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¢b.-M.¢.1., mpodeccop, akameMuK

KHWPHUI (10KTOPJIUK AUCCEPTANMUACH AHHOTALMSACH)

Jluccepranmsi MaB3yCMHUHI J0J3apOjauru Ba 3apyparu. KaxoH
MUKEcHUIa onub OopwiacTraH Kymiad WiIMH-amManui TaaKukKoTiaap ¢dusukaaa
MypaKkad TypFyH OOBEKTJIAp OAaTAa YJIAPHUHT OOFJaHTaH MaWTAaru YHEPTUSICHHU
KaMaluIill UMKOHUHHA O€pYBYM TOPTUILIUII Ky4Jlapyu HATHXKACHAA XOCHII OVIUIIHMHU
kypcaraau. bupok KkeWuHrH Wwapaa oJUMIAp TOMOHMJAH TapTUOIaHTaH
MyXUTJIapJa Mypakkad TypFyH OOBEKTIAp XaTTOKH WTAPUIIYBYM TabCHUpJIap
HaTWKacHaa XaM MaBxys Oynunumrd ucootnanau. Mrapuirysun xyTiuKIapHA
taBcudnamga Qoiinananmiaauran boze—Xab06apa monenu, SbHUA TaH)Kapajaard
[IpenuHrep omnepaTopu SKCIEPUMEHTAN Ky3aTUUUIAPHUHI Ha3apuid acocu Ba
KYJUIAIIHUHT Hazapuil Oazacu xucoOnaHaau. IIyHMHr y4yH KaTTHK >KACMIIap
dbu3MKack XamJla KBaHT MaWIOHJIAp Ha3apUsACHUIA YUYpalIuraH IMaHKapajgaru
3appadanap cucTemacu ramwibroHuaninapura Moc [Ipeaunrep omneparopiapura
OUJl TAAKUKOTIAPHU PHUBOXKJIAHTUPUIL MyXUM Bazudanapuaan Oupu OYaubd
KOJIMOKJIA.

MycTakWUIMK Wrulapya MaMjaakaTUMHU3[a amMaiud Taa0uKKa sra OyiaraH
non3ap0 HMyHanmuuuiapra 3bTHOOP Ky4aTUPWIIIM, XyCyCaH, MamJIaKaTUMU3
oluMJIapy TOMOHHAAH OyTYH COHJIM TaHXapajard 3appadajap CHCTEMacu
ramuisToHuanIapura Moc IllpenuHrep omeparopiapuHu VpraHuiira ajloxuia
3pTHOO0p Kaparungu. Ilamxkapagard WKKM Ba yd 3appadalid CUCTeMara MocC
penuHrep omeparopiiapu y4yH MYXHM CHEKTpAAaH Tamlkapujaa OofjaHTaH
XoJaraap MaBXKYMJIMTH Ba YJIAPHUHT COHU XaMJa MYyXHUM CIEKTp TyOujaru
s dexTaapHu aHUKIAIITra OW/Jl Ce3UIapiid HaTWKaJlapra SPUIITHIIN.

XO03Upru KyHJa MaHXapajgard HKKM Ba y4 KBaHT 3appayajyd cucTeMa
ramunbToHUannapura moc Illpeaunrep omneparopiapu OWJIACUHHUHT CIEKTPHU
CHUCTEMa KBa3MUMITYJbCU Y3rapuilura HHUCOAaTaH yTa ce3yBUaH OYNTaHIUTU Yy4yH
yuly oreparopiap oujiajJapy CIEKTpUra ouj MyaMMOJIAPHU XaJl ATHUIIL, )KyMJIaJlaH
y4 3appadanin auckpetr llpegunrep omeparopiiapu ydyH OOFJaHraH XoJjaTiap
MaBXYy/JINTUHNA KYpCaTUIl Ba yHUHT COHMHHM aHHWKJAIl MYXHM aXaMmHsIT KacOh
3TMOKJa. by Oopanma Makcamim WIMHH TaaKUKOTIApHU, >KyMIIaJlaH, KyWHaaru
HyHanumuiapaard WIMAA W3JIaHUIUJIAPHU amalira OMIMPHUII MYyXHUM BaszudanapaaH
Oupu xucoOlaHaaAM: TaHXKapajaa Kucka macodaaa TabCUpJAlTyBYM HKKUTAa OUp
xwn  3appadanu  (pepmuonnm ¢k 06030HIM) cucremara wMoc IlpemmHrep
OTEPAaTOPUHUHT JUCKPET CHEKTPUHU TaJKHK OTHUII; YOy OMNeparop MyXuUM
CHeKTpu TyOujaru OYcaraBUi XOAMCAJIIApHU AaHMKJAIL, Y4 YI4amiid MaHXapaja
KyPpT-KypTH Omnan KucKa Macodaiapaa y3apo TabCUPJAIIYBYM Y4 3appadain
cucrtemara moc IlIpeaunrep omeparopu Xoc KHIMaTJIapd COHHM YUYyH aCHUMIITOTHK
dbopmMynanap TONUII; OMp Ba MKKHM YI4aMiIM MaHXapaja yd4 3appadaiy cucTemara
moc [IIpenunrep omneparopu XOC KUWMATIAPUHUHT MAaBXKYMJIUTUHHU KYpPCATHILL
KOxopuna kenTupuiarad UIMUKR-TAIKUKOTIAp HyHAIUIIKMAA OakapuiiaeTral WIMHMA
W3JIAaHUIIIAp Ma3Kyp JUCCEPTAIs MaB3yCHHUHT OJI3apOUTUHA U30X 1Ak IH.



V36ekucton Pecnybnukacu Ilpesunentununr 2006 #un 7 aBrycrtuaru
[1K-436-con «®aH Ba TEXHOJOTUSJIAPHU PUBOXKIAHTUPUILIHA MYBOPUKIAIITUPHIILL
Ba OOILIKAPUIIIHYA TAKOMUJUTALITUPHIL YOpaA-TaAOUpIapH TYFPUCH]Ia» XaM/ia

2008 #iun 15 uronparu I[1K-916-con «IHHOBALMOH JIoWKUXaap Ba TEXHOJIOTUs
JApHU UITa0 YUKapUILTra TaTOUK STUIIHU parOaTIaHTUpHUII Oopacuaaru
KYIIuM4a yopa-tagoupiap tyrpucuaa» Kapopnapu Ba Mazkyp daonustra
TEruIUIN OOIIKa HOPMaTUB-XyKYKUN XyskoKaTaap/aa Oenruianrad Bazudanapau
amaJira OIIMPHUIITa YIIOy AUCCEPTAIHS TAAKUKOTH MYyaisiH Japakaja Xu3mar
KUAJIaIH.

TanKuKOTHUHT pecny0auKa ¢paH Ba TEXHOJIOTHSVIAPU PUBOKIAHUIIH
HMHI YCTYBOP HyHAJIMILIAPUTa OOFJIMKIUTU. Ma3Kyp TaIKUKOT peciyOauKa
(daH Ba TexHoJOTHsIAp puBOKITaHUIIIMHUAT [V. «Martemarnka, MexaHuka Ba
uH(popMaTuKay yCTYBOp HYHAIUINN Joupacua Oaxkapuira.

JuccepTanus MaB3ycH 6yiinua XopHKHii MIMHI TaTKHKOTIAp MIapXu'.
V3nykeus Ba auckpet lpenunrep oneparopinapu xamaa Opuapuxc Moaeiiapura
OMJl TAAKUKOTIIAP Ba WIMHUN U3JaHUIIAP €TAKYM XOPWKUN JaBIATIIAPHUHT UIMAN

MapKasJiapu Ba OJHI TabJINM Myaccacanapy, )kymuanad, Universitat Innsbruck
(ABctpus), University of Missouri, Princeton University, Harvard University

(AKIL), Poccusa @annap akagemMusicu axO0pOoTJIapHU y3aTUIIl MyaMMOJIapu

uHctuTyTH, Université Paris Nord (Opanuus), Kyoto University (Anonus),
Universitidt Bonn Ba Universitidt Mainz (I'epmanus), Poccus @annap akanemuscu
Maremaruka unctutytu Cankrt-IlerepOypr 6ynumu, Poccus @annap akampemusicu
Hazapuil ¢pusuka HHCTUTYTH, MockBa naBnar yuusepcutetu (Poccus), University

Roma and SISSA (Italy), University of Basel, Universitdt Ziirich (Switzerland),
Universidade de Sao Paulo (bpasummsi), University of Toronto (Kanama), Universiti
Kuala Lumpur (Manaiizust) na onu6 6opmiMokaa. ONTUK naHXapaaard 3appadaiu
cucremManap, MKku Ba yu 3appadanu [lpegunrep oneparopiapu xamaa Opugpuxc

MOJIeJITIapUTra OUJ] IyHEAa o0 OOpuiraH TaAKUKOTIAp HaTHKacHuaa KaTop

non3ap0 Macajanap e4wiraH, )KymiajaaH, KydWuaaru WiMHM HaTHKajaap OJIMHTaH:
UTApUITYBYH Xy TiukiIapau TaBcuduamga dpoitnananunanurad boze—Xab6aps
raMmuwibTOHUAHU, IbHU MaHxapanaru [llpenunrep oneparopu skcnepuMeHTal
Ky3aTHIIJIAPHUHT Ha3apuid aCOCH KWJIMO OJMHTaH Ba TApTUOJAHTaH MyXUTIap/aa
Mypakkab TypryH OObEKTIap HTAPHIIYBUM TAbCUPJIAP HATHKACHIA XaM MaBKY/
oymumm myMmkuniuru uc6otianrad (Universitat Innsbruck (ABcTpust)); ukku
3appauanu y3iaykcu3 Ba auckpeT lpenunrep oneparopiapu Xoc KUMMATIApUHUHT
Oofnanui Joumuiicura Oornukiury ypranwirad (Princeton University (AKLL),
University of Basel (LLseitapust), Camapkann JaBiaT YHUBEPCUTETH); FOKOPU
TeMIieparypaiapja ru00c MailIOHTapUHUHT KeHT cuH(U Tpancdep-MaTpuiaiapu
yUyH UKKW 3appadanu OorsiaHran xonariapu yprauunrat (Poccust dannap
aKaJeMusIiCl axOOpOTIapHHU y3aTHUIIl MyaMMOJIApH HHCTUTYTH); KIIACTEPIUK
napaMeTPUHUHT KUYUK KHMMaTIapuaa UKKU 3appadaiig KiacTep oneparopiapu
OOFJIaHTaH XOJATAAPUHUHT MaBKyIuru ucootnanrad (Poccus dannap
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AKaZIEMHUACHU - [uccepramnus MaB3ycH OyHnda XOpIKuil WiIMHR-TagKUKoTIIap mapxu: Letter nature



doi:10.1038/nature04918, Annals of Physics doi:10.1016/j.a0p.2004.09.010, Comm. Math. Phys.
http://projecteuclid.org/euclid. cmp/1104253518, Annales del'l. H.P. Physique théorique. http://eudml.org/doc/76764,
®DyHKII. aHAIK3 U ero npui., http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys.
doi:10.1007/s00220-005-1454-y, Comm. Math. Phys. http://projecteuclid.org/euclid.cmp/1103908588, Matewm.
cOopuuk http://mi.mathnet.ru/rus/msb/v136/i4/p567, J. Funct. Anal. doi:10.1016/0022-1236(91)90038-7 Ba Oomka
MaHOaJIap acOCHa UIILTA0 YUKUIITAH.
6
axOOpOTIapHU Y3aTHIII MyaMMOJapW WHCTUTYTH); UXTUCPUN MOTCHITMAUIA HKKH
3appadasin  auckpetr llpenunrep omeparopu XOoC KAMMamIapu MaBXKYyIJIUK
maptiaapu tonuarad (Universitdit Bonn (I'epmanus), University of Missouri
(AKI), Camapkana gaBinaT YHHUBEPCUTETH); Y4 3appadaiiv y3JIyKCH3 Ba JUCKPET
HIpenunrep oneparopnapu yuyH EdpumoB adpdextn uco6otnanran (Poccus @annap
akamemuscu  (GU3MKa-TEXHUKa HWHCTUTYTH, Poccus @annmap akaaemusicu
Maremaruka unctutrytu Cankr-Iletepoypr 6ymumu, Université Paris Nord
(Opanmus), Kyoto University (SImonus), Poccus ®@annap akamemusicn Hazapuid
¢uszuka wuHcTUTYTH, CamapKaH] JdaBlaT YHHUBEPCUTETH); Y4 3appadaiiu
[Ipenunrep omneparopiapd XOC KUUMATIApU COHM YYYH MYXUM CIIEKTp 4all
YyeKkKacura MHTWIMI acuMmnTtotukanapu onunrad (Universitdit Bonn (I'epmanus),
Kyoto University (SInonust), University of Toronto (Kanaga), Camapkana nasiar
YHUBEPCUTETH).

Jlyneéna OyryHru KyHjaa, aHXkapaJard UKKW Ba y4 3appadalid cucTemMaiapra
Moc IIpenuHrep omneparopiapyd CHEKTPU Ba PE30HAHCIAPUHU TaJIKUK ITHUII
Oyiinua Oup KaTop, >KyMJIaJlaH: MaH)KapajJard MKKH 3appadyalidi CUCTeMara MocC
[lIpenunrep omneparopiiapy XOC KUHMATIapW COHU Ba YJIAPHUHT >KOWJIAIIYB
YPHUHHU IMaH)KapPaHUHT YI4aMH, 3appadajapHUHI y3ap0O TabCUP DHEPrusiIapu Ba
CUCTEMa KBa3WUMITYJbCUra OOFJIMK paBUINJIa aHUKJIAII, MyXUM CIEKTp TyOuaaru
Oycara XoAMCaNapyuHU TAIKUK STHUII, TaHXapaJard y4 3appadyalid cucTemMara Moc
[Ipenuurep  omeparopJapUHUHT  MYXHUM  CIOEKTpUHU  TaBcudmiam, Oy
ONEpPaTOPJIADHUHTI  XOC KHMMamIapu MAaBXyWJIATH Ba yllapra MOC XOC
GYHKIMAIAPHUHT XOCCAJIApUHM aHUKJAIl KaOu yCTYBOp HyHanumuiapaa WIMUANA
TaJKUKOT UIILJIapH 0110 OOpUIMOK/IA.

MyaMMOHUHI YPraHWITAHJIHK [Japakacu. ATOM Ba MOJIEKYJSp Xamza
KaTTAK OKUCMJAp (U3WKacH, KBAHT MaWIOHJIAp HA3aAPUSICHHUHT aCOCHH
macananapu lllpenuHrep omeparopilapyuHu ypranumra Kaparwirad. by coxana
OJIMHTAH HaTWXanap TYFpUCHAA KYIJIa0d MabiIyMOT/Iap MaTeMaTuk (U3UKAHWUHT
“annuknonenusicn” — M.Pung Ba b.CallMOHHUHT TYpT TOMJM KHUTOOHJA
kenrupwirad. [lamxapamarum  3appasanap cucrtemacura woc  Ipegunrep
omeparopjiapy  yTraH acpHUHTr  TyKcoHuHunm iwuiapuga  J[.C.Martuc,
A..MorunbHep TOMOHUIaH Kapainub OOUUTaHAM Ba YHra OUJ TaIKUKOTIAp JKa1aj
puBoxJianau. llamwxkapagarm llpenunrep omneparopiapuHd MaTeMAaTUK MabHOAA
TaaKuK HSTtumaa y3nykcus llpegunrep omeparopiapunard kabu myammosnap
yupaiau. SbpHM, Aactnad Oup, WKKM 3appadajd Ba XOKa30 KyI 3appadaiid
OlepaTopyiapHU ypraHuml Tanad HTwiaau. Y3iaykcu3 Ba auckper Ilpemunrep
omeparopiiapu xamjaa ymymuiamrad @puapuxc MoAeiapyu y4yH JUCKPET CHEKTP
MaBXYJIUTH, XOC KUAMATHUHT y3JyKCU3 CIIEKTP arpoduiaru eHmimaiapu, y3apo
TabCHUP KOHCTAHTACUHUHT OYcaraBuii KMMMAaTWHU aHUKJA Macananapu M. Kmays,



b. Caiimon, I'M. I'pad, /l. lllenkep, P.A.®apua na Bewura, E.JI. Jlakmranos, P.A.
Mumnnoc, C.H. JlakaeB, K. MakapoB kaOu onumiap TOMOHUJIAH YpraHWIraH.
Mabnymku, ukku 3appadanu lllpenunrep omeparopiapuga y3apo TabCHUP
KOHCTaHTAaCH KWYPANUIIKM HaTWKacujaa OOFJaHTaH XOJaT SHEPTHSICH Yy3ITYKCH3
CHEKTp YEeKKacura SIKMHJIAIIAId Ba TabCUP KOHCTAHTACMHUHT YEKJIM KHiiMaruia
yerapa OWsiaH ycTMa-ycT Tymaau. by 6ycaraBuii kuitmatra OOfaHTaH XoJaT eKU

7
BUPTYyaJI X0JIaT MOC KEJUIIWHM aHuKjam macanacu ounan J[x.Payx, b. CailiMoH,
M. Knay3 Ba C.H.JlakaeBnmap myrymnanran. C. AnGesepuo, C. Jlakaes, K.
Makapos Ba 3. MymuHOBIap ToMOHuAaH d -ymuamum ¢ ¥ | d 2 3, mamxkapana
UXTUCPUN WKKW 3appadaidl CHCTeMa TaMWJIbTOHMAHWTA MOC HKKH 3appadaiid
Mpeaunrep omepaTtopu Y4YyH XOC KUHUMATJIApHUHT MaBXKYUIMK IIapTiIapu
tomwiradH. byHmaH Tamkapu ~ymOy —ONEpaTOPHUHT MYXUM  CIEKTpAaH
TaIKApUIard X0C KNAMaTIapyi COHMHUHT YeKJIMIINTH UCOOTIIaHTaH.

