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ABSTRACT: - In this paper, we study input-state stability (ISS) of equilibrium for a scalar conservation 
law with nonlocal velocity and measurement error occurring in a high-volume reproducible system 
. Using the corresponding Lyapunov function, we derive sufficient and necessary conditions on ISS. 
We propose a numerical discretization of the scalar conservation law with nonlocal velocity and 
measurement error. For the proposed numerical approximation, the appropriate discrete Lyapunov 
function is analyzed to provide the ISS of the discrete equilibrium. For the proposed numerical 
approximation, the appropriate discrete Lyapunov function is analyzed to provide the ISS of the 
discrete equilibrium. Finally, we show computational results to confirm the theoretical conclusions. 

 

KEYWORDS: Stabilization of feedback; input-state stagnation; nonlocal velocity. 

 

INTRODUCTION 

Items that go through many production steps . 
This type of production system has fluid-like 
properties and has been successfully modeled 
by continuum models [1-5]. In these models, 
the output and production rate at different 
production stages are the quantities of 
interest. 

Involving a high-level processing system where 
products visit the machines several times , 
such as semiconductor device manufacturing, 
[3] introduced a Lighthill-Whitham-inspired 
continuum model - motion model [6]. The 
dynamics of this model is given 
mathematically by a hyperbolic partial 
differential equation of the form: 
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𝜕𝑡𝜌(𝑡, 𝑥) + 𝜆(𝑊(𝑡))𝜕𝑥𝜌(𝑡, 𝑥) = 0,    𝑡 ∈ [0; +∞), 𝑥 ∈ [0; 1],        (1) 

here - _𝜌(𝑡, 𝑥)  𝑡product density describing 𝑥 −the total mass in time , 𝑊(𝑡)production stage, 

𝑊(𝑡) = ∫ 𝜌(𝑡, 𝑥)𝑑𝑥,          𝑡 ∈ (0; +∞)
1

0
(2) 

 

 

Unlike classical transport flow models, the differential equation depends on the nonlocal quantity 

(2).𝜆(𝑊(𝑡)) function is the characteristic speed. In production systems, it is natural to assume that 

the velocity function is positive and that the velocity decreases as the total mass increases. In the 

production system, the initial density of products at the production stage is taken as initial data :𝑥 

 𝜌(0, 𝑥) = 𝜌0(𝑥),     𝑥𝜖[0; 1](3) 

and current is used to control the system or to stabilize the system at equilibrium. Since the velocity 

is positive, we only 𝑥 = 0require the boundary conditions at , i.e., the flow is defined as: 

       𝜌(𝑡, 0)𝜆(𝑊(𝑡)) = 𝑈(𝑡),       𝑡 ∈ [0;+∞)(4) 

𝜆,𝜌0 and 𝑈under appropriate assumptions on , the existence and uniqueness of the classical 

solution of the Cauchy problem for the scalar conservation law of equation (1) with equations (3) 

and (4) was proved in [7-10]. 

In this work, our focus is on hyperbolic problems. In connection with the nonlocal velocity 

(hyperbolic) scalar conservation law, in [10] the authors studied the global feedback stability of the 

closed loop system in equation (1) under the feedback law. 

             𝑈(𝑡) − 𝜌∗𝜆(𝜌∗) = 𝑘 (𝜌(𝑡, 1)𝜆(𝑊(𝑡)) − 𝜌∗𝜆(𝜌∗)) ,      𝑡𝜖(0, +∞)(5) 

where is the feedback 𝑘 ∈ [0; 1)parameter and 𝜌∗ ∈ 𝑅is the given equilibrium. They generalize the 

stability results of [7] using the Lyapunov function. In particular, for a given equilibrium 𝜌∗ = 0and 

total velocity function , the global stabilization result 𝐿𝑝  (𝑝 ≥ 1)for 𝜆 ∈ 𝐶1([0, +∞); [0, +∞))the 

closed-loop system of equations (1), (3) and (5) is 𝐿2generalized to . Then, as a result of global 

stagnation, a family of velocity functions is derived for the closed-loop system of equations (1), (3) 

𝐿2and (5) . 

                   𝜆(𝑠) =
𝐴

𝐵+𝑠
,   𝑠 ∈ [0, +∞)   in this  𝐴 > 0, 𝐵 > 0(6) 

the given equilibrium 𝜌∗ > 0. Using a discrete Lyapunov function, they also established stability 

results for a discrete scalar conservation law with nonlocal velocity and using a first-order finite 

volume scheme. 

