
¢is an isometry of a planeA( xy fxy,,)=-(  butisan

isometry of foliated manifold.

Really, if the point ( x y, )lies on the parabola *
x y ¢ — =, then the point

(xyxy,,+A())lies on the parabola >
x y ¢ — =2 . This map preserving length of

curves on a parabola.
In the second section of the third chapter we study the geometry of the isometry
group of a foliated manifold in a new F -compact-open topology. For foliated
manifolds the following lemma and theorem are proved. "converges pointwise on
a
Lemma 1. Assume that a sequence {f,, }€ G (M)
set4 C L,, where L,— some leaf of the foliation F. Then {f,, }also converges
pointwise on A(where A4is the closure of the set4inL
o)
Lemma 2. Let4be a set of points on a leafZ such that for each point p 4 € there
exists a converging subsequencef ( p) ,,of the sequencef( p) ,.. If the set 4is
nonempty set, thend = .
The above lemmas enable us to prove the following theorem.
Theorem 9. Let Mbe a complete smooth n — dimensional manifold with the -

smooth k£ —dimensional foliation F, f€G (M), r 2 0, m =1,2,3,....

m - SUPpOse,
«there exists a pointo, € L,such that the sequence () ,,
that for each leafL subsequence ,,
convergent. Then there exists a f 04iS

fof the sequence ,,
fwhich
converges in a F' -compact-open topology.
The theory of foliation has wide applications in the theory of dynamical



systems, dynamical polysystems and control theory. The family of orbits of vector
fields generates a partition of the phase space into the orbits, which is called a
singular foliation.

The set of attainablity (the set of controllability) and invariant sets of control
systems are important objects in the qualitative theory of optimal control. Invariant
sets of control systems coincide with the orbits of the family of vector fields, which
are determined by the right part of the control system.
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The fourth chapter of the thesis, entitled «Geometry of orbits of vector
fields» is devoted to the study of the orbits of vector fields. We prove the
compactness of the attainability set, and the continuity of the multivalued mapping
“point -the attainability set” for a system of vector fields of a special form,
compactness closure of attainability sets, and continuous-valued mappings which
associates each value of the time of the closure of the attainable set for no more
than a fixed time for vector fields of a certain class, and found conditions of
stability the set of attainablity for linear systems.

In the first section of the fourth chapter it is investigated the geometry of the
attainable set for the family of vector fields of the form

m.
i

= +z(1)

Xxfxfxu
000
0 ui -
i 1
usforallimfxfxfx=12,.,,,,..,0:() () .( )are smooth vector functions
where 1
with restrictions( ) "
fx M<for all ,”:

x R M €are constants.

Vector fields (1) correspond to the control systems of the following

form: "
= +z(2)

Xfxfxut
OO CO)o
L xin time 7T, if there

We say that the point *
xis attainable from a point



exists a measurable vector function '*() ( (), (),..., ()),”
utututut=such that the

Cauchy problem for a system of differential equations

m,
1

=+ 3
Z()
xtfxfxut
00

x x (0) =has a solution defined on [0,7]such that
with the initial condition ,

[]

(),1,0;"

*

xTxutT=<V €.

xin time 7denote by
The set of points of ” Rwhich can be attaible from |,
x G T € . By definition we set that ,,( )
0o( ) x x G T €for allr . »

In this section we prove the compactness of the attainablity set and the conti
nuous dependence of the attainablity set ,( ) G T ,on the time 7Tfor the system (1).
We proved the following theorems

Theorem 10. The set ( ) G T ,is a compact for all7 = 0.

Theorem 11. The mapping ()

TG T - ,is continuous in the metric of the

0

Hausdorff at each point7 2 0.

In the second section of the fourth chapter we investigate the structure of the
set of attainablity.