VYu 3appauanu [penunrep omneparopiapyd ydyH MOTEHIMANra KyWWITaH
MabJIyM IIapTiapAa MyXUM CHEKTpAAH Yarja YeKCHU3 COHAAru Xoc KuiMatiap
naiimo Oynum xomucacu nactiab B.H. EdumoB tomonuman ouwmnran. Yoy
xonuca kednmHuanuk ¢uzuk onmumiap J.C.Martuc, A.M.MorwibHep TOMOHUAAH
Vypranunrad. YHUHT KaTbuii marematuk ucOotu Oupuuum Oynu6 JI.P. Sdaes
toMoHusiaH O6epunran. Keitmnyanuk sca FO. OpunnnukoB, U.M. Curan, X. Tamypa
tomoHugaH ucbomianrad. J[.P. SIbaes Edbumor rdbdextnnn danneeB uHTEerpan
TeHDamanap ycyimuaad ¢oigananu® ucodornarad. bupox 0. OBuMHHUKOB Ba
NU.M. Curan ukkuTacu OFHp Ba OUTTacu eHrun Oynran Kky(pT-kyhTu Owmnan
chepuk CHUMMETPUK TMOTEHIUAIap EpAaMuaa TabCUPIANIYBUA Y4 3appadajiu
CUCTEMA YUYYyH BapHallMOH MPUHUUIIAH (oiiianaHub ymoly XxoaucaHu ucOoTaara.
X. Tamypa sca EdumoB a3¢dexTtrHn 3appadaiiap maccacura derapa KyWmacaad
KypT-kyhTn Omnan (chepuk CUMMETPUK MOTEHUUAUIAPCU3) TabCUPIAIIYBYH YU
3appadaju cucTeMa ydyH Oapya WKKW 3appadajii CHUCTEeMajap HOJJa BUPTyal
carxra sra Oyiranjaa BapualMoH NmpuHUIUNAad Qoinananund ncdbomiaran. Codonen
TOMOHHJIaH Y4 3appadanud y3nykcu3 llpeguHrep omepaTropyuHUHT MYXHUM
CHEKTpAAH YarJard X0C KuiMariaapy COHU YIYH aCUMIITOTHK (popMysia TOTHITaH.
Kynon mnoreHmumamim yd4 3appadaid MoJeilb TaMIJIBTOHHAHIAP YYYH JHUCKpPET
CHEKTp YEKJIWIMra Ouj Harwxaiap aactiad, Jk.YmusMa TOMOHHMIAH OJMHTAH.
YHUHT yCyJIHIaH doiinananuo, M.A.AHTOHET, ['M.Xucnus,
N.A lllepemeBckuidnap Typiau y4 3appadaid CHCTEMajap YYyH JUCKPET CIEKTp
YEKJIWJINTA MacajlacMHU Xal 3TraH. bup Ba WKKW ymyamim XoJija yd 3appadaiu
CUCTEMa TaMWJIBTOHUAHU YUYH JUCKpPET crekTp ueknuiuru [.JKucnua ToMoHuan
ucobornanrad.  Jlactmma®  mamwxkapagarm  KyQT-KypTH ~ OMIaH =~ KOHTAKT
TabCHUpJIALYBYM y4Ta Oup Xwi 3appadanu cuctemara Moc Illpenunrep
oreparopiapd y4yH CHCTEMa KBa3MUMITYJbCHHUHI MaxKaMJIaHTaH KHiMarujaa
EdumoB »sdpdextununr wmamxkymiurn C.H.JlakaeB ToOMOHUIaH uWCOOTIaHTaH.
C.H.JlakaeB, XX.AOgymnaeB Ba 3. MyMUHOBIAp TOMOHHAAH KyPT-KyPpTH OuiaH
KOHTAKT TabCHUPJANIYyBYM Y4 3appadaiu cuctemara moc aimpmanu [llpemxunrep
oreparopiapu Y4yH MYXUM CIEKTpJlaH Yamrjard Xoc KUiMariapu COHH YYyH



acUMNTOTHK (opMyia onuHrad. bup ymuamum namxapaga XyQT-xypTu Ouiax
KOHTAaKT TabCHUPJIALIyBUYM Y4 3appadanu cucremara [llpeaunrep oneparopiapu xoc
KuiiMaTiapu yekaunura M. MymunoB Ba H. AnueB ToMoHH1aH MCOOTIAHTaH.
Juccepranusi MaB3yCHHHHI JHccepTanus OakapujaeéTraH  oJuil
TabJMM MYACCACACHMHMHI WIMHH-TAIKUKOT HILIAPH OMIaH OOFJIMKJIUIH.
Jucceprauuss TagKUKOTH V3P ®A Camapkann OymumuHuHT DA-D1-D045
“ITanxkapamary  Kymn 3appadaiud cucTeMa ramuwibroHuannapu. Cnekrp Ba
pesonasciap” (2007-2011 itit.); V3P ®A Camapkans 6ymumunanar ®M-1-016
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“ITanxkapamary UKKHM Ba y4 3appadalid cucTeMasap/a Kyiu sHepreTuk sgdextiap”
(2008-2009  iit.);Camapkana ~ gaBnar  yHUBepcUTETUHUHT  D4-OA-D079
“ITanxapanaru COHHU CaKJIaHMauJuraH 3appadanap CHCTEMaCHu
raMUJIBTOHUAHJIAPUHUHT criekTpan Taxjaunn’ (2012-2016) maB3ycuparu WIMHI
TaJIKUKOT JIOMUXacH Ioupacuia OaxapuiraH.

TagKUKOTHUHI MaKcaau TMamwkapagarn Kypr-xyptu OungaH Kucka
Macodaaa y3apo TabCcUpiallyBUd UKKU Ba yuTa Oup Xuj 3appadaiu (pepMuoHiIap
¢ku OO030HJIap) cHUCTeMalapra MOC HWKKM Ba y4 3appadanu [penunrep
OTIePaTOPIAPUHUHT MYXHM Ba TUCKPET CIIEKTPIAPUHU TAAKUK KUIUIIIaH HOOparT.

TagnKMKOTHUHT Ba3udaiapu:

UXTUCPHUI VIIuaMiIM TaHXkapajga Kucka macodana TabCHUPIANIyBYM HKKHUTA
oup xun 3appadanu (dpepmuonnn) cuctemara Mmoc Llpenunrep omepatopun Myxum
CHEKTPUJAH TalTKApUIard XOC KMMUMATIApUHUHT MaBxKyJ OYJIHUIIINK IIapTIapuHA
aHUKJIAI;

naHXapajard UKKu Ba yu 3appadanu lpeaunrep onepartopiapu yuyH
bupman-1lIBuHTep NPUHIMNMN YXIIAIK (aHAJOTH)HU YPHATULI; TAaHXapaaa
Ky(T-KyhTH OnnaH KYIIHU TYTYHIapAa ¥3apo TabCUPIAIIYBYM UKKH 3appadaiiud
(bepmuonnu) cuctemara moc lllpenunrep oneparopu xoc KuiiMaTiapyd COHMHH Ba
MYXHUM CIIEKTp OYcara XOoIuCallapuHu 3appadajap TabCUpP SHEPTUsICU Ba UKKU
3appavalivi CUCTeMa TYJia KBa3UUMITYIbCHTa OOFIIMK XOJAa aHWKJIAII,

y4 Vadamiad maHxkapaaa kypr-xydTtu OuiaH Kucka macodanapaa y3apo
TabCUPJIANTYBYM YU 3appadanu cucremara moc [lIpeauHrep oneparopu 4ekcus3 Ky
xoc kuiMarra ara skaHuru (Epumon addextn)an ncdbotiam Ba Xoc KulMariap
COHHU y4yH aCUMIITOTHK (popMyraiap TOTHIIL

OMp Ba WKKMA YIyaMid Tawxkapana Xyhr-kKypTu OwnaH Oup HyKTaaa
(KOHTaKT) TabCUpHAIIyBUM y4 3appaydanu cucrtemara moc lllpenunrep oneparopu
X0C KHMMAaTIapUHUHT MaBKy/UIMTUHA Ba COHUHUHT YeKIMJIUTUHU KYPCATHIIL.

TaakKMKOTHUHT O00bEeKTH TaHXapagard KypT-KypTH OmIaH Kucka
Macodana ¥y3apo TabCHUPIANIyBYM HMKKA Ba yd4 3appadald cHucTeMasapra Moc
Hlpenunrep oneparopiapuaaH nuOopar.

TagKUKOTHUHI NpeaAMeTH NaHXapaJlard UKKUTa Oup Xuil 3appadaiu
(bepmuon €ku 6030HIIN) crucTeMara Moc KK 3appadanu [peaunrep
oreparopiapu, NaHxapaaard yura Oup Xuj 3appadaiu (0030HIN) cucTemMara Moc
y4 3appadanu LlIpeaunrep onepaTopIaprHHUHT CIEKTPaT TAAKUKOTIAPUIAH
ndopar.



TagKUKOTHUHT yCy/u1apu. TagKkuKOT UIKAa MAaTEMATUK aHAJIU3,
MareMaTuk (u3rka, GyHKIIMOHAJ aHAJIN3 Ba KOMILJIEKC Y3rapyBUYMWIM (GyHKIHIIAP
Ha3apusICH yCyutapuaaH GoigaTaHuIraH.

TaagKMKOTHHUHI WIMHIA SHTUJIMIH KyHuaaruiapaan noopar:

UXTUCPUHN YIuamIIM MaHXapada Kucka Macodaaa TabCHpJIallyBUM HUKKHATA
oup xui 3appayanu (pepmuonnn) cuctemara Moc lllpeauHrep omneparopu MyXum
CIIEKTPHUAAH TalIKApUJaru XOC KUMUMAaTJIapUHUHT MaBXyd OYIUIUIMK IIapTiapu
TOIIMJITAH;

9

UXTUCPUN YIIuaMiiu TaHXkapajaa Kucka macodaja TabCHUPJAIlyBYM MKKUTA
Ooup xun 3appayanu (pepmuoniau) cuctemara moc lllpeauHrep oneparopu Myxum
CHEKTPHJIaH TalIKapuaaru Xoc KuiMaTiapy COHMHUHT YeKIMIUTH UCOOTIIaHTaH;

NaH)KapaHUHT KYIIHU TYTYHJIAapuAa TabCUPJAIIyBYM HWKKUTa OUp XU
3appadanu (pepmuonnu)  cucremara  moc  llpemunrep  omeparopu
napameTpilapuHUHT Oapya KUWMaTIapuja XOC KUiiMarjgap COHM Ba KOWJAIIYB
YPHU aHUK TOIUJITaH;

y4 yiIgaMiau mamkapana Kyhr-xyprr OunmaH Kucka macodanapia y3apo
TabCUPJIAIIYBUYMA Y4 3appadanu (3appauyanap 0030H OyiraH XOi) cucTeMara Moc
IpeauHrep onepaTOPpUHUHT MYyXUM CHEKTPUAAH Yarjard Xoc KuiMariapu COHU
y4yH aCUMIITOTHK (hOpMyIajiap OJMHTaH;

y4 yiruaMiau Tmamkapana kyhr-xyprtu OunaH Kucka macodanapia y3apo
TabCUPJAIIYBUYMA y4 3appadanu (3appaudanap 0030H OyiraH XOJI) cHCTEMara Moc
lpenuHrep omepaTtopd ydyH CHCTEMa KBAa3WHMMITYJIbCHHHHT HOJb HYKTa
arpodunary HoimjgaH Qapkiau KuiMariapuaa MyXHM CIEKTPUJIAH YarjJard Xoc
KUMaTIapy COHUMHUHT YeKIMINTH KYpCaTHITaH,

Wik Oop OMp Ba HKKM Yia4aMiau MaHxapaaa Xy(pr-xydptu Owran Oup
HYKTaJa (KOHTAKT) TabCUpJAllyBUM y4 3appadaiu cucremara moc Llpeaunrep
OMepaTopu MYXUM CHEKTPUIAH TallKapuja XOC KUHMAaTIApUHUHT MaBXYIJIUTH
1MCOOT/IaHTaH;

OMp Ba HWKKM yiI4amiid TNaHxkapaaa xypr-xkyptu OunaH Oup HyKTaja
(KOHTaKT) TabCUpIANlyBUMd y4 3appadanu cucrtemara moc lllpenunrep oneparopu
MYXHM CHEKTPHUAAH Yarja Xo0¢ KUiMaTiapu COHUHUHT YCKJIHIIUTH KYPCaTHIITaH.

TagkMKOTHUHI  aMaJuid  HaTM:Kacu  OOFJaHraH  XOJATIAPHUHT
AHAUTUKIIUTH XaKUJard Xyjlocalap KaTTHK “KUCMiap (U3MKacuH Ba KBaHT
MEXaHWKacHuJaa  OJKCIEpUMEHTald  TaJKUKOTIApPHUHT  cudar  KypCaTKUUUHU
aHMKJIAIa Ba COHJIM XUcoOnanuiapia Ky ulaHWIHIIN MyMKUHIUTHAaH nOopar.

TaaKuKOT HATHKAJIAPUHUHT MINOHYJIMJIUTYA MaTEMATUK aHAJU3,
mMaremaTtuk ¢pu3nka, GyHKIIMOHAT aHAJIU3 Ba KOMILJIEKC Y3rapyBUmId (PyHKIHsIIAp
Ha3apusICH yCyuiapuaaH GoiganaHuIraHInTy XaM/la MaTeMaTHK MyJoxa3a
JAPHUHT KaThbUWIUTY OMIIaH aCOCIIaHTaH

TagKMKOT HATMKAJAPUHUHI WIMHA Ba aMaJud axaMMATH. TaaKuKOT
HATW)KAJAPUHUHT WJIMHH axaMHATH Yy3-y3ura KylIMa oOIeparopiap CHEKTpal
Ha3apusACHJla, KBAHT MEXaHUKACH, KAaTTHK KUCMJap (U3MKacH, KBAHT MaijoHIap



Ha3apusacH, XycycaH, IMaHXapajJardu WKKA Ba y4 3appadajd CHUCTEMa
raMUJIGTOHUAHJIAPUHUHT CHEKTpjapu OwusiaH OOFJIMK MacajajapHu Xajd J3TUIIAa
doigaaHuIn MyMKHHIIUTH OWJIaH W30XJIaHAIH.

TagKUKOT HATHXKAJapUUHUHT aMAJIMK axaMUsTH WINJA OJIMHTaH WIMHUU
HaTHXKajgap KaTTHK XKUCMJIap (U3MKACH Ba KBAaHT MEXaHUKAcHAa SKCIIEPUMEHTAI
TaAKUKOTIap VTKAa3WIl Ba KYyJUlalira Hazapuh acoc cudaruja Xu3MarT KUIUIIN
OuiaH OenruaaHaIu.

TaagkMKOT HATHKAJAPUHMHI  KOpU  KujauHumu. Jluccepranus
TAJAKUKOTH >KapacHUJa OJMHIaH HaTwkKanap KyWujaard WyHaauuiapaa amaiaueTra
KOPUHN KUJIMHTaH:
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naHXapajaru MKKM 3appaydainu cucremara moc Illpenunrep omepartopnapu
xoc Kuimarunu anukiam ycymiapu QJ130000.2426.01G11 “Eigenvalue problem
for the two particle Schrodinger operataor on lattice” rpanT noiiuxcuna UKKA Ba y4
3appauanu nuckper lpeaunrep omeparopiapu y4yyH KyJuianwirad (Manaiizus
TEXHOJIOTUSI  YHUBEPCUTETHHUHT 1 HosiOpjgaru MamyMoTHomacu). Mimwuit
HATWO)KaHUHT KYJUITAaHWJIMIIM KapalacTraH WKKW 3appadaid oneparopiapuHUHT
acoCUMil XOCCAJapWHM TAJKUK OTHUII Ba MAaxCyC »3K30THMK IOTEHIHUAUIA Y4
3appadajyd CcHCTeMa TaMWIbTOHUAHJIAPUHUHT MYXHUM CIEKTPUHHU TaBcua
MMKOHUHU OepraH;

UKKM 3appadanu guckper llpenunrep oneparopiapd y4YyH OJMHIaH
Hatmwkanapaad ERGS/1/2/2013/STG06/UKM/01/2 “Investigations of the Roles of
theThird Variables in Analysing Statistical relationship functions” rpant
jJolnxacuna paHrd Oupra TeHr ymymuamradH Opuapuxc Mojaesiapu Y4yH
kyutanwiran (Manaiisus KeOaHrcaan yHUBEPCUTETMHUHI 26 OKTSIOpAaru
MabJiyMOTHOMacH). Wnamuil HaTWXaHUHTKYJUIAaHWJIUIIA — HaTWKacuga  ymoy
orepaTop Xoc KuitMatiapu yuyH [1ron30 Katopiapu OJIMHTaH.