 In this paper, we study the ISS for the closed-loop system of equations (1) and (3). 
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 𝑈(𝑡) − 𝜌∗𝜆(𝜌∗) = 𝑘 (𝜌(𝑡, 1) + 𝑑(𝑡)𝜆(𝑊(𝑡)) − 𝜌∗𝜆(𝜌∗)) , 𝑡𝜖(0, +∞)(7) 

where is the bounded 𝑑(𝑡) ∈ 𝑅fluctuation in the scale. In particular, 𝜌∗ ≥ 0 we use the ISS-

Lyapunov function to check the sufficient and necessary conditions for ISS for equilibrium and the 

velocity function defined by equation (6) .𝐿2 

 2. Stability of the scalar conservation law with nonlocal velocity and measurement error. 

 Study the ISS of a closed-loop system of scalar conservation laws with nonlocal velocity and 

measurement error: 

{
  
 

  
 

𝜕𝑡𝜌(𝑡, 𝑥) + 𝜆(𝑊(𝑡))𝜕𝑥𝜌(𝑡, 𝑥) = 0,    𝑡 ∈ (0, +∞), 𝑥 ∈ (0,1),

𝜌(0, 𝑥) = 𝜌0(𝑥),     𝑥𝜖(0,1) 

𝑈(𝑡) − 𝜌∗𝜆(𝜌∗) = 𝑘 (𝜌(𝑡, 1) + 𝑑(𝑡)𝜆(𝑊(𝑡)) − 𝜌∗𝜆(𝜌∗)) , 𝑡𝜖(0, +∞)

 𝜌(𝑡, 0)𝜆(𝑊(𝑡)) = 𝑈(𝑡),       𝑡 ∈ [0; +∞)   

𝑊(𝑡) = ∫ 𝜌(𝑡, 𝑥)𝑑𝑥,          𝑡 ∈ (0;+∞)
1

0

(8) 

where is the 𝜌(𝑡, 𝑥)product density, 𝜆(∙) ∈ 𝐶1([0, +∞); [0, +∞))is the characteristic rate function, 

𝑊(𝑡)is the total mass, 𝑈(𝑡)is the controlling and 𝑘 ∈ [0,1]non-negative feedback parameter, is the 

𝜌∗ ≥ 0equilibrium density, and is the 𝑑(𝑡) ∈ 𝑅bounded (known) fluctuation in the scale. The weak 

solution of the closed loop system in Equation (8) is defined below. 

 Definition 1 (weak solution). We fix that T > 0.𝜌 ∈ 𝐶0([0, 𝑇];  𝐿1(0,1)) The function (8) is 

called a weak solution if 𝑠 ∈ (0, 𝑇]the following equation holds for each and each 𝜑𝜖𝐶1([0, 𝑠] ×

[0,1])satisfying 𝜑(𝑠, 𝑥) = 0, ∀𝑥 ∈ [0,1]and :𝜑(𝑡, 1) = 𝑘𝜑(𝑡, 0), ∀𝑡 ∈ [0, 𝑠] 

∫ ∫ 𝜌(𝑡, 𝑥)(𝜕𝑡𝜑(𝑡, 𝑥) + 𝜆(𝑊(𝑡))𝜕𝑥𝜑(𝑡, 𝑥)𝑑𝑥𝑑𝑡 + ∫ ((1 − 𝑘)
𝑠

0

1

0

𝑠

0

𝜌∗𝜆(𝜌∗) + 𝑑(𝑡))𝜑(𝑡, 0)𝑑𝑡

+ ∫ 𝜌(0, 𝑥)𝜑(0, 𝑥)
1

0

𝑑𝑥 = 0 

𝑑 ≡ 0, 𝜌∗  ≥  0, p ∈  [1, +∞)  and  k ∈  [0, 1]be given. Then, the existence and uniqueness 

of the non-negative weak solution of ρ ∈  𝐶0([0, +∞); the closed circuit system in equation (8) 

𝐿𝑝(0,1)and the non-negative classical solution are in ρ ∈  𝐶1([0, +∞) × [0,1])[ 7,10 ]. 

Analyze the ISS for the system of equations (8) in the sense of the following definitions . 𝜌∗  ≥

 0It is also known as global ISS. Note that ISS Lyapunov functions can be defined in a very general 

way, and we refer to ([31], Definition 2.11) for such a definition. In the following definition (3), we 

introduce the ISS-Lyapunov functions adapted to the system of equations (8). 