We consider the type of control system of the form

() XfxuxRuUR=€EC(4)

where Uis a compact subset of ” R. It is assumed that for every u UEthe vector
field 1 (x,u)of classC”, and the mapping fis continuous in all the variables. In
addition it is assumed that the right side of the system satisfies the condition
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SN0
fxuMxNxuRU<+V eE€x (5

where Mand Nare constants.

Studying the properties of setsG T, (< )andG T  ( )are important issues in
the qualitative theory of optimal control.



For example, closedness (or compactness) of the setG T, (< )is a major
factor in the proof of existence theorems for optimal control in one way or another.
In general, of course, sets G T (< )andG T, ( )need not be closed. The following
theorem holds.

Theorem 12. The sets Gn (<T)andGhn (T)are compact.
It is known that the set ( )" K Rof compact subsets of " Rwith the metric of

Hausdorff is a metric space. When the condition (5) holds it is true the following
Theorem 13. The mappings T — G (<T) ,andT G (T) - are continuous. Theorem
14. Suppose that for any 7 2 Osets G (7)) jare compact. Then so are the sets G
(=7) ..

Corollary 1. The setG T () <for system (1) is compact.

The rest of this section we consider the linear system of the form """ x Ax Bu

XRuR=+€€(6)
where 4is a matrix of dimensionn n X , Bis a matrix of dimensionn m* . Bounded
measurable functions: 0;,0 [ ]”
uTRT - <<+eare admissible controls.

The goal of control is to bring the system to a target condition” NER . We
denote by rthe set of analytic vector fields defined on” R. It is known that the set
¥is a Lie algebra, in which the product of vector fieldsxandyis their Lie

bracket[X,Y]. Put X x Ax Bu ,( ) = +and denote by Dthe set of vector fields{  }"Xu
R ,E, and by 4(D)a minimal Lie subalgebra containing D . The orbitL(x)of systems
(6) passing through the pointxis defined as the set of all points”

y € Rof the form

((O)))

Lttt

llyXXXX'=_. (7)11 ......

11

where , X D ;€ zare real numbers, i [ =1,2,...,, t X (x) - ‘is the integral curve of the
vector fieldX D €passing through the point xatr=0.

If in (7);zare positive numbers, then the set of points yforms a positive orbit.
If valid control are piecewise constant functions, then Gis a positive orbit and thus
G L() ,C nforall'n€R .

If u = u(¢)is a bounded measurable function, x(¢)is the corresponding
trajectory of the system (6) with the initial condition,

x x (0) =, then as shown in

the work'the vector field fx tu ¢ ( (), ())is tangent of , L x( )almost everywhere, so

! Agracev AA Sachkov YL Geometric theory of control. - M .: FIZMATLIT, 2005. - 392 p.
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xLe()nliesinL()N.
the corresponding trajectory x(r)emanating from the point
Consequently, for measurable attainable set of admissible controlsG,is also a
subset of L( ) N. Below we show that for the system (6)Gis the same as L( ) n . Let
ADXxXAD ()=€{():()}Horall"
x R €. Then, due to the fact that

. ()is a linear subspace of vectors at a
A(D)is a Lie algebra, a set of vectors A D

pointx. In particular, ( ) () Xx 4 D ,, clear that0 dim < < 4 D n for all”

u R €and for every " XRE.
&for each ” xRE. Itis

In the following theorem we obtain sufticient conditions under which each
orbit is plane.
Theorem 15. Let dim4 D k () =for all”
x R €, whereO< <k n. Then for all

"NERsetsGare k -dimensional planes.
It is known that a set of controllabilityGof system (6) is an area if and only

if
()
rank BABABn =
Using this fact from theorem 15, we get the following:
Corollary 2. The inequality
()0
1
rank BABABAD <
5 seeey dim "
holds for all”

xR E.

Theorem 16. Suppose that the rank of the matrix ( )’
s seees BAB A B7isn -1.

Then either all orbits (set of admissibility) are (» —1)-dimensional planes, or phase
space is the union of three orbits, two of which » -dimensional, one orbit passing
through the origin, is (» -1)-dimensional plane.