TagKuKOT HATHKAJAPUHUHT anpodamusicu. TaJKUKOTHUHT HaTWKalapu
WIMHA-aMaIuii aHKyMaHIapaa MyXxokaMa KUJIMHTaH, [y sKyMaafan: Em omumap
pecriyonuka koHpepernnusicu (Tomkent, 2003 ., 2004 i.), «Xycycuil XOCHIaan
muddepeHnan TEHIIaManap XamJa aHalu3 Ba HMHPOPMATUKAHUHT TYPAOII
myammonapu» (Tomxkent, 2005 #.), «Marematuk (u3MKaHUHT Ba WHGOPMAIMOH
TEXHOJOTUAJIADUHUHT  3aMOHaBuil ~ Myammonapw»  (Tomkent, 2005 i),
«Omneparoprnap anredpacu Ba KBaHT 3XTuMoIUIHkiIap Hazapusicu» (Tomrkent, 2005
i.), «MaremMaTuK aHAJIM3HUHT J0i3ap0 wmyammomapw» (Yprana, 2012 ii.),
«MaremMaTtuk aHaiu3 Ba MaTeMaruk (U3UKAHUHT HOKOPPEKT Ba HOKJIACCHUK
Macananapu» (Camapkann, 2012 #.), «International Seminar on Mathematics and
Natural Sciences» (Camapkann, 2013 i1.), «duddepennman TeHrmamamapHUHT
3aMOHaBHUI MyaMMoJapH Ba ylnapHuHT Taroukiapm» (Tormkent, 2013 ii.),
«MaremaTtuk (pU3MKAaHUHT HOKJIACCHK TEHIVIaMajapy Ba YJIapHUHT TaTOUKIapH»
(Tomkent, 2014 i.), «3amoHaBUii MaremMaTUK (U3MKa YCyJJapud Ba YJIApPHUHT
tarouknapu» (Tomkent, 2015 i#.), Typk nyHecm MaTemMarukiIapu >KaMUSITH
koHrpeccu (baky, 2011 i), III xankapo Poccus—Ko30fUCTOH CHUMIIO3UYMHU



(Hampuuk, 2014 #.) nma OaéH »TWiaraH Xamja anpooOarusjiaH YTKa3ujras.
TagkukoTHUHT Hartwxkanapu CamMapkaHIl JaBjiaT yHUBEPCUTETH KOLIWJATH
«MareMaTuk aHanu3 Ba YHHUHT 3aMOHABUN MaTeMaTWK (U3MKara TaTOMKJIaApH»
CeMHHapuJa MyHTa3aM paBHIIa, DOHH YHUBEPCUTETH «AMalluii MareMaTHKa»
MHCTUTYTH wimuii cemuuapupa (Fepmanms, 2004 i, 2007 i), Y36ekucrou
Mwuiii yHUBEPCUTETH Koluaaru Maremartvka WHCTUTYTHHUHT «Oneparopiap
anreOpayiapu Ba yIapHUHT TaTtOuKiIapw» PecmyOnuka cemunapuga (2012-2016
Wi.), V36exucron Musmit YHUBEPCUTETUHUHTI «DyHKIHMOHAT aHAJIWU3 Ba YHUHT

TarOukmapu» cemunapuaa (2014-2016 itit.) myxokama KHUJIMHTaH.
TaagKMKOT HATHKAJAPUHMHT YBJI0OH KWIMHHIIM. JluccepTanus MaB3ycu Oyiinda
kamu 41 Ta UIMHUI WII YOI STWITAH, IIyJlapaaH, V36exncron Pecny0 nukacu
Onuii aTTecTariusi KOMUCCUSCUHUHT JOKTOPIUK AUCCEPTALMSIIADA aCOCHI MIMUN
HaTWKaJApUHU YO 3TUII TaBCHUs TWITaH WIMHI Hampiapaa 13 ta
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MakoJja, )KymiaaaH, 6 Tacu XOp>KUi Ba 7 Tacu pecrnyOiiiKa KypHauiapuaa Halip
STHUIITaH.
JldccepTallUsIHUHT Xa:KMHM Ba TY3WIMIIU. Jlucceprarus KUPHII KHUCMH,
TypTTa 0600, Xynoca Ba (olgamaHmwIral agadueTIap pyWxaTuiaH TAIIKWI TOMTaH.
JuccepranusHuHT XakMu 161 OETHM TaIIKWI 3TraH.

JINCCEPTALIUSIHUHI ACOCHUI MABMYHHU

Kupum kucmuga auccepranusi MaB3yCUHUHT JOJ3apOJIMTH Ba 3apyparu
acoclaHraH,  TaJAKUKOTHUHI  pecnyOnuka  (gaH  Ba  TEXHOJOTHUIapU
PUBOXJIAHUIIMHUHT YCTYBOP WYHAJIMIIJIApUra MOCIUIM KypCaTWiraH, MaB3y
Oyiinya XOpW>KMN WIMHUM-TAAKUKOTIAp IapXU, MYaMMOHHUHT YpraHUJTaHIUK
Japa)kacu KEeNTHPUIITaH, TaJKUKOT Makcaau, Bazudanapu, OObEKTH Ba MPEAMETH
TaBcu(IaHraH, TagKUKOTHUHT WIMHN SHTUJIUTA Ba aMaluil HaTwkaizapu OacH
KWIMHTAH, OJIMHTaH HaTW)KAJApDHUHT Ha3apuil Ba aMalui axaMHusITH O4u0
Oepuira, TaJKMKOT HATHKAJIAPUHUHT >KOPUM KWIMHUIIM, HAIIP STUITAH WILIAP
Ba JUCCepTalUs TY3WIHIIN OYiindya MabIyMOTJIap KEATUPUIITaH.

JucceprauussHuar  «YerapajlaHran  oOneparopJapHMHI  CHEKTPaJ
xoccasapu (bouuiaHFMY MabJAYMOT/Iap)» €0 HOMIaHyBUM OupuHYM OoOHIa
acoCuil HaTWXaJdapHU OJUIIAA 3apyp OYynran MyXuM TylIlyHYanap, Y3-y3ura
KyIlIMa OmepaTopiap Ba ONEPATOp Ky3FAIMILUIAP HA3apUSCHUHUHI CHEKTpJapura
OMJl TEOPEMAJIAP KEIITUPUJIITAH.

HuccepranysHuar  «llamskapagarm  MKkM  3appadaau  ((pepMHOHJIIN)
cucremara Moc MKKH 3appadyanu llpeaunrep omneparopaapuw» 1e0
HOMJIAaHYBYM  WKKMHYM 000M  MXTUCpUM  yimuaMium  maHxapajaa  y3apo
TabCUpPJATYBYM WKKU 3appadanu (pepmuonnu) cucremara Mmoc Ilpenunrep
OTNEpaTOPJAPUHUHT CHEKTpal XOCCAJIapUHU TAIKWUK KWUJIUINra OaFuIllIaHTaH.
Kapanaétran omneparopiapHUHT CHCTEMa KBa3HMUMIyJIbCUTa OOFIMK  XOC
KUMaTIapyu Ba MyXUM CHEKTPUHUHT Oycara XoAucaiapy Ypraiuira.
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Oyica, A(0)oniepaTop HOJIb SHEPTUSIIN pe30HaHcra ara aeinnanu. Kyiunaru
TeopeMasiap UKKMHYM OOOHUHT OUpuHYM naparpadu yuyH acoCHil HaTHKajap
XUCcoOIaHaaIu.

®apa3z 1 6axxapuicuH.

Teopema 1.d =le¢xu 2 Oyncud. Arap h(0)omeparop HOJb SHEPrUSIN

pe3oHaHcra sra Oyica ¢Kku HOJb COHM /(0)omeparopHUHT XOC KuiimMaTu Oyica, y
xonaa uxtuepuii k =/ Oyuyn h(k)omeparop MyxXuM CIEKTPAaH damaa eTYBYH XOC
KMMMaTra ora.

Teopema 2.d 2 36yncun. Arapz = Oconn /(0)omepaTOpHUHT nKappadl XOC
KuiiMaT OViica, y xonga uxtuepuii £ =/ Oyuyn A(k)omeparop MyXuM CIEKTpAaH
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MYXHUM CIIEKTPJaH Yarijia €TyBUM XOC KUMUMAaTIIapy COHU YeKIuTa. Jcaamma 2.
Ky3raryBun vorepatop MycoOar 0yaranauru yayH A(k) omepatop () ... e AdaH
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VYmby nmaparpadHUHT acOCHIl HATUXKACUHU KyWHIard TeopeMasia
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Oycarasia HOJIb SHEPTUSsIN pe30HaHcra ora. d 2 30ynranza (0) 4 ,omepaTop yuyH pgh
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Huccepraunsiunar  «Ilankapagarm yu  3appavaiau  Lpeaunrep
ONepaTopu X0C KUMMATIapW yY4YyH ACUMITOTHKAa» 7¢O HOMJIAHYBYM yUYMHYU
600uma y4 yayamiau naHxkapana xxypr-xydTtu OuilaH Kucka macodanapaa y3apo
TabCUPJAIIYBUYMA y4 3appadanu (3appaudanap 0030H OyiraH XOJ) chCTeMara Moc
Mpenunarep omepatopu yuyH EdumoB »>ddexktn wncboTIanran Ba MyXuM
CHEKTpAAH 4Yaljgard XoC KUWMamiapd COHM YYyH AacCUMITOTUK (opmynanap
onuHrad. CrucremMa KBa3MMMIYJILCUHUHT HOJIb HyKTa arpoduaaru Hoiaad (apkiu
KUiMaTiapyua MyXHUM CIOEKTpUJAH 4Yaljard XoC KuUWMarjaapu COHHHUHT
YEKJIWJITY KYpPCATUJITaH.
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Teopema 5. @apa3 2 ypunnu, h(0) 2 OBa A(0)omepaTop HOJIb SHEPTHITH

pe3onancra sra 6yiacun. YV xonaa Oapua * E3R,
knap yuyH h(k)omepaTop MyXum
CIEKTp/aH yarja ¢TyB4YH sroHa z(k)xoc Kuitmarra sra 0ymanu. bynaan ramkapu
HOJb HyKTaHuHT 1yHjan (0) Usatpodu masxynku, 6apua (0) Us
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Teopema 6.° H(K),K EgoneparopHHUHT MyXUM CIIEKTPH YIyH KyHHIark
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TyTuTamiiap Moc Xonaa H(K)MyXyuM CIIEKTpUHHHT UKKW 3appadaiiy Ba y4
3appavaiyd KUCMJIApU JECUUIIa .

N(K,z)opkanu * H(K), K ERoneparopuunr z <T (K)aaH yarnjaru xoc
KuiiMatiaapu coHnHu oenrunaitmus, oyana (K) = inf (H(K)). O ., T Dciamma 5.
Teopema 5 maptiapu 6axapwica, ( (0)) =[0, (0)] 0 ., H E,.Ba (H(K)) =[ (K),E
(K)] w55 max O TTEHTIIMKIAP YpUHIH OY1amu, OyHIa Xap Oup
'K T (K)> 0.
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Teopema 7. TeopeMa 5 HUHT mapTiapu Oaxapwicut. Y xonaa H(0) oneparop
MYXHM CIEKTp KyiH derapacuaaH Jarja YeKCU3Ta X0C¢ Kuiimarra sra Oyianu Ba
N(0,z)pyHKuus yayH
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ACHMNTOTHKA YPHUHIIN.

Ocnamma 6. h(0)oneparop Manduii Xoc KuiMarra 3ra 0yica, y Xonaa

(H(K)) =[ (K),E (K)] o5 max O TTEHITIHK YpuHIM OYaaau, OyHaa xap oup * K E3&
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Y4yH oreparop 0y OynMaraH UKKU
T (K) < 0. by xXonna y4 3appadanu 3appadaiu
MyXHM criekTpra sra Ba N(K,T (K)) < oo,

Hucceprauusauar  «Ilanxapamarm yu  3appavaau  lpeaunrep
oneparopjapu Xo¢ KMAMATIAPUHUHT MABXKYIJIUIA BAa COHMHUHI YEKJIUIUTH
XaKuaa» 1c0 HOMJIaHYBYM TYPTHHUM 000Mpa OMp Ba MKKH YVI4amiIM MaHxapaaa
KyPpT-KypTH OUjlaH KOHTAKT TabCUPJIAIITYBUM ydTa OUp XWUJI 3appadanu (60030HIIH)
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KHMaTiIapyu MaBXyJIUTH Ba YIAPHUHT COHU YEKITUIUTH UCOOTIaHTaH.
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3appadanu cucremara Moc llpemuHrep omeparopiapu HMITYAbC KYPUHHIIUAA
tacsupnanagu. Papa3 Kunamimmk,
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TEHINIMK Ypuriu, OyHnaa e (k) kuiimaru.  hy(k), k EonepatopHUHT SrOHA X0C
d
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0 =0 (K) — arpodu 6yacuH.

\OTIEPATOP XOC KMUMATIAPXU COHUHUHT YEKIUJIUTH, XOC KUUMATIapu

PAK)ERuyKTaHUHT

H (K)
Ba yJaapra Moc OOFJIaHraH XOJATIIAPHUHT PErYISPINIE XaKHIard Kyiuaara
TEOpEMA YPUHIJIH.
Teopema 10. d =1,2Ba A < 006yncun. Y xonga
1. Iynpait yuyH H (K) \omepatop
O > OmaBxynku, 6apua [0] K EUgnap
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vi ()0
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O
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akcnanTupum ¢ K EROYViinua perymsp.

Vuiby 600HMHT acocuit HaTvxkadapuaad oupu 6ynran ¢ Hy(K), K €&
orepaTop OOFIaHTaH XoJaTiapy MaBXyIJIUTH XaKUJAaru TEOpEMaHH KeJITUPaAMU3.
Teopema 11. d =1,26¥yncuH.



1. bapua \OTIEPATOP MYXUM CHEKTp TyOH

A <OBa ‘K E@napna H (K)
Tnan vanga £ (K) yxoc kuiiMarra ara.

( ( )) esss;\)ecHK

2. bapua \OTIEPATOpP MYXUM CIIEKTP YHT YETH
A > Opa ‘K E@napna H (K)
Tnan yaraa E (K) \xoc Kuiimarra ara.
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3appavanu H\raMuJIbTOHUAHIIAp
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SKKaJJaHTaH TapMOKJIU (TI0JI0Calin) CTIIeKTpJiapra ara.
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XVJIOCA

Juccepramus wimm namkapagard KypT-xkyhTd OuinaH Kucka Macodasna
y3apo TabCUpiallyBUd HKKH Ba yuyTa OMp X 3appadaiu ((pepMHUOHIAp EKU
0030HNIAp) cHUcTeMalapra MOC HWKKA Ba y4 3appayanu  Llpegunrep
ONEpPAaTOpPJIAPUHUHI MYXHM Ba JHUCKPET CHEKTPJIAPUHU TAAKUK KHAJIUIITa
OaFuIILIaHTaH.

TagkUKOTHUHT acocuil HaTWXanapu Kyiunarmiapaan uoopar: 1. bup Ba
MKKH YIIyaMJIu NaHxapaja Kucka Mmacodaja TabCUpIallyBYd HKKUTA OUp XHII
3appauanu (pepmuonnn) cucremara Mmoc Llpenunrep oneparopu y4yH pe3oHaHC
TYLIYHYaCH KUPUTWITAHJINTUHY TabKUJIAII Kou3; 2. IXTuepuil youamim
naH)xapaja KMucka Maco(daja TabCUpJIalllyBUd HMKKHTA OMp XWJI 3appadyaiiu
(pepmuonnm) cucremara moc Illpenunrep oneparopy MyxuMm COEKTpUIAH



TalIKapu/a XOC KUiMariapyu MaBxy/[ OYIUIIN MapTiapyd TONMUITAHIUTUHU
BTUPOG ATUIIT MYMKHH.

3. MxTuepuil ymuamiu MaHKapaHUHT KYIIHU TYTYHJIApUIA TabCUPJIALIYBYU
WKKUTa Oup Xun 3appadanu (Gpepmuonnu) cucremara moc I[lIpenunrep oneparopu
napamMeTpiapuHUHT Oapua KuiiMariapuaa XoC KUWMaTiap COHU Ba >KOMIAllyB
YPHU TOIWITAHJIUTUHU KAl KWL JIO3UM.

4. Y4 ymuaminu namxapaaa xypr-xydtu OminaH Kucka Macodanapaa y3apo
TabCUPJIAIIYBUYMA Y4 3appavanu (3appauyanap 0030H OyiraH X0i) cucTeMara Moc
[IpeauHrep onepaTOpUHUHT MyXUM CHEKTPUAAH Yarjard Xoc KHiMariapu COHU
y4yH aCUMIITOTHK (hOpMyIanap TOMUITaH.

5. Yu ymyamiu namkapana xxydt-kydTa OuiiaH Kucka macodanapaa y3apo
TabCUPJIAIIYBUYMA y4 3appadanu (3appaudanap 0030H OyiraH XOJ) chCTeMara Moc
penuHrep omepaTtopd yd4yH CHCTEMa KBAa3WHMMITYJIbCHHUHT HOJb HYKTa
arpodunary HoimjgaH Qapkiav KuiMariapuaa MyXUM CIEKTPUJAH YarjJard Xoc
KUMaTIapy COHMHUHT YeKIHIUTH KYPCaTHITaH.

6. bup Ba uWKku Yymuamiu maHxkapaga Xy(pr-xkydtu Ousan Oup HyKTaaa
(KOHTaKT) TabCUpIAllyBUMd y4 3appadanu cucrtemara moc lllpenunrep oneparopu
MyXHM  CHEKTpUZAH  TallKapujga  XOC  KUWUMATIApUHUHT  MaBXYIJIUTH
UCOOTIaHTAHJIUTUHU YBTUPO( ITUI KOU3.

7. bup Ba MKKM Ya4amiid TNamwxkapaaa xypr-xydtu Ownan Oup HyKTanga
(KOHTaKT) TabCUpIANIyBUM y4 3appadanu cucrtemara moc lllpenunrep oneparopu
MYXHM CHEKTPHUAAH Yarja Xo0C KUiMaTiapu COHUHUHT YCKJIHIIUTH KYpPCaTHIITaH.
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HAYYHBIN COBET 14.07.2016.FM.01.01 IO IPUCYKJEHHUIO
YUYEHOM CTENEHU JOKTOPA HAYK
TP HAIIMOHAJIBHOM YHUBEPCUTETE Y3BEKNCTAHA

CAMAPKAHJICKHUI TOCYJAPCTBEHHbIA YHUBEPCUTET



XAJIXY/KAEB AXMAJI MUACCAPOBHUY

O CYINECTBEHHOM N JMUCKPETHOM CIIEKTPAX OIIEPATOPOB
HPEJUHI'EPA, COOTBETCTBYIOIIUX CUCTEMAM /IBYX U TPEX
OANHAKOBBIX YACTUII HA PEHIETKE

01.01.01 — maTeMaTH4YeCKHIl AaHAJIN3
(pu3uKo-MaTeMaTHYECKUE HAYKH)

ABTOPE®EPAT JJIOKTOPCKOM JINCCEPTAIINN

Tamkenr — 2016
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Tema JOKTOPCKOI JMcCePTALlUM 3aPEerMCTPUPOBAaHA B Bhiciel arTecTallHOHHON KOMHUCCHM
npu Kaéunere Munncrpos PecniyOmukn Yz0exkucran 3a Ne 30.09.2014/B2014.3-4.FM86.

JoxTopckas nuccepTalius BeinoigHeHa B CaMapKaHICKOM TOCYIapCTBEHHOM YHUBEPCUTETE.