Definition 2 (Introduction stagnation (ISS)).𝐷 >  0 let it be The equilibrium of the closed-loop 

system in equation (8) is 𝜌∗  ≥  0the 𝐿2-norm exponential ISS under any perturbation function 𝑑(·

)  ∈  𝐿∞(0,∞), ‖𝑑‖𝐿∞(0,∞) ≤ 𝐷if there 𝑑are positive constants independent 𝛾1, 𝛾2, 𝛾3of , for each 
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initial condition 𝜌0(𝑥)  ∈  𝐿
2(0, 1)the closed-loop system in equation 𝐿2- changes are introduced. (8) 

satisfies the following 

‖𝜌(𝑡,·) − 𝜌∗ ‖𝐿2 ≤ 𝛾2𝑒
−𝛾1𝑡‖𝜌0  − 𝜌

∗ ‖𝐿2 + 𝛾3‖𝑑(𝑠)‖𝐿∞(0,𝑡), 𝑡 ∈  [0, +∞).(9) 

So, the 𝑑 ∈ 𝐷 ∶= {𝑑(∙)𝜖𝐿∞(0.∞): ‖𝑑‖𝐿∞ ≤ 𝐷}ISS is in equilibrium with respect to its 

disturbances .𝜌∗  

Definition 3 (ISS-Lyapunov function). The function L ∶  𝐿2(0, 1) →  𝑅+is if 

(i)   𝛼1 > 0and 𝛼2 > 0if there are positive constants, for all solutions, ρ ∈  𝐶0([0,∞) )it 

helps to be the ISS-Lyapunov function for the closed-loop system in equation (8), 

𝐿2(0, 1)and t ∈  [0, +∞)at 

                 𝛼1‖𝜌(𝑡,∙) − 𝜌
∗‖
𝐿2
2 ≤ 𝑳(𝜌(𝑡,∙)) ≤ 𝛼2‖𝜌(𝑡,∙) − 𝜌

∗‖
𝐿2
2 ,(10) 

(ii) > 0and 𝑣> 0 are positive constants such that for all solutionsρ ∈

 𝐶0([0,∞); 𝐿2(0, 1));  t ∈  [0, +∞) 

                      
𝑑

𝑑𝑡
𝑳(𝜌(𝑡,∙)) ≤ − 𝑳(𝜌(𝑡,∙)) + 𝑣𝑑2(𝑡). 

L , we, for example, ([31], Section 2.2). To simplify the definition , we also include the following 

function: 

(11) L(𝑡):=  𝑳(𝜌(𝑡,∙)),                                                                                                                

where is ρ ∈  𝐶0([0,∞); 𝐿2(0, 1)) −the solution of equation (8). 

Theorem 1 ( 𝜌∗ ≥ 0for ISS). Any𝜌∗ ≥ 0,   𝑘 ∈ [0,1), 𝑅 > 0, 𝐷 > 0  and   can be plotted on 𝜌0 ≥ 0(0, 

1) any satisfying . 𝜌0 ∈ 𝐿
2(0, 1)It can also be assumed 

                                ‖𝜌0(·) − 𝜌
∗ ‖𝐿2(0,1) ≤ 𝑅. (12) 

 has 𝜌 ∈  𝐶0([0,∞); 𝐿2(0, 1))an almost everywhere nonnegative weak solution , 𝜆given by 

equation (6). 

steady state of the system in equation (8) . is the 𝜌∗normally exponential ISS 𝑑 ∈ {𝑑(∙) ∈
𝐿∞(0,∞): ‖𝑑‖𝐿∞ ≤ 𝐷}with respect to any distortion function , where 𝐿2 −. 
 The proof of this theorem is detailed in [1]. 

3. Numerical study of the asymptotic stability of the scalar conservation law with nonlocal 
velocity and measurement error 
We divide the field F using an equally spaced grid with cell 𝐽 ∈ 𝑁width ∆𝑥𝐽 = 1[0,1] ∆𝑥. The 

cell centers 𝑥𝑗 = (𝑗 −
1

2
) ∆𝑥,are denoted by and , and 𝑗 ∈ {1,… , 𝐽}the field boundary is 𝑥0and 𝑥𝐽, 

respectively. Furthermore, we 𝑊(𝑡)discretize , 

𝑊𝑛 = ∆𝑥 ∑ 𝜌𝑗
𝑛,    𝑛 ∈ {1,2, … }

𝐽
𝑗=1 (13) 
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Values of the solution at the 𝜌𝑗
𝑛 = 𝜌(𝑡𝑛, 𝑥𝑗)node point . Furthermore, we 𝜆𝑛define the discrete 

values by: 

𝜆𝑛 ≔  𝜆(𝑊𝑛) =
𝐴

𝐵+𝑊𝑛
,   𝐴 > 0, 𝐵 > 0,(14) 

where denotes discrete time, so the time step Δ𝑡satisfies 𝑡𝑛 = 𝑛Δ𝑡, 𝑛 ∈ {0,1, … }the stationarity 
condition due to the Courant-Friedrichs-Lévy condition (CFL). This means that the condition Δ𝑡is 
selected as: 

0 < 𝑟𝑛 ≔
𝜆𝑛∆𝑡

∆𝑥
≤ 1, ∀𝑛 ∈ {0,1, … }.(15) 

 For all𝑛 ≥ 0 𝜆𝑛 ≤
𝐴

𝐵
Since , we can choose a probability small but fixed Δ𝑡such that the 

precondition ( 42 ) is true for Δ𝑡all 𝑛and Δ𝑥. This selection allows you to get the same mesh in time. 