The qualitative theory of control controllability set (or attainable set) of
control system on a smooth manifold in the class of piecewise constant control
coincides with the negative (positive) orbit of the family of vector fields, which is
determined by the control system uniquely.



P. Stefan'introduced the notion of the singular foliation, which is a
generalization of the notion of the foliation, and showed that the orbits are the
leaves of a singular foliation. In the case that all the orbits have the same
dimension, partition Mon orbits is a foliation, which allows attract foliation theory
methods for studying the properties of the orbits and the set of smooth handling
systems.

In the third paragraph of the fourth chapter it is considered the issue of the
continuous dependence of the set of controllability of the target point for linear
control systems. Continuity of a N - Gyplays an important
multivalued mapping
role in the study of the stability problems of complete controllability in the control
theory. In particular, in this section it is proved that if the foliation generated by

| Stefan P. Accessible sets, orbits and foliations with singularities // Bull. of AMS, - 1974. - Ne6. - V.80.
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orbits of linear system, is regular, then the set of controllability depends
continuously on the target point.

Definition 10. The mapping the

N - Gycalled lower semicontinuous at
point £ > 0, and for each R > Othere is such  ® > 0if
N, if for each that

()opnnd, <it takes place

(()())00099RRdGBGBnnr]nE<

whereG, - the closure ofG,in, ( )
"R BxN — closed ball of radius Rcentered at
the n,.
point
Definition 11. The mapping the
N - Gcalled upper semicontinuous at
point € > 0, and for each R > Othereis such © > 0if
n o, if for each that

()o,pnnd, <it takes place

(()())000>-RRdGBGBrmr]r]8<

N - Gycalled continuous N, if it is
Definition 12. The map

at the point
lower semicontinuous and point
upper semicontinuous at a N o
Lemma 3. The mapping "NER . point

N - Gyis lower semicontinuous at each

A sufficient condition for the upper semicontinuity of the above mentioned



map.
Theorem 17. Let dim4 D k () =for all"x R €, where

ADXxxAD ()=€{():, ()} 0< <kspace'R.
n. Then the mapping every point of the N — Gyis continuous at

In fact, this theorem shows that the foliation generated by orbits is & -
dimensional foliation, a sets of controllabity are leaves of this foliation. Thus, multi
valued map «a point - a leaf) is a continuous map.
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CONCLUSION

The dissertation examines the group of isometries foliated Riemannian
manifolds. To solve the problems studied topological and geometrical properties of
foliated manifolds, it is studied geometry Riemannian submersions. It is introduced
a new notion of foliated compact-open topology, which depends on the foliation.
We studied a group of isometries foliated manifolds in the compact-open topology
and in the foliated compact-open topology.

The main results of investigation are as follows.

1) it is established that the group of homeomorphisms of any manifold is a
topological group in the compact-open topology;

2) it is proved that the isometry group of a foliated manifold is a topological
group in the compact-open topology;

3) it is established that if the sequence of isometries of foliated manifold
converge on a one point on each leaf then this sequence can be extracted to a
convergent subsequence isometries of foliated manifold in the compact-open
topology;

4) it is proved that the Riemannian submersion produces foliated manifold of
constant Gaussian curvature;



5) it is established that limit of geodesic lines of foliated manifold is a
geodesic line on the limit leaf of foliation;

6) it 1s showed that the four-dimensional manifold can not be immersed into
five-dimensional Euclidean space;

7) it is proved the existence of the foliation, for which there is a Isometry of
foliated manifold which is non-isomety of the manifold;

8) it is proved that the set of reachable system of vector fields of a certain
class is compact, and it is a continuous function of time;

9) it is found a sufficient condition for linear control systems under which
each set of attainability (controllability set) is a plane of fixed dimension.

Author brings his deep appreciation to the scientific adviser Professor
Narmanov Abdigappar Yakubovich for posing problems, valuable tips and helpful
advices in the discussion and and support.
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