ABTOpedepar auccepTanuy Ha TpeX s3bIKax (Y30eKCKUH, pyCCKHMA, aHTIIMHCKAN) pa3MeIeH Ha
BeO-cTpanuie Hayuroro cosera (http://ik-fizmat.nuu.uz/) u uaGOpMATIOHHO-00PA30BATENIEHOM MTOPTAIE
«ZIYONET» (www.ziyonet.uz)

Hay4nblii koHcyIbTanT: Jlakaes Cangaxmar HopkMruToBHY JOKTOD
(u3MKo-MaTeMaTHYECKUX HayK, podeccop

Odunuanbupie onnoHeHThl: ManbimeB Bagum AJiekcaHapoBuy
JIOKTOP (PU3MKO-MaTeMaTHIeCKUX HayK, Ipodeccop
(MockoBcKHii TOCYTapCTBEHHBIN YHUBEpCUTET, Poccust)

TI'anuxom:kaen Pacyn HadueBuu
IOKTOp (hH3MKO-MaTeMaTHUECKUX HayK, Ipodeccop

PaxumoB Aoayradyp AoaymaskuaoBuyd
JIOKTOpP (pU3MKO-MaTeMaTHUECKUX HayK

Beaxymas opranu3anus: Yauepcuter Muccypu (CIIA)

3amuTa AUCCEePTALUU COCTOUTCS « » 2016 roma B 4yacoB Ha 3acelaHUU
Haygnoro comera 14.07.2016.FM.01.01 npm HamumonanpHOM yHUBepcuTeTe Y30ekucrtana. (Anpec:
100174, 1. Tamkent, Anmaszapckuil paiioH, yin. YHusepcurerckas, 4. Tem.: (99871)227-12-24, daxc:
(99871) 246-53-21, e-mail: nauka@nu.uz.)

C JoKTOpCKOW Juccepranueld MOXXHO O3HakOMHThCS B MH(MOpPMalMOHHO-pECYpCHOM IIEHTpE
HammonansHOTO yHHBEpCHTETa Y30€KHCTaHA (3aperncTpupoBana 3a No ). (Anpec: 100174,
r. Tamkent, AnMazapckuii paiioH, ya. Yausepcuretckas, 4. Ten.: (99871)246-02-24).

ABTopedepar nuccepraum pa3ociaH « » 2016 rona.
(mpotoxoi pacchutkn Ne OT « » 2016 rona).

A.A. Aopymrykypos
IIpencenarens HayuHoro coBeTa 1o npuUCyXJIEHUIO
YYEHOI CTeneH! JIOKTOpa Hayk, A.(.-M.H., mpodeccop

I'!. Borupos
VYueHnslii cexpetaps HaydyHoro coera 1o npucyxacHui0
YY€HOH CTEIeHU AOKTOpa HayK, K.().-M.H.

A. CapyaiaeB

[Ipencenarens HayyHOTrO cemuHapa npu Hayunom

COBETE IO MPUCYKICHUIO YIEHON CTENeHH JOKTOpa
HayK, 1.¢).-M.H., Tpodeccop, akaaeMuk
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BBE/IEHUE (anHOTALMSA JOKTOPCKON AUCCEPTALIMH)



AKTYaJIbHOCTh M BOCTPe0OOBAHHOCTH TeMbl aHMccepTanuu. MHOTOUHC
JICHHBIC HAYYHO-TIPUKJIAJIHBIE HCCIICAOBAHUS, MPOBOANMBIC B MHPOBOM YPOBHE,
MOKA3bIBAIOT, YTO BCIOAY B (PU3HUKE YCTONYHMBBIC CIIOKHBIE OOBEKTHI OOBIYHO
oOpa3yloTcs B pe3ylibTaTe JACHCTBUS CWJI TPUTSHKEHUS, KOTOPBIE TO3BOJISIOT
COCTaBHBIM YacCTsIM YMEHBIIIUTh SHEPTHIO IPHU UX CBA3bIBaHUU. OIHAKO, TOCIIEIHNE
roibl YUCHBIMH JO0KAa3aHO, YTO B YIOPSAOYCHHBIX CPEaX YCTOWYMBBIC CIOXKHBIC
00BEKTHI MOTYT CYIIIECTBOBATH AK€ B CIy4ae OTTAJKHUBAIOIIUX B3aUMOJICHCTBHIMA.
Monenb bo3e-Xab06apaa, HCIIOIB3yeMBbIi 1)1 ONMCAHUS OTTAJIKUBAIOIIUX T1ap, T.C.
oneparop lllpenunrepa Ha perieTke, SBISETCS TEOPETHUYECKUM OOOCHOBAaHUEM
AKCIIEPUMEHTAIILHOTO HAONIOJCHUS W TEOPETHYECKOW 0a30i Il MPUMCHCHMS.
[TosToMy pasBuTHe ucciaemnoBanus omeparopoB lllpemnHrepa, cOOTBETCTBYIONTNX
raMWIBTOHUAHAM CHUCTEM YaCTHI[ Ha PEIIEeTKE, KOTOPhIE BCTPEUAIOTCS B MOMEIISAX
(GU3MKHA TBEPIOTO Tela, a TAKXKE PElIeTYyaTod TEOpUHU TOJIs, SIBISETCS OIHUM W3
MIPUOPETHBIX HAITPaBJICHUH.

B Hameld crtpaHe B roibl HE3aBHCHUMOCTH OOJbIIOE BHUMAHHE YAENSIETCS
HaIPaBJICHUSIM, UMEIOIITNUM MPUKIIATHOE 3HAYCHHUE, B YaCTHOCTH, 0C000€ BHUMAaHUE
ObLJIO yAeleHo wuccienoBanuio ormnepatopoB IlpeanHrepa, COOTBETCTBYIONIUX
raMwiIbTOHMAHAM CHUCTEM YaCTHIl Ha UEJIOYMCICHHOW pellleTKe. 3HAYUTENbHbIC
pe3yabTarhl OBUIM JOCTUTHYTHI 110 OINPEACIICHUIO YCIOBHH CYIIECTBOBAHUS
CBSI3aHHBIX COCTOSTHUHW W WX 4YHCIAa BHE CYIMIECTBEHHOTO CIIEKTpa, a TaKkKe
NMoporoBeiX  d(PPeKToB cyiecTBeHHOro crekTpa ansa omneparopoB lllpenunrepa,
COOTBETCTBYIOIIIMX CUCTEMAM JBYX U TPEX YACTHI] HA PEIIETKE.

[Tockonbky, ciekTp cemericta oneparopos llIpenuHrepa, cOOTBETCTBYIOIIMX
raMUJIBTOHUAHAM CHUCTEM JIBYX M TPEX KBAHTOBBIX YACTHUIl HA PEIIETKE, SBISCTCS
JIOBOJILHO YYBCTBHUTEIILHBIM K M3MEHEHUIO KBa3UUMITYJICA CUCTEMBI, BAXKHYIO POJIh
UTrpaeT pelieHre MpooOJieM, OTHOCSIIUECS MCCIENOBAaHUN CIIEKTPOB ATHX
OIIepaTopoOB, B YACTHOCTH, CYIICCTBOBAHHUE CBS3aHHBIX COCTOSSHHH M ONPEICTUTH
WX YHCIIa JUI TPEX4YaCTHYHBIX NTUCKPETHHIX omepatopoB [llpenunrepa. B cBs3u ¢
ATUM peau3aliis IeJeBbIX HAyYHBIX UCCIEAOBAHHUMN B CIEAYIOIMINX HATPABICHUIX
SBIISIETCS] OTHOM M3 Ba)XHBIX 3aJ1a4: UCCIIEIOBATh IMCKPETHBIN CIIEKTpP ONEepaTopoB
[IpenwHTEepa, COOTBETCTBYIOIIUX CHUCTEMaM JIBYX OJWHAKOBBIX 4acTHIl (0030HOB
win (GEepMHOHOB) € TAPHBIMH KOPOTKO-IEUCTBYIONIMMHU TIOTEHIIMAJIAMUA Ha
pEIIeTKE, YCTAaHOBUTHh IOPOTOBBIC SIBIICHUSI CYIIECTBEHHOTO CIEKTpa ISl dTHUX
OMEepaTopoB, MOIYYUTh ACUMITOTHYECKHE (OPMYIbI ISl YKClia COOCTBEHHBIX
3HAYEHUHN TpexdyacTHUHOro ormeparopa LlpenuHrepa, COOTBETCTBYIONIETO CHCTEME
TPEX YaCTHUIl C MAPHBIMUA KOPOTKOACHCTBYIOIIMMH IMOTEHITHATIAMU Ha TPEXMEPHOMN
pelieTKe, TOoKa3aTh CYyIIECTBOBAHME COOCTBEHHBIX 3HAUYEHUU TPEXUYaCTUYHOTO

oneparopa Illpenunrepa, COOTBETCTBYIOIIETO CHUCTEME TpeX YacTUI] Ha
OIHOMEPHOM W JIBYMEPHOM pemeTkax. HayuyHble ucciienoBaHUsA, MPOBOAUMBIE B
BBILIEYIIOMSI-HYTBIX  HAITPABJICHUSAX, MOATBEPKIAOT  AKTYAJIbHOCTh  TEMBI
JIACCEPTALINU.

HccenenoBannss NaHHOM JUCCEPTAllMM B OIPENEICHHOW CTENEHU CIIyXKaT
pelieHno 3ana4, ykasaHHbIX B IlocranoBnenmsix Ilpesunenta PecmyOnuku
V30ekucrtan Ne [III1-436 or 7 asrycra 2006 roma «O wMepax 10



COBCP-IICHCTBOBAHUTIO
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KOOpJAWHALIMM W YIIPABJICHUS pa3BUTHEM Hayku M TexHosorum», Ne I1I1-916 ot 15
urons 2008 roga «O AOMONHUTENBHBIX MEpax MO CTUMYJIMPOBAHHIO BHEIPEHUS
MHHOBAIIMOHHBIX IPOEKTOB U TEXHOJOTWH MPOU3BOACTBA» a TaKXke B JPYTUX
HOPMAaTUBHO-TIPABOBBIX aKTaX, OTHOCSAILIUXCS K JAHHOW 00JIaCTH ACSITENbHOCTH.

CBsi3p HCC/IeI0BAHMS K TNPUHOPUTETHHIM HANPABJIEHUAM Pa3BUTHUS
HAyKHM W TexHosioruii pecnydauku. J[aHHOe wHCclenOBaHUE BBIIOJHEHO B
COOTBETCTBUM C TNPUOPUTETHBIM HAIIPABICHUEM Pa3BUTHUSI HAYKU M TEXHOJIOTHH B
Pecnybnuke VY36ekuctan IV. «Maremaruka, MexaHuka U HHQOpPMATHKAY.

0030p 3apy0e:KHBIX HAYYHBIX MCCICIOBAHMI MO TeMe AMCCEPTANMN.
Hayunple uccrienoBaHus TO HM3YyYEHUIO CIEKTpa HEMPEPHIBHBIX M AUCKPETHBIX
oneparopoB lllpenunrepa, a Takxke Mmomenu Ppuapuxca, BEAYTCS B KPYIMHBIX
Hay4YHbIX IIEHTpaX M BBICIIMX YYE€OHBIX 3aBEIACHHUSIX MHpPA, B YACTHOCTHU: B
Universitat
Innsbruck (Asctpus), University of Missouri, Princeton University, Harvard
University (CLLIA), Mactutyte npobiem nepenaun napopmannru PAH, Université
Paris Nord (®panmus), Kyoto University (SImonust), Universitdt Bonn i Universitét
Mainz (I'epmanust), Cankr-IlerepOyprckom otaenennn Maremaruyec-Koro
unctutyta PAH, MockoBckom rocynapctBeHHOM yHHBepcuteTe (Poccus),
University Roma and SISSA (Mranus), University of Basel, Universitdt Ziirich
(Iseiimmapus), Universidade de Sao Paulo (bpaswmmms), University of Toronto
(Kananma), Universiti Teknologi Malaysia, Universiti Kebangsaan Malaysia
(Manaiizus).

B pesynbrare Hay4HBIX MCCIIE€AOBAaHUMN, IPOBEIECHHBIX JJIsi CUCTEM YacCTHI] Ha
ONTUYECKOW pelIeTKe, ABYX M TpexdacTHuHbIX omepartopoB llpenunrepa, a Taxke
Mozener Opuapuxca B MUPE PELIEHBI LEIBIM P aKTyalbHBIX 3a7a4, B TOM YHUCIIE,
MOJTyY€HBI CIIEAYIOIUE HAy4HbIE pe3ysbTaThl: raMuibTOHUAH bo3e-Xab0apna, T.e.
ouckpeTHblt  omeparop  Ulpenunrepa, UCHONB3yeMbId  JUIsl  ONKCAHMS
OTTaJKMBAIOIIMX Tap, OepeTcss B Ka4eCTBE TEOPETUYECKOrOo OOOCHOBAaHUSA
HKCIEPUMEHTAIBLHOTO HAOMIONCHUS U JOKa3bIBAETCS, UTO B YIIOPAJIOUYEHHBIX Cpeaax
YCTOMYMBBIE CIIOKHBIE OOBEKTHl MOTYT CyIIECTBOBaTh Jaxe B Clydyae
ortankuparomux B3aumojercTBuil (Universitat Innsbruck (ABctpus)); usydena
3aBHCHMOCTh COOCTBEHHBIX 3HAUEHWH OT KOHCTAHTBI CBSI3W JUIS JBYXYaCTHUHBIX
HENpPEpBIBHBIX U AUCKpeTHbIX omepatopoB [lpenurepa (Princeton University
(CIIA), University of Basel (IlIseiimapus), CamapkaHackuil TocyaapCTBEHHBIH
YHUBEPCUTET); MCCIEIOBAHbl JBYXYaCTUYHBIC CBSI3aHHBIE COCTOSIHUSI TpaHcdep
MaTpuIl JOBOJBHO MIMPOKOTO Kjacca THOOCOBCKMX TIONEH TpU  BBICOKOU
TeMIeparype
(Muacturyt mpobnem mnepenaun uHbopmanun PAH (Poccus)); msydena mpupona
MOSIBJICHUST CBSI3aHHBIX COCTOSIHMM JIByXYaCTHUYHBIX KJIACTEPHBIX OMEPATOPOB MPH
MalblX 3HaYeHWsIX mapamerpa kiactepHoctd (MHcTHTYT mpobiem mepenadu
unpopmaruu PAH (Poccust)); HaiiieHbl yCIOBHs CyIIECTBOBaHHS COOCTBEHHBIX
3HAYeHUN JBYXYaCTHUHOTO TUCKpeTHOro omneparopa Lllpeannrepa ¢ mpon3BOIbHBIM



O030p 3apyOeKHBIX HAyYHBIX HCCIIEJOBAaHMN MO Teme nuccepranuu: Letter nature doi:10.1 nature04918,

Annals of Physics doi:10.1016/1.20p.2004.09.010, Comm. Math. Phys. http:/projecteuclid.org/euclid.
cmp/1104253518, Annales del'.H.P. Physique théorique. http://cudml.org/doc/76764, ®yHKI. aHANN3 U €TO MPHI.,
http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys. doi:10.1007/s00220-005-1454-y, Comm. Math, Phys.
http://projecteuclid.org/euclid.cmp/1103908588, Marem. cOopruk http://mi.mathnet.ru/rus/msb/v136/i4/p567, .
Funct. Anal. d0i:10.1016/0022-1236(91)90038-7 Takxe ObLIH HCCIIEIOBAHBI U IPYTrHe HCTOUHHUKH.

28

norennuaniom (Universitdt Bonn (I'epmanus), University of Missouri (CLLIA),
CamapkaHcKuil ToCcyqapCTBEHHBIM YHUBEPCUTET); A0Ka3aH r¢dexkT Efumona nis
TPEXYaCTUYHBIX HEMPEPBIBHBIX U JUCKpPETHBIX oneparopos Llpenunrepa (Puznko
texunueckuit uHCTUTYT PAH, Cankr-IlerepOyprckoe otnenenne MaremMarnyeckoro
unctutyta PAH (Poccus), (Université Paris Nord (®panmus)), Kyoto University
(SAnonus), unctuTyT Teopernueckoi ¢puzuku PAH (Poccust), Camapkanackuii
rOCYIapCTBEHHBIN YHUBEPCUTET); MOIyYeHA aCUMIITOTHKA IS YMCJIa COOCTBEHHBIX
3HAYEHU !, HAKAIUTMBAIOLMXCS K JIEBOMY Kparo CyIIECTBEHHOI'O CIIEKTpa
TpexyactTuuHoro oneparopa (Universitit Bonn (I'epmanusi), Kyoto University
(Amonwus), University of Toronto (Kanana), CamapkaHICKH1il TOCyIapCTBEHHBIN
YHUBEPCUTET).

Ha MupoBOoM ypOBHE OCYILIECTBIAETCS Pl HAyYHO-MCCIEA0BATEIBCKUX
paboT B MPUOPUTETHBIX HANPaBICHUSIX MO MCCIIECIOBAHUIO CIIEKTPa U PE30HAHCOB
oneparopoB IllpeauHrepa cucteM ABYX M TpeX YacTHI[ HA pEUIETKE, TaKhe Kak
HaXOXKJIEHUE YHUCJIO M PACHOJIOKEHHE COOCTBEHHBIX 3HAYEHUN B 3aBHCHUMOCTH OT
Pa3MEpHOCTH PEUIETKH, SHEPIMM B3aUMOJEHCTBHS YacTHL M KBa3MUMITYJbCa
CUCTEMBI JBYX4aCTHUYHOro oreparopa llpenuHrepa Ha peleTke; HUCCIEAOBAHME
MOPOTOBBIX SIBJIEHUM CYIIECTBEHHOIO CIEKTpa J3TOT0 OIeparopa, OMHCaHue
CYILLIECTBEHHOTO CIIEKTpa TpexyacTUyHoro omneparopa llpeauHrepa Ha penieTke,
YCTAHOBJICHHE CYIIECTBOBAHMS TPEXYACTHUYHBIX CBSI3aHHBIX COCTOSHHMI U
UCCIIEJOBAHUE CBOMCTB  COOTBETCTBYIOLIMX COOCTBEHHBIX (YHKIMH 3THUX
OIIepaToOpOB.