As in the continuous case we have 𝜌∗ > 0. For given initial values �⃗�0 = (𝜌0
0, 𝜌1

0, … , 𝜌𝐽
0)𝑇, here 𝜌𝑗

0 ≥

0, 𝑗 ∈ {0,… , 𝐽}we use the first-order finite volume scheme given by the revealed counterflow 
method to discretize the system of equations (8). 

{
𝜌𝑗
𝑛+1 = (1 − 𝑟𝑛)𝜌𝑗

𝑛 + 𝑟𝑛𝜌𝑗−1
𝑛 ,    𝑗 ∈ {1, … , 𝐽},   𝑛 ∈ {0,1, … },

𝜌0
𝑛+1 = 𝑘𝜌𝐽

𝑛+1 + (1 − 𝑘)
𝜌∗𝜆(𝜌∗)

𝜆𝑛+1
+ 𝑘𝑑𝑛+1,   𝑛 ∈ {0,1, … }.

(16) 

4. Numerical modeling 

In this section, we illustrate the theoretical results of Sections 2 and 3 by presenting numerical 

calculations of the ISS scalar conservation law with nonlocal velocity and bounded measurement 

error. We apply the discretization introduced in the previous section and 𝐴 = 𝐵 = 1, resulting in a 

characteristic speed function. 

𝜆(𝑊(𝑡)) =
1

1+𝑊(𝑡)
,   in this    𝑊(𝑡) = ∫ 𝜌(𝑡, 𝑥)𝑑𝑥

1

0
(17) 

As a measurement error, we consider the following: 

𝑑(𝑡) = 2.4 × 10−3 sin(𝑡) , 𝑡 ∈ (0,∞)(18) 

Example 1 

In this example 𝑥 ∈ [0, 1], the 𝜌∗ = 0equilibrium solution for and                  𝜌0(𝑥) = 1 +

sin (2𝜋𝑥)we consider the initial condition. In the figures below, the CFL condition is equal to 0.5 

(respectively 0.9 in Table 1) and the system of equations (8) for the two given conditions𝐿2 

||�⃗�𝑛 − 𝜌∗||ℓ2I will show the decay of the discrete error in Here is = 𝑎 ≤ 1a stronger condition than 

CFL (15) and it ∆𝑡means that: 

𝜆𝑊
𝑛 ∆𝑡

∆𝑥
≤ 𝑎 ≤ 1, 𝑛 ≥ 0. (19) 

 𝐶𝐹𝐿 ≤ 1 value improves the stability of the circuit due to additional artificial dispersion of 

the circuit. Due to artificial diffusion and fluctuation, we ∆𝑥observe only approximately excluded 

first-order convergence with respect to the wind-driven scheme. Figure 1 shows the convergence of 

the weak solution of equation (8) 𝑘to equilibrium for different values of . As expected, 𝑘we observe 

that the rate of decay of the Lyapunov function decreases as it increases. We also ∆𝑥 = 10−3see 

that no additional error is observed other than below the mesh resolution. 
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Table 1. ||�⃗�𝑛 − 𝜌∗||ℓ2
2  comparing with the values at different J-node points of the grid 𝜌∗ =

0, k = 0.3 and T = 10   
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Figure 1.||�⃗�𝑛 − 𝜌∗𝑒||𝐿∆𝑥2  comparing the logarithmic scale with Courant-Friedrichs-Levy  

(CFL)= 0.75 and 𝜌∗ = 0 condition. 

 

SUMMARY AND FUTURE PLANS 

The input data consistency condition (ISS) for 

a scalar conservation law with nonlocal 

velocity and bounded measurement error. The 

ISS-Lyapunov function is used to test the ISS 

stability conditions for a scalar conservation 

law with nonlocal velocity and measurement 

error. The numerical solution of the error 

decay of the ISS-Lyapunov function was 

analyzed. Finally, numerical simulations show 

theoretical results. 

An extension that can also be considered is the 

ISS with respect to the L 2 norm in time in the 

continuous and discrete case . 

The drawback of Theorem 1 is that the system 

may not have an a priori solution. As noted in 

Note 1, for the presented problem, time and It 

may be possible to extend the results of [13-

15] to obtain a continuous solution on the L 2 -

norm. This is the subject of future work. 
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