CreneHb HM3y4YeHHOCTH ImpoOJjieMbl. (OCHOBHBIE 3aJlayd arOMHOW W
MOJIEKYISIpHONH  (M3HUKH, (U3UKH TBEPAOTO Tela, KBAHTOBOM TEOPUHU TOJA
OpUBOAATCS K u3ydeHuto omneparopoB lllpenunrepa. Haubonee momubiii 0630p
pE3yAbTaTOB IO JTOM OOJACTU COJAEPKUTCS B DHIMKJIONEIUA COBPEMEHHOU
MaTemarrueckord Gu3nku — yerbipexToMuuke M. Puna u b. Caitmona. Oneparopsl
[IpeauHrepa, COOTBETCTBYIOIIME CHCTEMaM YacTHI[ Ha pEIIETKE, BIIEPBbHIE
paccmarpuBaiuch B 90-x  romax mpomwioro  Beka J[.C.  Martucowm,
A..MorunbHepoM U TOCJE Yer HMCCieNoBaHus OypHO pa3Buwinch. B ciyuae
oneparopa [lIpeauHrepa Ha peleTke B MAaTEMaTUYECKOM CMbICIIE BO3HUKAIOT T€ K€
npoOneMbl M TOT K€ MOPSAJOK MX HM3YUYEHHUs, YTO U B CJIydae HENPEPHIBHOTO
oneparopa lpenunrepa. A UMEHHO, CIeAyeT CHayajga M3y4YWuTh OJHOYACTHUYHBIE
orepaTopbl, a 3aTeM JBYX, TpeX U T.J. dYacTuuHble omeparopsl llIpemnunrepa.
3ajauym O CyIIECTBOBAHMU JHCKPETHOTO  CHEKTpa, a TakXkKe OMNpeaeiIeHus
MIOPOrOBOI0 3HAYEHMS] KOHCTAHTHI CBSI3M JUISl  HENPEPBIBHBIX M JAHCKPETHBIX
oneparopoB Illpenmnrepa, a Takxke a1 oOoOmeHHo  Moxaenmn Dpuppuxca
m3ydanuch B paborax M. Kmaysza, b. Caiimona, I'M. I'pada, JI. Illenkepa, P.A.
®apua na Bewura, E.JI. Jlakmiranosa, P.A. Muninoca, C.H. Jlakaesa, K. Makaposa u



Ap.

M3BeCTHO, YTO C YMEHBIIEHHEM KOHCTAHThl CBSI3M 3HAYEHUE SHEPrUU
CB3aHHOI'O COCTOSIHMS JIByX4acTH4HOro omneparopa IlIpenunrepa npubnuxaercs K
Kpar HENPEPBIBHOTO CIEKTPA, U MPU HEKOTOPOM KOHEYHOM 3HAYEHUU KOHCTAHTBI
CBSI3U IONaJaeT Ha Kpail. M3ydeHunto Bonpoca 0 COOTBETCTBUU 3TOMY IOPOrOBOMY
3HAYEHUIO CBSI3AHHOTO COCTOSIHUSI WJIM BUPTYaJIbHOIO YPOBHS MOCBSIIEHBI PAaOOTHI
JI.P. flpaena, [Ix. Payxa, b. Caiimona, M. Knay3a u C.H.Jlakaea.
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C. Anbesepuo, C. JlakaeBpiM, K. MakapoBbiM 1 3. MyMHHOBBIM HaiiJI€HbI
YCIIOBUSL CYIIECTBOBAHUS COOCTBEHHBIX 3HAYEHUU JIByXUaCTUYHBIX OIEpPATOPOB
[Ipenunrepa, acCOUMUPOBAHHBIX FAMUIBTOHUAHOM CHUCTEMBI JBYX MPOU3BOIBHBIX
YaCTHI] Had - MEPHOM pelieTke’ #* , d = 3.

[losiBnenne  OECKOHEYHOTO  YHClIa COOCTBEHHBIX  3HAUCHUN  JieBee
CYILLIECTBEHHOTI'O CIEKTpa TpexyacTuyHoro oneparopa IllpenuHrepa npu HEKOTOPBIX
YCJIOBHSIX Ha MOTEHIIMAM BIEpBbIe ObLT 00HapykeH EdumoBbsiM. ITOT 3dekT ObLI
u3ydyeH BO MHoOrux ¢uzmdeckux padborax aBropoB [I.C. Martuc, A.M1.MoruibHep.
Crporoe mareMaTMyeckoe H0Ka3aTelbCTBO cyliecTBoBaHus 3¢dekra Edpumona
Oobuto  mpoBereHo BrepBbie B pabore JI.P. Sdaema, a 3arem B pabotax lO.
OunnHMKOBa, W.M. Curama, X. Tamypa. I.P. SdaeB ycranosun sddexr
EdumoBa, ncnonb3yss MeTol MHTErpaibHbIX ypaBHeHud dDamneeBa. Omnako, FO.
OBunHHUKOB 1 .M. Curan uHTEpeCHbIM BapHallMOHHBIM METOAOM YCTaHOBUIIU
apdext EdumoBa mist cucTteM Tpex YacTHIl, U3 KOTOPBIX JBE TSDKENbIE, OHA
JeTKasi, B3aMMOJCUCTBYIOMIMX C MOMOIIbIO C(HepUUIEeCKU-CUMMETPUYHBIX MapHBIX
noreHuuanoB. X. Tamypa UCIIONb3Ysl BApUALIMOHHBI METOH  JI0Ka3all
cymectBoBanue 3ddexra EdumoBa, 0e3  orpaHuueHHss Ha MacChl YacCTHII,
B3aUMOJICHCTBYIOIIMX C IOMOIIBIO MapHbIX  MNOTEHUHAIOB (HE 00sA3aTeIbHO
cheprueck CUMMETPUYHBIX) B Cllydae, KOIrJa BCE€ JBYXYAaCTHYHBIE MOACHUCTEMBI
UMEIOT BUPTyalbHBIM ypoBeHb B Hyne. B pabore A.B. CoboneBa HaiifeHb
acUMIITOTUYECKUE (HOPMYIbI SISl YKClIa COOCTBEHHBIX 3HAYEHUH, JIekKAIIUX JIeBEe
CYLLIECTBEHHOIO  CHEKTpa  TPEXYACTHYHOIO  HEMPEPHIBHOTO oreparopa
Ipeaunrepa. B MHOrO4aCTUYHOM Cilydae MEPBBIA HETPUBUAIIBHBIN PE3YIbTAT MO
KOHEYHOCTH JHUCKPETHOro CIeKTpa Obul monydeH JDK. YmusmMo#, H3yYUBIIUM
OJUH  MOJEJBHBI  TPEXYaCTUYHBIM  TaMUJIBTOHMAH C  KYJIOHOBCKUMU
noteHuuanamu. Ilpumensis ero meron M.A. Anrtonen, ['M. XKucmun u H.A.
[lTepemeBCcKUil yCTaHOBUJIM PE3YIbTaThl O KOHEYHOCTH JUCKPETHOTO CIEKTpa
Pa3HBIX TPEXYACTUYHBIX cucTeM. KOHEYHOCTh IUCKPETHOTO CIIEKTPa raMUIBTOHUHA
CUCTEMBI TpeX YacThll Ha EBKIIMI0BOM MPOCTPAHCTBE B OTHOMEPHOM U JIBYMEPHOM
cnydasx pokazana ['M. Xwucmmasim. Bnepsele C.H. JlakaeBbim pmoka3ano
cymectBoBanue 3gdekra Eumona st TpeXyacTUYHOTO AUCKPETHOTO Oleparopa
[[lpenuHrepa, COOTBETCTBYIOLIETO CUCTEME TPEX  OAWMHAKOBBIX  YacCTHII,
B3aUMOJICUCTBYIOIMX C  TOMONIBIO  MapHBIX  KOHTAKTHBIX  MOTEHLUAIOB
OPUTSOKE-HUST  TIPpU  (PUKCUPOBAHHOM 3HAYEHUW KBAa3MUMITYJIbca CHCTEMBI. B
paborax C.H. JlakaeBa, JX.M. AOnmymraeBa u 3.9. MymMuHOBa NOJy4YEHBI
ACUMIITOTUKY JIJISl YACTIA COOCTBEHHBIX 3HAYCHUH, JIEKAITUX JIEBEE CYIIECTBEHHOTO



CIIEKTpa Pa3HOCTHBIX omepatopoB IllpeauHrepa, COOTBETCTBYIOIIUX CHUCTEMAM
TpeX 4YacTWll, B3aUMO JCHCTBYIOIIUX C T[OMOIIbIO TMAPHBIX KOHTAKTHBIX
MOTEHIIUAJIOB TPUTSKECHHUS. KoHeYHOCTP JUCKpPETHOrO CHeKkTpa oreparopa
[IIpeauHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX YACTHUIL C MAPHBIMU KOHTAKTHBIMU
MOTEHI[MAJlaMi Ha OJHOMEPHOM  pemerke ycTaHoBieHa M. MyMHHOBBIM U
H.AmueBniM.
CBsi3b TEMBI JUCCEPTANUM ¢ HAYYHO-HCCJIEI0BATEILCKMMHU padoTaMu
BBICHIET0 Y4€0OHOI0 3aBe/IeHNsl, B KOTOPOil BbINOJIHACTCS JUCCEPTALMS.
JuccepramnuonHas paboTa BBIIIOJIHEHA B COOTBETCTBUH C TIJIAHOBOM TEMOW HAy4YHO
uccleoBaTeNbCKUX padoT "['aMUIbTOHNAHBI CUCTEM HECKOJIBKUX YacTHIl Ha
pemetke. Crektp u pe3oHanchl", Camapkanjackoro otaenenus AH PY3 (DA-OD1-
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@045, 2007-2011 rr.); "Huszkosnepreruueckue 3p(HEKThl B CUCTEMAaX ABYX U TPEX
yacTtul Ha peweTtke" Camapkanjckoro otaenenuss AH PY3 (OM-1-016, 2008-2009
IT.); ClIEKTpaJIbHBIN aHAJIN3 FaMUIBTOHUAHOB CUCTEM C HECOXPAHSIOIIHNMCS
OTpaHUYCHHBIM YKCJIOM YacTull Ha perreTke (D4-DA-D079, CamapkaHacKuit
rocynapcTBeHHbIi yausepcuret 2012-2016 rr).

Lenabio ucciaen0BaHuA SBISETCA U3YyYEHUE CYLIECTBEHHOTO U TUCKPETHOIO
CHEKTPOB JABYX M TPEX4ACTHUHBIX omneparopoB lllpenuHrepa, cOOTBETCTBYHOIIMX
CUCTEMaM JIBYX U TPEX OJMHAKOBBIX YacTHIl (()€pMHUOHOB UM OO30HOB) C TAPHBIMU
KOPOTKOAECHCTBYIOIIMMH MOTEHLIMAIAMU Ha PEIIETKE.

3amaum ucciae 0BaHUA:

HAWTH yCJIOBUS CyIIECTBOBAHUS COOCTBEHHBIX 3HAYCHUN ABYXYaCTHYHOTO
oneparopa llIpeauHrepa, COOTBETCTBYIOLIETO CUCTEME ABYX OJMHAKOBBIX YaCTHUI]
((epMHOHOB) C KOPOTKOACHCTBYIOIMMH MOTEHIMATIAMU ISl JIFOOOM pa3MepHOCTH
PELIETKY;

YCTAHOBUTH aHajor npuHuuna bupmana-IlIBuHrepa aa IByX U Tpexdac
TUYHBIX onieparopoB lllpenunrepa Ha pelieTke;

OTIPENETUTH YMCIO COOCTBEHHBIX 3HAYEHUN U TIOPOTOBBIX SBICHUHN CYIIECT
BEHHOT'O CIIEKTpa AByxyacTuyHoro oneparopa Illpenunrepa, cooTBETCTBYIOIIETO
cucreMme IByX 4acTull ((hepMHUOHOB) C MAPHBIMU B3aUMOJICUCTBUSAMHU HA COCETHUX
y3J1aX PEMIETKH B 3aBUCUMOCTH OT 3HEPTUHU B3aUMOJEHCTBHSI YaCTHULL U TTOJIHOTO
KBa3WHUMITYJIbCA CUCTEMBI IByX YaCTHLL;

J0Ka3aTh OECKOHEUHOCTh YUClia cCOOCTBEHHBIX 3HaUeHUi (3dpdexT Edumona)
M YCTAHOBUTH ACUMMTOTHUKY JUIsl YMCJIa COOCTBEHHBIX 3HAUEHUN TPEXYaACTUUHOTO
oneparopa lllpenunHrepa, cOOTBETCTBYIONIETO CUCTEME TpeX 4YacTHll (0030HOB) C
NapHbIMM  JIByXYACTHYHBIMU  KOPOTKOAEHCTBYIOLIIMMHU  IOTEHUMAJaMU  Ha
TPEXMEPHON PEIIETKE;

YCTAHOBUTH CYIIECTBOBAHUE U KOHEYHOCTh YHCIIa COOCTBEHHBIX 3HAYCHU I
TpexyacTuuHoro oneparopa lllpeaunrepa, COOTBETCTBYIOIIETO CUCTEME TPEX
YacTHL] C MAPHBIMU JABYXYAaCTUYHBIMU KOHTAKTHBIMH ITOTEHIMATaMH Ha
OTHOMEPHOM U JBYMEPHOMW PEIIETKAX.

O0bekT ncceaegoBanus - oneparopsl HIpenuHrepa, COOTBETCTBYIOIINE
CUCTEMaM JBYX U TPEX YACTHI] C MAPHBIMU KOPOTKOAECHCTBYIOIIUMHU



MOTEHIIM-aJlaMi Ha PEIIETKE.
IIpeamer uccaea0BaHus - CIEKTPATbHBIA AHATN3 ABYXYACTHYHBIX OMEPATO POB
[IpenuHrepa, COOTBETCTBYIOIMIMX CUCTEMAM JIBYX OJIMHAKOBBIX YaCTHIL
(bepMuoHOB MM 0030HOB) Ha PEIIETKe, TpexyacTuuHoro oneparopa Illpenunrepa,
COOTBETCTBYIOIIIETO CUCTEME TPEX OJIMHAKOBBIX YacTHUIl (0030HOB) Ha peIIeTKE.

Metoabl ucciaenoBanus. B quccepranuu UCIIOIb30BAHBI METOIbI
MaTeMaTUYeCKOro aHajanu3a, MaTeMaTuieckoil GU3uKM, PYHKIIMOHAIBHOTO aHaIu3a
1 Teopuu (QyHKIUA KOMIUIEKCHOTO MTEPEMEHHOTO.

Hay4yHasi HOBM3HA MCCJIEAOBAHMS 3aKJII0YACTCS B CICAYIOLIEM: HAlICHbI
YCJIOBHS CYIIECTBOBAHUS COOCTBEHHBIX 3HAUCHUH BHE CYIIECTBEHHOIO CIIEKTpa
oneparopa llIpenuHrepa, COOTBETCTBYIOIIETO CUCTEME JIBYX OJMHAKOBBIX YACTHIL
(epMHOHOB) C KOPOTKOACHCTBYIOIIMM ITOTEHITUATIOM MPH BCEX Pa3MEPHOCTIX
PEIIETKY;
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J0Ka3aHa KOHEYHOCTh YHcClia COOCTBEHHBIX 3HAYEHUIl BHE CYIIECTBEHHOTO
cnekrpa oneparopa IllpenuHrepa, COOTBETCTBYIOIIETO CUCTEME JBYX OJMHAKOBBIX
yacTull ((epMHOHOB) ¢ KOPOTKOJAEHCTBYIOLMM OTEHIIUAIOM Ha PEIIETKE;

HalICHO YHCIIO U PACTIONIOKEHUE COOCTBEHHBIX 3HAUEHUH olleparopa
HIpenunrepa, COOTBETCTBYIOIIETO CUCTEME ABYX YacTHII ((hepMHOHOB), B3aUMO
JEUCTBYIOIIMX HA COCEHUX Y3JIaX PEIIECTKH MPU BCEX 3HAYEHUSAX MapaMeTPOB
oreparopa;

MOJIy4EeHbl ACUMIITOTUKH JUIsl YACTIa COOCTBEHHBIX 3HAYEHUH, JIEHKAITUX
JeBee CYIECTBEHHOro crekTpa oneparopa lIpenunrepa, COOTBETCTBYIOIIETO
cucTeMme Tpex 4dacTull (0030HOB) C MAPHBIMHU KOPOTKOACHCTBYIOIIMMHU
MOTEHIMAJIAMHU Ha TPEXMEPHOU PEIIETKE;

MOKa3aHa KOHEYHOCTh 4YHCJA COOCTBEHHBIX 3HAYEHUH, JIEKAIIUX JEBEe
CyILllECTBEHHOro crnekrpa omnepartopa lllpenuHrepa, cOOTBETCTBYIOIIETO CHCTEME
Tpex dYacTul (O030HOB) C MapHBIMU KOPOTKOAECHCTBYIOIIMMH MOTEHUMAIaMU Ha
TPEXMEPHON PELIETKE NPU HEHYJIEBBIX 3HAYEHUAX KBAa3HMHMITYJIbCA B OKPECTHOCTH
HYJIS;

BIIEPBBIE JJOKa3aHO CYILIECTBOBAaHUE COOCTBEHHOTO 3HAYE€HHUS OIlepaTopa
peanHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX YACTHI] C MAPHBIMU KOHTAKTHBIMU
MOTEHIMAJIAMU Ha OJHOMEPHOW U IBYyMEPHOU PEIIECTKAX.

IIpakTH4yeckne pe3yJbTaTbl HCCIAEIOBAHHMA - COCTOST B BO3MOXHOCTH
OPUMEHEHUs BBIBOJOB 00 AHAJIUTUYHOCTH CBSI3aHHBIX COCTOSIHMM — 1pu
UCCJIEIOBAaHUM  KAa4€CTBEHHBIX CBOWCTB SKCIIEPUMEHTANIbHBIX HAOMIONEHUA U
YUCJICHHBIX BBIYMCIEHUH B (DU3UKE TBEPAOIO TEIa U KBAHTOBOW MEXaHUKE.

JIOCTOBEPHOCTH Pe3yJIbTAaTOB MCCAEA0BAHNSA 000CHOBAaHA HCIIOIb30BAaHUEM
METOJI0B MaTeMaTH4eCKOIro aHaJIu3a, MaTeMaTH4€eCKON buzuku,
(YHKIIMOHAJIBHO-TO aHalIM3a U TEOpUU (YHKIMI KOMIUIEKCHOTO NEPEMEHHOTO, a
TaK)Xe CTPOTOCThI0 MATEMAaTUYECKHUX PACCYKICHUM.

Hayynass W npakTuyeckasi 3HAYMMOCTb Pe3yJbTATOB MCCJEJOBAHUS.
HayuyHoe 3HaueHne pe3ynbTaToB UCCIIEI0BAHUS 3aKI0YAETCS B TOM, YTO OHU MOTYT
OBITh HCIIOJIb30BaHbl B CIEKTPAJbHOM TEOPHUH CAMOCONPSIKEHHBIX OIEPaTopoB,



KBaHTOBOW MeXaHWKe, (U3MKEe TBEPIOTO Teja, KBAHTOBOW TEOpPHH TIOJNSA, B
YaCTHOCTH, TPU PEMICHUSAX 3aJad CBSI3aHHBIX CO CIEKTPOM TaMUJIBTOHHAHOB
CHCTEM JIBYX M TPEX YaCTHUIl HA PELICTKE.

[TpakTHueckoe 3HaueHUE AUCCEPTAIIMIOHHOTO UCCIIEI0BAaHUS ONpENeseTCs
TEM, YTO MOJIy4eHHbIE B pa00Te HAYYHBIE PE3YJIbTAThl MOTYT CITY>KUTh
TEOPETUIECKON OCHOBOM IKCIIEPUMEHTATBHBIX HAOIIOICHHA, TPOBOUMEIX B
¢bu3MKe TBEpIOTro Teja U KBAHTOBOM MEXaHHKE.

Buenpenue pe3yabTaTtoB HcciaeqoBanus. [lomyueHHble B auccepranuu
pe3ynbraThl ObUIM HCIHOJB30BaHbl B CIEIYIOMIMX HAay4YHO-HCCIIEI0BaTENbCKUX
MIPOEKTax:

METOABl ~ OMNpENeJeHHs] 4YHhclia COOCTBEHHBIX 3HAYCHHWH  OIEPaTOpOB
Hlpenunrepa, COOTBETCTBYIOIIMX CHUCTEME JBYX UYaCTUI[ Ha  pEIIeTKe
UCIIOJIb30BaHbl B HccienoBaHusIX 3apyoexHoro mpoekrta QJ130000.2426.01G11
“Eigenvalue problem for the two particle Schrodinger operataor on lattice” ms
HEKOTOPBHIX JBYX M  TPEXYaCTHYHBIX JHMCKPETHBIX ormeparopoB lllpemunrepa.
(YHUBEpCUTET TEXHOIOTHH
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Manaiizus, crnpaBka oT 1 Hoa0ps 2016 roma). IlpumeHeHue 3THX Hay4YHBIX
pPE3yABTAaTOB J1a€T BO3MOXXHOCTh H3YYUTh OCHOBHBIE CBOWMCTBA JByXYaCTHYHBIX
OIEepaToOpOB M OMHUCATh CYIIECTBEHHBIN CIEKTP TaMWIBTOHHAHA CHCTEMBI TpPex
YacTHI] C 3K30THUYECKUMHU CIIEIIMAIbHBIMU MOTEHI[MATIaMU;

pe3yabTarhl ISl TUCKpETHBIX orepatopoB Ilpenunrepa, MCMoOIb30BaHbI B
uccienoBanusx — 3apybexknoro  mpoekta  LRGS/TD/2011/UKM/ICT/03/02
“Investigations of the Roles of theThird Variables in Analysing Statistical
relationship  functions” s o0GoOmenHolt monmenu Ppuapuxca paHra OIUH.
(VauBepcuter KebOanrcaan Manaii3us, copaBka ot 26 oktsiops 2016 roma).
[IpumeHeHne STUX HAayYHBIX PE3YIBTATOB CIIOCOOCTBOBAIO MOMYUYUTH psAasl [Tron30
JUTsI COOCTBEHHBIX 3HAYEHU ATOTO Orneparopa.

AnpoOauusi  pe3yJabTaroB  ucciaenoBaHusi. (OCHOBHBIE  pe3y/bTaThl
UCCJIEIOBaHUs OOCYX AAINCh Ha HAyYHO-NPAKTUYECKUX KOH(EepeHLHsX, B TOM
quclie: peciyOlMKaHCKor KoHpepeHuu Mooibix yueHsbIX (Tamkent, 2003 r., 2004
r.), «Jluddepennmanbabie ypaBHEHUS ¢ YACTHBIMU MPOU3BOIHBIMHU M POICTBEHHBIC
npoOnembl aHanu3za W uHpopmarukm» (Tamkent, 2005 1), «CoBpeMeHHbIE
npoOsieMbl MaTeMaTuueCcKor PU3UKU U UHPOPMAITMOHHBIX TEXHONIOTUI» (TalIKeHT,
2005 r.), «OneparopHsie anreOpsl U KBAaHTOBask Te€OpuUsl BeposiTHOCTEM» (TalikeHT,
2005 r.), «AKTyanbHble TPOOIEMBI MaTeMaTuyeckoro ananuza» (Ypreny, 2012 r.),
«HexkoppekTHblE W HEKJIACCHMYECKHE 3aJadyd MaTeMaTH4YeCcKOoro aHaiu3a u
Maremaruuecko ¢usuku» (Camapkang, 2012 r), «International Seminar on
Mathematics and Natural Sciences» (Camapkann, 2013 1), «CoBpeMeHHbIE
npobnemsl auddepeHnanbHbIX YpaBHeHUH 1 uX npuioxe-ausy (Tamkent, 2013
r.), «Heknaccuueckue ypaBHEHUS MaTeMaTHYECKOM (U3UKUA M UX TPHIOKECHUSD
(Tamkent, 2014 1), «CoBpeMEHHBICE METOAbI MaTeMaTHYECKOW (QUIUKH U UX
npunoxenus», (Tamxent, 2015 1), «IV Congress of the Turkic World
Mathematical



Society» (Baku, 2011), Tperuit wmexayHaponusiii Poc-cuiicko-Kazaxckuit
cumnosuym (Hanpuuk, 2014 r.). BeicTyrmuieHuss U JOKJIaabl MPOILIA IIUPOKYIO
anpobanuio.  Pe3ymbrarel  MccnenoBaHUM  OOCYXKIaauCh  Ha  CEMHHApe
«MaremMaTu4ecKnii aHalIu3 U €ro NPUJIOKEHUS B COBPEMEHHOW MaTeMaTU4€CKOM
¢usuke» CamMapKaHICKOTO TOCYJapCTBEHHOTO YHHUBEPCHUTETa, Ha CEMHHape
WNuctutyTa npukiagHoil marematuku (yHuBepcuter bowH, I'epmanus, 2004 r.,
2007 r), Ha pecnyOIMKaHCKOM ceMHHape «OrmnepaTopHble aiaredpsl M UX
npuioxenus»  MHcTturyra Maremarnkn npu HanumonanmbHOM yHUBEpCUTETE
V30ekucrana (2013 ., 2016 r.), Ha ropoackoM cemuHape «DyHKIIMOHAIBHBIN
aHamui W ero mnpwiokeHui» HarumonaneHOTO yHUBEpcHUTEeTa Y30€KHCTaHa
(2014-2016 rr.).

Ony0/1MKOBaHHOCTHL pPe3yJbTaroB ucciaenoBanus. [lo teme nuccepraunn
omyOnukoBaHo 41 HayuyHbIX paboT, U3 HUX 13 BXOAIT B TEpeUeHb HAYYHBIX
U3JIaHWM, TIpeIVIOKEHHBIX BpIcIIel arrecTalMoOHHOW Komuccuen PecmyOnuku
V30ekucTaH I 3alIUThl JIOKTOPCKUX JUCCEpPTalMii, B TOM YHCIEe U3 HUX 6
OIMyOJIMKOBAaHbI B  3apyOeXHBIX >KypHajdaX W 7 B PECIyOJUKAHCKUX HAyYHBIX
W3IAHUSX.

O0béM u cTpyKTYpa AuccepTanmu. /uccepranus COCTOUT U3 BBEICHMUS,
YETBIPEX IJ1aB, 3aKJIIOUEHUS M CITMCKA UCIOJIb30BAaHHOM JiuTepaTypbl. O0bem
auccepTauuu cocrapisier 161 crpanui.
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OCHOBHOE COIEP)KAHUE JUCCEPTALIUA

Bo BBegeHMu 000CHOBaHa aKTyaJbHOCTh U BOCTPEOOBAHHOCTH TEMBI
IUCCEpPTallM,  OINPENEIEHO  COOTBETCTBHE  HCCIEIOBAHUS  MPUOPUTETHBIM
HAMpPaBICHUSM Pa3BUTHUA HAyKH W TEXHOJIOTUW PECHyONMKH, MPHUBEIEHBI 0030p
3apyOeKHBIX HAy4YHBIX HCCJIEJOBAaHMM MO TEME JUCCepPTallud U CTENeHb
U3YyYEHHOCTH MpOoOJIeMbl, C(pOPMYINPOBAHbI LIETU U 3aJa4H, BBISBICHBI OOBEKT U
MIPEAMET UCCIEA0BAHUS, N3JI0KEHBI HAyYHAs] HOBU3HA U TPAKTUYECKHUE PE3YyJIbTaThl
WCCIICOBAHUsI, PACKPbITA TEOPETHUYECKAs] W  IPAKTHYECKas 3HAYUMOCTh
MOJIyYEHHBIX  pPE3YyJbTAaTOB, JIaHbl CBEACHUS O BHEIPEHUU PE3YJbTaTOB
UCCIIE0BaHUSI, 00 OIYOIMKOBAHHBIX pab0OTaxX U O CTPYKTYpE JUCCEPTALIUU.

B nepBoil miaBe auccepranuu, Ha3BaHHOW «ClHeKTpaJibHbIe CBOICTBA
orpaHn4eHHbIX oneparopoB (IIpexBapurenbHbIe CBeIeHHMS)», TPUBEICHBI
HEO0OXOIMMbIE NPEIBAPUTEIBHBIE CBEICHUS, OCHOBHBIE TEOPEMBI CHEKTPATbHOM
TEOpUU U TEOPUU BO3MYIIEHHH CaMOCOMNPSKEHHBIX ONEpParopoB, KOTOpbIE OyayT
MCII0JIb30BAHBI ITPU U3JI0KEHUU OCHOBHBIX PE3YJIBTaTOB JUCCEPTALUU.

Btopasg rmmaBa aumcceprauuu, Ha3zBaHHas «/lByXx4acTH4YHBbIC ONeEPaTOPbI
Ipenunrepa, cCOOTBETCTBYIOLHE CHCTeMaM JABYX 4acTul ((pepmMuHOHOB) Ha
pelieTKe», IOCBSIICHA WCCIEAOBAHUIO CIIEKTPAIBHBIX CBOWCTB ONEPATOPOB
[IIpenuHrepa, COOTBETCTBYIOIIMX  CHUCTEME  JIByX  OJMHAKOBBIX  YACTHII
(GbepMHOHOB) ¢ KOPOTKOAEHCTBYIOIIMMU MOTEHIUAIAMH Ha d -MEPHOM pemieTke
¥ , d 21. H3zyueHsl COOCTBEHHBIC 3HA4YCHHs] W TIOPOTOBBIC SBICHUS
CYIIECTBEHHOIO CIIEKTpa 3TOr0 ONeparopa B 3aBUCHMOCTH OT KBa3HMMITYJIbCA
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[Ipennonoxum, 4To BeImoaHsAeTCs ycnosue 1. Torna cnpaBenyinBel

CIICAYIOIINE TEOPEMBI:
Teopema 1. Ilyctb d =1unmm d=2. Ecnu onepatop 4(0)uMeeT pe30HaHC ¢

HYJIeBOM dHeprueu uinm z = OsaBisieTcst COOCTBEHHBIM 3HaUE€HHEM orieparopah(0), To
st moboro k =/ Ooneparop A(k)umeer cOOGCTBEHHOE 3HAYECHHE, JIEXKAIIEE JIEBEE



CYIIECTBEHHOTO CIIEKTpA.

Teopema 2. Ilyctb d 2 3. Ecnu uncio z = 0sBaseTcs 7 — KpaTHBIM
COOCTBEHHBIM 3HaueHueM oneparopa 4(0), To as modoro k =/ Oomeparop (k)
UMeeT He MEeHee nCOOCTBEHHBIX 3HAUCHUH, JIeXKAIIUX JIEBEE CYIIECTBEHHOTO
CTIEKTpA.

k €(—11,M)u d E®@omneparop /i(k)MoxKeT UMETh

Teopema 3. Jlns moObIX ¢
JIUIIIb KOHEYHOE YMCIIO COOCTBEHHBIX 3HAUCHUH, JISXKAIIUX JIEBEE CYIIECTBEHHOTO
CTIEKTpA.
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OCHOBHBIM PE3YJIBTATOM 3TOTO Taparpada sBIAETCS CIIEAYIOIIas TEOPEMA.
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c). Iycts > . Y Yo Torna ms moboro ¢ k Eghoneparop / (k)
zkidy WAMEET POBHO
M >4d
i), =1, 0

yJ1eBee TIopora () i mak k. [Ipu
0

i
nmeet mecto () <0, =1, .
zkid
M
B Tperneli 1mmaBe auccepranyMy, HAa3BaHHOW «ACHMMITOTHKA JJISl 4YHCJIA
COOCTBEHHBIX 3HAYeHHHl TpexyacTuyHoro omeparopa Illpexunrepa Ha
pemierke», nokazaH >Pdekr EdumoBa M mogydyeHbl ACUMOTOTUKHM JUIsl 4YHUCIa
COOCTBEHHBIX 3HAUCHMH, JIeXKalIUX JIEBEE CYIIECTBEHHOIO CIIEKTpa oleparopa
[HIpeauHrepa, COOTBETCTBYIOIIETO CUCTEME TPeX YacTHIl (0030HOB) C MAPHBIMU
KOPOTKOJICHCTBYIOIIMMH TIOTEHIIMAJaMH Ha TpexmepHol pemierke. IlokazaHa
KOHEYHOCTh YHCJia COOCTBEHHBIX 3HAUYCHM, JIEXallUX JIEBEE CYIIECTBEHHOIO
CIIEKTpa NP HEHYJIEBBIX 3HAYECHUSIX KBa3UUMITYJILCA B OKPECTHOCTH HYJISI.
B nepBom u BTOpoM nmaparpadax miaBbl 3 [uccepTaluy pacCMarpuBarOTCs
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OIIEPATOPBI J, , 7 SHEPIUHU CUCTEM JIBYX M TPEX O030HOB Ha penreTke ,d 21
d ;3.5 ,
B3aUMOJICHCTBYIOIIMX C IIOMOIIBIO APHBIX KOPOTKOAECHCTBYIOIIHUX OTEHIIMAIOB
OPUTSHKEHUSI. DTH ONEepaTOPhl OMUCHIBAIOTCS B UMITYJILCHOM MPEIACTaBICHUU.
[Tocne BbIEeNEHUs MOJHBIX KBa3UUMITYJILCOB CUCTEM YacTHI], ONlepaTopsl A,/HB
UMIIYJIbCHOM MPEACTABICHUH pa3JlaratoTcs B IpsAMoi uHterpai Helimana u k
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CUMMETPHYHBIX (DYHKITMH OTHOCUTEIHHO NIEPECTAHOBKH JIIOOBIX IBYX
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SAK/IIOYEHUA

JluccepranmonHas padoTa MOCBSIICHA HCCIEIOBAaHUIO CYIIECTBEHHOTO U
JUCKPETHOTO CIIEKTPOB JBYX M TPEXYACTHUHBIX omneparopoB llpenuHrepa,



COOTBETCTBYIOIIMX CHCTEMaM JABYX U TPEX OJAMHAKOBBIX YacTHIl (PEpPMHUOHOB WU
0030HOB) C MAPHBIMU KOPOTKOACUCTBYIOITMMH MOTECHIIMATIaMU Ha PEIIETKE.

OCHOBHBIE pe3ylbTaThbl UCCIETOBAHUS COCTOST B CIEAYIOLIEM.

1. BBeneHo nousATHs pe3oHanca aiis oneparopa [lIpeaunrepa, cOOTBETCTBYIOIIETO
CUCTEME JBYX OJJMHAKOBBIX YaCTHI (()EPMHOHOB) C KO POTKO/ICHCTBYIOIIUM
IIOTEHIIMAJIOM Ha OJHOMEPHOU U ABYMEPHOU PEIIECTKAX.

2. HalineHbl ycJiOBUS CYIIECTBOBAaHUSI COOCTBEHHBIX 3HAUCHHI BHE
CYLIECTBEHHOIO CIlekTpa orneparopa Lllpeaunrepa, COOTBETCTBYIOIIETO CUCTEME
JIBYX OJTMHAKOBBIX YacCTHUIL ((P€PMHOHOB) C KOPOTKOACHCTBYIOIIUM IMOTEHIIAATIOM
IIPU BCEX PA3MEPHOCTSX PEIICTKHU.

3. Haiinensl 4nMcno ¥ pacmoiiokeHne COOCTBEHHBIX 3HAUEHUM oreparopa
[Ipenunrepa, COOTBETCTBYIOIIEr0 CcUCTEME JByX d4acTull ((hepMHUOHOB),
B3aMMOJCHCTBYIOIIMX HA COCEIHHUX Yy3JIaX PEIIETKH MPU BCEX 3HAYCHUAX
napaMeTpoB OllepaTopa.

4. TlomydeHbl acUMITOTHYECKHE (QOpPMYIbI Il 4YUCIa COOCTBEHHBIX
3HAUCHUM, JIEKAIIUX JIEBEE CYIIECTBEHHOro crekrpa omneparopa I[lpenunrepa,
COOTBETCTBYIOIIETO  CHCTeME  Tpex dactui  (0030HOB) C  MapHBIMU
KOPOTKOJEHWCTBYIOIIMMH MOTEHIHATIAMH HAa TPEXMEPHOM PEIIETKE.

5. Tloka3zaHa KOHEUYHOCTb YHCIa COOCTBEHHBIX 3HAYECHUM, JIEXKAIIUX JIEBEE
CYIIECTBEHHOr0 crekTpa omneparopa I[llpeauHrepa, COOTBETCTBYIOLIETO CHUCTEME
Tpex yacTull (O030HOB) C MapHBIMH KOPOTKOJAEHCTBYIOIIMMHU MOTEHUMATaMU Ha
TPEXMEPHOM pEelIeTKE MPHU HEHYJEBBIX 3HAUCHUSX KBAa3HMUMITYJIbCa B OKPECTHOCTH
HYJIS.

6. BmepBbsie J0Ka3aHO CYIIECTBOBAHME COOCTBEHHOTO 3HAUCHHUS BHE
CYHIIECTBEHHOIO crekTpa omneparopa I[llpeauHrepa, COOTBETCTBYIOLIETO CHUCTEME
TPEX 4YaCTUL C NApHBIMM KOHTAKTHBIMM NOTEHLOHAJTaMH HAa OJHOMEPHOU U
JBYMEPHOW pEIIETKAX.

7. YcraHoBJIE€HA KOHEYHOCTh 4YHCIIAa COOCTBEHHBIX 3HAYCHHMH, JICXKAIIUX
JIEBEE HWKHEro Kpasi CYIIECTBEHHOro crektpa oneparopa Ipenunrepa,
COOTBETCTBYIOIIETO  CHCTEME TPEX 4YaCTUI[ C TAPHBIMU KOHTAKTHBIMU
MOTEHIMAJIAMU Ha OJHOMEPHOW U IByMEPHOMU PEIIECTKAX.

46
SCIENTIFIC COUNCIL 14.07.2016.FM.01.01 ON AWARD
OF SCIENTIFIC DEGREE OF DOCTOR OF SCIENCES



AT NATIONAL UNIVERSITY OF UZBEKISTAN
SAMARKAND STATE UNIVERSITY

KHALKHUJAEV AHMAD MIYASSAROVICH

ON THE ESSENTIAL AND DISCRETE SPECTRA OF THE
SCHRODINGER OPERATOR ASSOCIATED TO A SYSTEM OF TWO
AND THREE IDENTICAL PARTICLES ON LATTICES

01.01.01 — mathematical analysis
(Physical and Mathematical Sciences)

ABSTRACT OF DOCTORAL DISSERTATION

Tashkent — 2016

47
The subject of doctoral dissertation is registered in the Supreme Attestation Commission at
the Cabinet of Ministers of the Republic of Uzbekistan with number Ne30.09.2014/B2014.3.FM186.



Doctoral dissertation is carried out at Samarkand State University.

Abstract of dissertation in three languages (Uzbek, Russian and English) is placed on web pages of
Scientific  Council (http://ik-fizmat.nuu.uz/) and information-educational portal «ZIYONET»
(www.ziyonet.uz)

Scientific adviser: Lakaev Saidakhmat Norzhigitovich
Doctor of Physical and Mathematical Sciences,

Professor

Official opponents: Malishev Vadim Aleksandrovich
Doctor of Physical and Mathematical Sciences, Professor

(Moscow State University, Russia)

Ganikhodzhaev Rasul Nabievich
Doctor of Physical and Mathematical Sciences,

Professor

Rakhimov Abdugafur Abdumadjidovich
Doctor of Physical and Mathematical Sciences

Leading organization: University of Missouri (USA)

Defense will take place « » 2016 at at the meeting of Scientific Council
number 14.07.2016.FM.01.01 at National University of Uzbekistan. (Address: University str. 4, Almazar
areca, Tashkent, 100174, Uzbekistan, Ph.: (+99871) 227-12-24, fax: (+99871) 246-53-21, e-malil:

nauka@nuu.uz).

Doctoral dissertation is possible to review in Information-resource centre at National University of
Uzbekistan (is registered No ) (Address: University str. 4, Almazar area, Tashkent, 100174,
Uzbekistan, Ph.: (+99871) 246-02-24.)

Abstract of dissertation sent out on « » 2016 year
(Mailing report Ne on « » 2016 year)

A.A. Abdushukurov
Chairman of Scientific Council on award of scientific
degree of Doctor of Sciences, D.F.M.S., Professor

G.1. Botirov
Scientific Secretary of Scientific Council on award of
scientific degree of Doctor of Sciences, C.F.M.S.

A. Sadullaev

Chairman of Scientific Seminar under Scientific Council

on award of scientific degree of Doctor of Sciences,
D.F.M.S., academician

48



INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Numerous scientific
and applied researches conducted around the world show the following fact:
throughout physics stable composite objects are usually formed by way of
attractive forces, which allow the constituents to lower their energy by binding
together. Repulsive forces separate particles in a free space. However, in recent
years scientists have proved that in a structured environment such a periodic
potential and in the absence of dissipation, stable composite objects can exist even
for repulsive interactions. The Bose-Hubbard models, which have been used to
describe the repulsive pairs, i.e. the Schrodinger operators on lattices is the
theoretical basis for the experimental observations and applications. In this regard,
the study of Schrodinger operators, associated to Hamiltonians of systems of
particles moving on lattices, which appear in models of solid state physics and
lattice field theory, is one of the priority areas of science.

In our country in the years of independence, a great attention has been paid
to scientific areas having a practical importance; in particular, a great emphasis has
been placed on study of Schrodinger operators associated to Hamiltonian of a
system of particles moving on integer lattices. Significant results have been
achieved in finding conditions for the existence of bound states and for their
number, the energy of which is located outside the essential spectrum, and also to
the threshold effects of the essential spectrum for Schrodinger operators, associated
to systems of two and three particles on lattices.

Since the spectrum of the family of the Schrodinger operators appears quite
sensitive to a change of the quasi-momentum of system, solving problems related
to the spectrum of these operators, in particular, to prove the existence of bound
states as well as to determine their number depending to the quasi-momentum of
system, for three particle discrete Schrodinger operators is of highly importance. In
this regard, the implementation of investigations in the following directions is one
of the main problems: to investigate the discrete spectrum of the Schrodinger
operator corresponding to a system of two identical particles (bosons or fermions)
with short-range pair potentials on lattices; to establish the threshold phenomenon
of the essential spectrum for these operators; to obtain an asymptotic formula for
the number of eigenvalues for the three-particle Schrodinger operator associated to
a system of three identical particles on the three-dimensional lattice with a short
range pair interaction; to show the existence of eigenvalues of the three-particle
Schrodinger operator associated to a system of three identical particles on lattices
of dimensions one and two. Many research activities carried out in the
aforementioned scientific areas all around the world exhibit a great interest and
motivation to the topic of dissertation.

The research conducted in this thesis corresponds to the tasks specified in
the Decree of the President of the Republic of Uzbekistan No PD-436 on August 7,
2006 “On measures to improve coordination and management of the development
of science and technology”, No. PD-916 from July 15, 2008 “On additional
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measures to stimulate innovative projects and technologies” and other normative
and legal acts relating to the fundamental sciences.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

A review of foreign scientific research on the theme of the dissertation’.
Studies of the continuous and discrete spectrum of the Schrédinger operator, and
the Friedrich's model, conducted in major scientific centers and universities of the
world, in particular: in the Universitit Innsbruck (Austria), University of Missourt,
Princeton University (USA), Institute for information transmission problems of the
Russian Academy of Sciences, Université Paris Nord (France), Kyoto University
(Japan), Universitdt Bonn and the Universitat Mainz (Germany), St. Petersburg
Department of the Mathematical Institute of Russian Academy of Sciences,
Moscow State University (Russia), University Roma and SISSA (Italy), University
of Basel, Universitit Ziirich (Switzerland), Universidade de Sdao Paulo (Brazil),
Universiti Teknologi Malaysia, Universiti Kebangsaan Malaysia (Malaysia).

As a result of scientific research conducted on a system of particles in the
optical lattice, for the two and three-particle Schrodinger operators, as well as
Friedrichs' models a number of problems have been solved; in particular: Bose
Hubbard Hamiltonian, i.e., the discrete Schrodinger operator, which is used to
describe the repulsive pair is a basis of experimental observations and applications,
where it is proven the existence stable objects for repulsive interactions in a
structured environment and in the absence of dissipation (Universitat Innsbruck
(Austria)); the dependence of the eigenvalues to the two
particle coupling constant for continuous and discrete Schrodinger operators has
been studied (Princeton University (USA), University of Basel (Switzerland),
Samarkand State University); the bound states of the transfer matrices for a wide
class of Gibbs fields at high temperature have been explored (Institute for
Information Transmission Problems of the Russian Academy of Sciences
(Russia)); the nature of appearance of bound states of the two-particle cluster
operator for small values of the parameter of clustering is studied (Institute for
Information Transmission Problems of the Russian Academy of Sciences
(Russia)); the conditions for the existence of eigenvalues of the two-particle
discrete Schrodinger operator with arbitrary potential have been found (Universitét
Bonn (Germany), University of Missouri (USA), Samarkand State University); the
existence Efimov’s effect for the continuous and discrete three-particle
Schrédinger operators is proven (University of Toronto (Canada), St. Petersburg
Department of the Steklov Institute of Mathematics, RAS (Russia), University of

Review of foreign scientific research on the topic of the dissertation: Journal of Approximation Theory, Applied

Letter nature doi:10.1038/naturc04918, Annals of Physics doi:10.1016/j.a0p.2004.09.010, Comm. Math. Phys.
http://projecteuclid.org/euclid. pp/1104253518, Annales del'l.H.P. Physique théorique. http://eudml.org/doc/76764,
Func. anal and its apl., http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys. doi:10.1007/s00220-005-



1454-y, Comm. Math. Phys. http://projecteuclid.org/euclid.cmp/1103908588, Math. collec http://mi.mathnet.ru/
rus/msb/v136/i4/p567, J. Func. Anal. doi:10.1016/0022-1236(91)90038-7
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Sussex, Brighton, (United Kingdom), Kyoto University (Japan), Institute for
Theoretical Physics of the Russian Academy of Sciences (Russia), Samarkand
State University); an asymptotics for the number of eigenvalues accumulating to
the left edge of the essential spectrum for the continuous and discrete three

particle Schrodinger operators has been obtained (University of Sussex, Brighton
(United Kingdom)), Universitit Bonn (Germany), Kyoto University (Japan)) ,
Samarkand State University).

Also there are a number of research projects in priority areas for the study of
the spectrum and resonances of the Schrodinger operators of systems of two and
three particles on lattices: to study the location of the eigenvalues depending on the
lattice dimension, the interaction energy of the particles and the quasi-momentum
of system of the two-particle Schrédinger operators; to explore the threshold
phenomenon of the essential spectrum for the two-particle Schrodinger operator; to
describe of the essential spectrum for the three-particle Schrodinger operators on
lattices; to establish the existence of bound states and to study their analytical
properties of the two and three-particle Schrodinger operators.

The degree of scrutiny of the problem. The main problems of the atomic
and molecular physics, solid state physics, quantum field theory leads to the study
of the Schrodinger operators. We refer to the four-volume encyclopedia of modern
mathematical physics of M. Reed and B. Simon for more comprehensive overview
of the results in this area. The Schrodinger operators corresponding to particle
systems on lattices was considered for the first time in 90-ies of the last century by
D.S. Mattis, A.I. Mogilner and then the related research has evolved rapidly. From
the mathematical point of view in the theory of the lattice Schrodinger operators
the same problems and the same order of study can be observed as in the theory of
continuous Schrodinger operators. Namely, it is necessary to understand first the
one-particle case, then two, three, etc. particle lattice Schrodinger operators. The
problems of existence of a discrete spectrum, as well as the determination of the
coupling constant threshold for continuous and discrete Schrodinger operators has
been studied by M. Klaus, B. Simon, G.M. Graf, D. Schenker, R.A. Faria da Veiga,
E.L. Lakshtanov, R.A. Minlos, S.N. Lakaev, K. Makarov and etc.

It is known that with a decrease of the coupling constant the energy of a
bound state of a two-particle Schrodinger operator becomes close to the edge of the
continuous spectrum, and sometimes it attains the edge for some finite value of
coupling constant. The study the problem of whether this threshold of the essential
spectrum is a bound state or a virtual level has been devoted several papers of D.R
Yafaev, J. Rauch, B. Simon and M. Klaus, S.N. Lakaev.

Unlike the continuous Schrédinger operators the discrete Schrodinger
operators non trivially depend on the quantity so-called quasi-momentum
(analogue of the momentum in the former case). S. Albeverio, S.N. Lakaev, K.A.
Makarov and Z.E. Muminov have found conditions for the existence of
eigenvalues of the two-particle Schrodinger operator, associated to the



Hamiltonian of a system of two arbitrary particles on lattice, depending on the
quasi-momentum.
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The existence of infinite number of eigenvalues lying below the essential
spectrum of the three-particle Schrodinger operator under certain conditions on the
potential has been first discovered by V. Efimov. A rigorous mathematical proof of
the existence of the Efimov effect was first proved by D.R. Yafaev using the
Faddeev integral equations method. Later Yu.Ovchinnikov and I.M. Sigal have
proved the Efimov effect using an interesting variational method for a system of
three particles, two of which are heavy and one of them is light, interacting via
spherically symmetric pair potentials. H. Tamura proved the existence of Efimov
effect, using the variational method, without restriction on the mass of particles
interacting via the pair potentials (not necessarily spherically symmetric), when all
the two-particle subsystems have a virtual level at zero. A.V. Sobolev has found an
asymptotic formula for the number of eigenvalues lying below the essential
spectrum of three-particle continuous Schrodinger operator. In multi-particle case
the first nontrivial result on the finiteness of the discrete spectrum has been
established by J. Ushiyama for a model of the three-particle Hamiltonian with
Coulomb potentials. Using the method of Ushiyama M.A. Antonets, G.M. Zhislin
and [.A. Shereshevskii have established results on the finiteness of the discrete
spectrum of different three-particle systems: for instance the finiteness of the
discrete spectrum of a system of three-particles moving on Euclidean space of
dimensions one and two, has been proven by G.M. Zhislin.

In case of the discrete Schrodinger operators, the existence of the Efimov
effect for the discrete three-particle Schrodinger operator, associated to a system of
three-identical particles interacting via zero-range attractive pair potentials was
first proved by S. N. Lakaev using the Faddeev integral equations method for the
fixed value of the quasi-momentum of the system.

In the works of S. Albeverio, S.N. Lakaev, Z.I. Muminov and S.N. Lakaev,
J.I. Abdullayev an asymptotics for the number of the eigenvalues lying below the
essential spectrum of the Schrodinger operators associated to the systems of three
arbitrary and identical particles interacting via pair attractive zero-range potentials
have been established. The finiteness of the discrete spectrum of the discrete
Schrédinger operator corresponding to a system of three particles on one
dimensional lattice, interacting via pair zero-range attractive pair potentials has
been established by N. M. Aliev and M. E. Muminov.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work is
done in accordance with the planned theme of scientific research “Hamiltonians of
systems of multi-particles on lattice” Samarkand branch of Uzbekistan Academy
of Sciences (FA-F1-F045, 2007-2011); “Low-energy effects in the systems of two
and three particles on lattice” of Samarkand branch of Uzbekistan Academy of
Sciences (FM-1-016, 2008-2009); Spectral analysis of Hamiltonian of a systems



with non-conserved limited number of particles on lattice (F4-FA-F079,
Samarkand State University, 2012-2016).

The aim of the research is studying the essential and discrete spectrum of
two and three-particle Schrodinger operators associated to a system of two or three
identical particles (bosons or fermions) with short-range pair potentials on lattice.
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Research problems:

to find conditions for existence of eigenvalues of two-particle Schrodinger
operator associated to a system of two identical particles (fermions) with a short
range potential in any dimensional lattice;

to establish an analogue of the Birman-Schwinger principle for two and
three-particle Schrodinger operators on lattice;

for the two-particle Schrodinger operator associated to a system of two
particles (fermions) with pair interactions on neighboring sites of lattice to
determine the number of eigenvalues and threshold phenomena of the essential
spectrum depending on the interaction energy of the particles and the total quasi
momentum of the system of two particles;

to prove infiniteness of the number of eigenvalues (the Efimov effect) and to
establish the asymptotic behavior of the eigenvalues of the three-particle
Schrodinger operator associated to a system of three particles (bosons) with pair
two-particle short-range potentials in the three-dimensional lattice;

to establish the existence and finiteness of the number of eigenvalues of
Schrodinger operators associated to a system of three particles with a pair two
particle zero-range potential on the one and two-dimensional lattices.

The research object - Schrodinger operators associated to systems of two
and three particles on lattice interacting via short-range pair potentials. The
research subject - spectral analysis of two-particle Schrodinger operators
associated to systems of two identical particles (fermions or bosons) on lattice, the
three-particle Schrodinger operator associated to a system of three identical
particles (bosons) on lattice.

Research methods - methods of mathematical analysis, mathematical
physics, functional analysis and complex analysis.

The scientific novelty consists of the following:

the conditions for existence of the eigenvalues outside the essential spectrum
of the Schrodinger operator associated to a system of two identical particles
(fermions) with a short-range potential in all dimensions of the lattice is found;

the finiteness of the number of eigenvalues lying outside of the essential
spectrum of the Schrddinger operator associated to a system of two identical
particles (fermions) with a short-range potential on lattice is proved;

the number and location of eigenvalues of Schrodinger operator associated
to a system of two particles (fermions), interacting on neighboring sites of lattice
for all values of the parameters of the operator is determined;

the asymptotic behavior of eigenvalues lying below of the essential spectrum
of the Schrodinger operator associated to a system of three particles (bosons) with



short-range pair potentials in the three-dimensional lattice is studied;

the finiteness of the number of eigenvalues lying below the essential
spectrum of the Schrodinger operator associated to a system of three particles
(bosons) with short-range pair potentials in the three-dimensional lattice for
nonzero values of the quasi-momentum in the neighborhood of zero is shown,;

the existence of eigenvalues of the Schrodinger operator associated to a
system of three particles with pair two-particle zero-range potential in the one and
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two-dimensional lattices is proved. Our result is the first one in the theory of the
three-particle Schrodinger operators.

Practical results of the study consists in the possibility of using the
findings of the analyticity of bound states in the study of qualitative properties of
experimental observations and numerical calculations in solid state physics and
quantum mechanics.

The reliability of the results of the study. Our results have been obtained
under the rigorous of mathematical reasoning using the methods of mathematical
analysis, mathematical physics, functional analysis and complex analysis.

The scientific and practical significance of the research results. The
scientific importance of the results of the study lies in the fact that they can be used
in the spectral theory of self-adjoint operators, quantum mechanics, solid state
physics, quantum field theory, in particular, solutions of problems related to the
spectrum of Hamiltonians of systems of two and three particles on lattice. The
practical significance of the dissertation work is determined by the fact that the
obtained results serve as a theoretical basis of experimental observations, carried
out in solid-state physics and quantum mechanics.

Implementation of the research results. The results obtained in the dissertation
work were used in the following international research projects: our methods of
determining the number of eigenvalues of the Schrodinger operator associated to a
system of two particles on lattice have been used in the foreign project research
QJ130000.2726.01K82 on “Eigenvalue problem for the two particle Schrodinger
operator on lattice” for some two and three-particle discrete Schrodinger operator.
(Malaysia Technology University, a certificate, dated November 1, 2016). The
application of our results helps to study the basic properties of the two-particle
operators and describe the essential spectrum of the Hamiltonian of system of three
particles with some exotic specific potentials; our the results for discrete
Schrodinger operators have been used in the foreign research project
ERGS/1/2/2013/STG06/UKM/01/2 on “Investigations of the Roles of the Third
Variables in Analysing Statistical relationship functions” for the generalized
Friedrichs model of rank one. (University Kebangsaan Malaysia, a certificate dated
October 26, 2016). The application of results of the dissertation helped to get
Puiseux series for the eigenvalues of aforementioned model operator. Approbation
of the research results. The main results of the study has been discussed at
scientific conferences, including: the Republican Conference of Young Scientists
(Tashkent, 2003, 2004), “Partial Differential Equations and related problems of



analysis and informatics” (Tashkent, 2005), “Modern problems of mathematical
physics and information technology” (Tashkent, 2005), “The algebra of operators
and the quantum theory of probability” (Tashkent, 2005), “Modern problems of
mathematical analysis” (Urgench, 2012), “Ill-posed and non classical problems of
mathematical analysis and mathematical physics” (Samarkand, 2012),
“International Seminar on Mathematics and Natural Sciences” (Samarkand, 2013),
“Modern problems of differential equations and their applications” (Tashkent,
2013 .), “Non-classical equations of mathematical physics and their applications”
(Tashkent, 2014), “Modern methods of mathematical
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physics and their applications” (Tashkent, 2015), “IV Congress of the Turkishc
World mathematical Society” (Baku 2011), the third international Russian-Kazakh
Symposium (Terskol, 2014). Talks and reports passed a wide approbation. The
results also have been discussed in the seminar on “Mathematical analysis and its
applications in modern mathematical physics” (Samarkand State University), in the
seminar of the Institute of Applied Mathematics (University of Bonn, Germany,
2004, 2007), in the national seminar on “Operator algebras and their applications”
(Institute of Mathematics at the National University of Uzbekistan, 2013, 2016), in
the seminar on “Functional analysis and application” (National University of
Uzbekistan, 2014-2016).

Publications of the research results. On the topic of the dissertation 41
research papers has been published in the scientific journals, 13 of which are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the doctoral theses, in addition 6 of them
were published in international mathematics and physics journals and other 7 in
national mathematical journals.

The volume and structure of the dissertation. The dissertation consists of
an introduction, four chapters, conclusion and bibliography. The volume of the
thesis is 161 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
importance of the obtained results, and give an information on the implementation
of the research results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled “Spectral properties of bounded
operators (Preliminary information)” we reduce some necessary preliminary
information, including theorems of spectral theory of self-adjoint operators,
perturbation theory, which we employ in the formulation of the main results of the
thesis.



The second chapter, titled “Two-particle Schrodinger operators
corresponding to systems of two particles (fermions) on the lattice”, is devoted
to the study of the spectral properties of Schrodinger operators corresponding to
the system of two identical particles (fermions) interacting via short-range
potentials on d- dimensional lattice’ #* , d 21. We study the eigenvalues and
threshold effects of the essential spectrum of the operator depending on the quasi

()? # Cartesian
2
momentum of the system. Let ¢ ¥ be d -dimensional lattice and — 242

product of .7 ¥ Denote by [() ]
+ #Hilbert space of square-summable functions
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deﬁned Onz 2,ad22d?2
() #and by [() ] [() ]
+ ¥ C <4 #subspace of antisymmetric
functions.

Free Hamiltonian hg of the system of two identical particles (fermions) in
the coordinate representation is defined by the operator acting in
Hilbert space 2442
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where A=A ® 2d

,, andm > 0 — mass of the fermion, 7 — the
identity operator in space ()

[ ¥ and the symbol ®denotes the tensor product of
operators. The lattice Laplacian Ais the difference operator which describes the
transfer of particles from one site to the neighboring one, i.e.
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Hamiltonian of a system of two fermions (two-particle Hamiltonian) 77" 244
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describes the interaction of two particles in a Hilbert space [( ) ]
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where v* — the multiplication operator by the real-valued function of the form
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Let “ Mbed - dimensional torus, i.e. cube
identified opposite faces. It is regarded as an Abelian group with the operations of
addition and multiplication by a real number given by the addition and 1T * and ()
e . 2d
Eggﬁggez;(;n’dby a real number in ¢ pxby L &be Hilbert 20424

space of square-integrable functions defined on ‘ Fand( ) ()
L R C L Rbe
subspace of odd functions.
After application of the Fourier transform and separation of the total quasi
momentum of the system of two particles and decomposition to the direct integral
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By Hypothesis 1 perturbation vof the operator ()

o h kbelongs the trace class
operators, consequently, by the Weyl theorem the essential spectrum (4(k)) O ,,0f
the operator A(k),which is defined in (3), coincides with the spectrum of the
operator (). o/ kSince ()

o h kis the operator of multiplication by the function we
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For any ¢
kER \ (—17,1)
and < () ..z s k) we define the Birman-Schwinger integral operator guey(k,z)with

the kernel

57
1 1
(,5,)=
2
vptvtsdtkzps
b g - - d—
1
2) J ()
()O)
1 We note that for ¢*!
= 1a11<()minzﬂkl‘z
wg(kz) =vr(kz)v,
2 2
0
where (,)
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Defination 1. Let d =lor 2 and Hypothesis 1 holds. Assume that equation
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energy resonance, if
1

W
002,
"Pel i
7 Op L 0).

Assume, that Hypothesis 1 holds. Then the following statements hold:
Theorem 1. Let d =1or d=2. If the operatori(0)has a zero energy resonance or z =
Ois eigenvalue of the operatork(0), then for any k£ =/ Othe operator /(k)has
eigenvalue below the essential spectrum.



Theorem 2. Let d 2 3.1f the number z = Ois an eigenvalue of multiplicity »n of
the operator /(0), then for all £ =/ Othe operator /(k)has at least neigenvalues below
the essential spectrum.

k €(—T11,1M)and d E®the operator /(k)may have
Theorem 3. For any ¢

only a finite number of eigenvalues below the essential spectrum. Remark 2. Since
perturbed operator vis positive, 4(k)has no eigenvalue above (). .. £
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In the third chapter of the thesis titled “The Asymptotics of the eigenvalues
of the three-particle Schrodinger operator on a lattice”, we prove the existence
of the Efimov effect and obtain asymptotic formulas for the number of eigenvalues
lying to the left of the essential spectrum of the Schrdédinger operator
corresponding to a system of three particles (bosons) with short-range pair
potentials on the three-dimensional lattice. We show the finiteness of the number
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of eigenvalues located to the left of the essential spectrum for nonzero values of
the quasi-momentum in the neighborhood of zero.

In the first and second sections of Chapter 3 of the thesis the energy
operatorsy, , 77 of systems of two and three bosons on the lattice,d 21
d %

79
interacting via attractive short-range pair potentials. These operators are described
in the momentum representation. After separation of the total quasi-momentum of
the system, the operators /# , Hare decomposed into von Neumann direct integral
and are reduced to the study of families of operatorsh(k), ¢
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+ #Dbe the Hilbert space of square-summable functions, defined 2s5am24

on the Cartesian product () ,d =1,2,... 9" #and let [( ) ] [() ]

+ # C 4+ #be
subspace of symmetric functions with respect to permutations of variables. In the
coordinate representation the energy operator of the system of two free identical
particles (bosons) with a mass ofm =1on d - dimensional lattice ¢ # is represented

by a bounded self-adjoint operator, 4in a Hilbert space[( ) ]
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Similarly, the free energy operator , 77 of the system of three identical free

quantum particles (bosons) on d - dimensional lattice ¢ #is defined in the Hilbert
2,5d3
space [() ]

+ #Dby formula:
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The total energy operator g7 of the complete system of three identical quantium v v
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In the third section of Chapter 3 we introduce the notion of a resonance with
zero energy for the two-particle discrete Schrodinger operator.
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Walmost all 3

00
vp

fp()_ ="
()= s pz

23
L & In this case f €EKer(h(0) — zI). Moreover, ifz < 0 , then
belongs to ()
dimKer(#(0) — z/) = dimKer(/ — g=(0,2))
and 00

1

v Ker(())=110=
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Definition 2. We say that the operator /4(0)has zero energy resonance (threshold), if
1 is eigenvalue of the operator g=4(0,0)and the corresponding Wsatisfies the

condition
eigenfunction(normalized)
1
Wy
(0 2.5
K
2 0
. L O
ie. - O O &

e

1< dimKer(7 —g(0,2)) = dimKer(4(0) — z[) +1.
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Theorem 5. Suppose that the Hypothesis 2 is satisfied. Let 4(0)has a zero

energy resonance and 4(0) = 0. Then for all > €&,
kthe operator/(k)has a unique
positive eigenvalue z(k)located to the left of essential spectrum. Moreover, there
exists a neighbourhood (0) Usof zero, such that for all (0) Us
k €the functionz(k)
is even and continuous in (0) Us.

ted) GO EKEKKKEKEKKK
o min a 3
3 max 3
of kkel e R
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kk
Theorem 6. For the essential spectrum of the operator H(K), * K Efthe
following equality holds:
o ) O¢E

SS+_U

e

(O)={COH OO, O]
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3

€

holds, where (h(k)) O s the discrete spectrum of the operator * i(k), k EX& .

The sets
)

ess min max @»

OHKEKEKEKkk(()=[0),0F{(,)}

kk

= ap o o€
)
(resp. 5 @»

a

OHK hpKp ot =(O)={(O)(
)

P F Y

€ 3

are called the three particle part (resp. two particle part) of the essential spectrum
of H(K).

We denote by N(K,z)the number of eigenvalues of the operator H(K), > K
ERlying below z <T (K),where (K) = inf (H(K)). O ,,, T Remark 5. Under the
assumption of Theorem 5. the equalities
((0) =0, (0)] 0 .\, H E,and (H(K)) = [K €&y
(K),E (K)] v5s mae O Thold, where for any .’T (K) >0

Theorem 7. We suppose that the condition of the theorem 5 is fulfilled. Then
the operator H(0)has infinitely many eigenvalues lying below the bottom of the
essential spectrum and the function N(0,z)obeys the relation

Nz(,) 0 A

_ 9

lim %o 1T
| log |||
: °TzZ 2

where solution of the equation TTA
A.is the unique positive

A /6. cosh

= mA 2

8sinh 3

Theorem 8. Let the assumption of the Theorem 5 is fulfilled. Then for all °K
€Uy 0the number N(K,0)is finite and has the asymptotics



0)
NK lim K A, TT
(,0)
K -
ol
| log |
Remark 6. If the operator /#(0)has a negative eigenvalue, then

(H(K)) = [ (K),E (K)], scc mae O Twhere T (K) < Ofor all 2 K ER&]n this case, the
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three particle operator has a non-empty two particle essential spectrum and
N(K,T (K)) < oo,

In the fourth chapter of the thesis, titled “About the existence and
finiteness of the number of eigenvalues of the three-particle Schrodinger
operator on lattice” we show the existence and finiteness of the number of
eigenvalues located to the left of the essential spectrum of the Schrodinger operator
corresponding to a system of three identical particles (bosons), interacting with
pair wise zero-range potential on the one-dimensional and two-dimensional lattice.

In the first section of the chapter, the Schrodinger operators corresponding to
the system of two and three identical particles, interacting via a pair wise zero
range potential, is presented in the momentum representation.

Let

0=,
By ¢ xx

where O ..— Kroneckergy
VX=X symbol. gy

Two particle Schrodinger operator 4 (k), ,,°

k ERcorresponding to the
2ed

system of two bosons with a zero-range potential acts in ()

L Bas

ohkhkAv,+
O=0.
Where
1
vipfadq /L &
() =
S
[ o
2) A (), ()«

A < 0( attractive(repulsive) particles.

A > 0) is contact interaction energy of



Similarly, the three particle operator H (K), »Y K EMis defined by the
formula:
O=0) ). KiKH, K+ ANV +V,+V;

2,5d2
Here ‘ Hy(K), K E@acts in [( ) ]
L Bas the multiplication operator by the

function:

(O)G)=G)G)LIOL??
”ngquEququfeLﬁ

where
EK;p,q)=¢€(K—p—q)+e(p) e (q).

2,5d2
The operator 4 =V, +V,+V;actsin [() ]
L Jand can be represented in the

p q € Has
coordinates *
() ()
(f)wq)=fptdtftqdtftKpqdt
QA 1 1 1
+ 4 — -
I
2) () d () d (,).
TTTIT
‘ 2) « 2)
A8
Theorem 9. For any xdefined by the
A # Othe essential spectrum of H (K)
equahty @») @\»
(()): { () +(_)} [E()aE()] essspecminmaxo-gp)\aHKekKk
KK
k cR d

\is a unique eigenvalue of the operator ¢

where e (k) h(k), k EX& .
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d

Let Us [ pAK)] ={K € :| K = p\(K)|< 0} -
<& 0 = 0 (K)be neighbour hood of the point ¢

PNK)ER, .

We have the theorem, which states that the number of eigenvalues of the
operatorH (K)
xas well as the regularity of the eigenvalues and the corresponding



bound states.
Theorem 10.Let A <O.
d=1,2and
1. There 1s operator H (K) yhas a
O > 0,such that for all [0] K €EUsthe

finite number of eigenvalues (),..., () £,,K E, ) Klying below the bottom of the

essential spectrum ( (1)) O egopec LK .
W ,of the operator H (K)

2,2
sd

2.Boundstate [() ] zx.. € L 3& A .
xcorresponding 42

.00
to eigenvalue (), [0] E\ K K €EUsis regular as a function of (, ) () .

pq €&
Moreover, the eigenvalue (), [0] E\K €Us
-and the vector-valued mapping

S“ULULK

22,2
W5 — ol — W are also regular as a function

([OTLI0L [O) 11, 2k

0
A

of ‘K ER
One of the main results of this chapter is the following theorem on existence
of bound states of the operator? Hy(K), K €&

Theorem 11. Letd =1,2.

1. For all T.
A < 0and ‘K ERthe operator H (K) ’
\has an eigenvalue E (K) ,
lying below the bottom of essential spectrum ( () esspec 4 K
A

2. For all xhas an eigenvalue E (K) ,,
A > 0and K ERthe operator H (K)

T t

lying above the top of essential spectrum ( () essspec F K
A

Corollary 2. For sufficiently large | A |> Otwo particle a,resp. three particle
[ e

Hamiltonian H)has an isolated band spectrum ",i "max€ (©)]

yrand
kk

E . ,
[min () maxZ (K)]

KK
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CONCLUSION

The thesis is devoted to investigate the essential and discrete spectra of two
and three-particle Schrodinger operator corresponding to the system of two or three
identical particles (bosons or fermions) interacting via short-range pair potentials
on lattices.

Basic results of the research are as follows.

1. We introduce the notion of resonance for the Schrddinger operator
corresponding to a system of two identical particles (fermions) interacting via
short-range potential on one-dimensional and two-dimensional lattice.

2. We find the conditions for existence of the eigenvalues lying outside of
the essential spectrum of the Schrédinger operator corresponding to a system of
two 1dentical particles (fermions) interacting via short-range potential for all
dimensions of the lattice.

3. We determine the number and location of the eigenvalues of the
Schrodinger operator corresponding to a system of two particles (fermions),
interacting on neighboring sites of latticefor all parameters of the operator.

4. We obtain an asymptotic formula for the number of eigenvalues lying to
the left of the essential spectrum of the Schrodinger operator corresponding to a
system of three particles (bosons) with short-range pair potentials in the
threedimensional lattice.

5. We show the finiteness of the number of eigenvalues lyingbelow the
essential spectrum of the Schrédinger operator corresponding to a system of three
particles (bosons) with short-range pair potentials on thethree dimensional lattice
for nonzero values of the quasi-momentum in the neighborhood of zero.

6. We prove the existence of an eigenvalue lying outside of the essential
spectrum of the Schrodinger operator corresponding to a system of three particles
with pair contact potentials on one dimensional and two dimensional lattice, which
is the only result in the theory of discrete Schrodinger operators.

7. Weestablish the finiteness of the number of eigenvalues lying below the



bottom of the essential spectrum of the Schrédinger operator corresponding to a
system of three particles with zero-range pair potentials on oneand two dimensional
lattices.
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