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STABILITY OF THE EQUILIBRIUM STATE FOR THE SCALAR CONSERVATION LAW WITH
NONLOCAL CHARACTERISTIC VELOCITIES
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Assistant, National University Of Uzbekistan

ABSTRACT: - In this paper, we study input-state stability (ISS) of equilibrium for a scalar conservation
law with nonlocal velocity and measurement error occurring in a high-volume reproducible system
. Using the corresponding Lyapunov function, we derive sufficient and necessary conditions on ISS.
We propose a numerical discretization of the scalar conservation law with nonlocal velocity and
measurement error. For the proposed numerical approximation, the appropriate discrete Lyapunov
function is analyzed to provide the ISS of the discrete equilibrium. For the proposed numerical
approximation, the appropriate discrete Lyapunov function is analyzed to provide the ISS of the
discrete equilibrium. Finally, we show computational results to confirm the theoretical conclusions.

KEYWORDS: Stabilization of feedback; input-state stagnation; nonlocal velocity.

INTRODUCTION

Items that go through many production steps .
This type of production system has fluid-like
properties and has been successfully modeled
by continuum models [1-5]. In these models,
the output and production rate at different
production stages are the quantities of
interest.

Involving a high-level processing system where
products visit the machines several times ,
such as semiconductor device manufacturing,
[3] introduced a Lighthill-Whitham-inspired
continuum model - motion model [6]. The
dynamics of this model is given
mathematically by a hyperbolic partial
differential equation of the form:
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9:p(t,x) + A(W(£))d,p(t,x) =0, t€[0; +), x €[0;1], (1)
here - _p(t,x) tproduct density describing x —the total mass in time , W (t)production stage,

w(t) = folp(t, x)dx, t € (0; +)(2)

Unlike classical transport flow models, the differential equation depends on the nonlocal quantity
(2)./1(W(t)) function is the characteristic speed. In production systemes, it is natural to assume that
the velocity function is positive and that the velocity decreases as the total mass increases. In the
production system, the initial density of products at the production stage is taken as initial data :x

p(0,x) = py(x), x€[0;1](3)

and current is used to control the system or to stabilize the system at equilibrium. Since the velocity
is positive, we only x = Orequire the boundary conditions at , i.e., the flow is defined as:

p(t, AW () =U(t), t€[0;+x)(4)

A,po and Uunder appropriate assumptions on, the existence and uniqueness of the classical
solution of the Cauchy problem for the scalar conservation law of equation (1) with equations (3)
and (4) was proved in [7-10].

In this work, our focus is on hyperbolic problems. In connection with the nonlocal velocity
(hyperbolic) scalar conservation law, in [10] the authors studied the global feedback stability of the
closed loop system in equation (1) under the feedback law.

@) —p*Ap*) =k (p(t, DAW(@®) — p*/l(p*)), te(0, +00)(5)

where is the feedback k € [0; 1)parameter and p* € Ris the given equilibrium. They generalize the
stability results of [7] using the Lyapunov function. In particular, for a given equilibrium p* = Oand
total velocity function , the global stabilization result LP (p = 1)for 1 € C([0, +o0); [0, +))the
closed-loop system of equations (1), (3) and (5) is L?generalized to . Then, as a result of global
stagnation, a family of velocity functions is derived for the closed-loop system of equations (1), (3)
L?and (5) .

A(s) = BL;S, s € [0,+) inthis A > 0,B > 0(6)

the given equilibrium p* > 0. Using a discrete Lyapunov function, they also established stability
results for a discrete scalar conservation law with nonlocal velocity and using a first-order finite
volume scheme.

In this paper, we study the ISS for the closed-loop system of equations (1) and (3).
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U@ = p*2(p") = k (p(t, 1) + d(OMW (D) = p°A(p"))  te(0, +0)(7)

where is the bounded d(t) € Rfluctuation in the scale. In particular, p* = 0 we use the ISS-
Lyapunov function to check the sufficient and necessary conditions for ISS for equilibrium and the
velocity function defined by equation (6) .L?

2. Stability of the scalar conservation law with nonlocal velocity and measurement error.

Study the ISS of a closed-loop system of scalar conservation laws with nonlocal velocity and
measurement error:
([ 9.p(t,x) + A(W(t))aep(t,x) =0, tE€(0,+), x € (0,1),
p(0,x) = po(x), xe(0,1)
QUE) —p a(p™) = k (p(t. D +d®AW D) - p*/l(p*))  te(0, +0)(g)
p(t, AW () =U(t), tE€[0;+x)
\ W) = [, p(t,x)dx, € (0;+o)

where is the p(t, x)product density, A(+) € C1([0, +); [0, +0))is the characteristic rate function,
W (t)is the total mass, U(t)is the controlling and k € [0,1]non-negative feedback parameter, is the
p* = Oequilibrium density, and is the d(t) € Rbounded (known) fluctuation in the scale. The weak
solution of the closed loop system in Equation (8) is defined below.

Definition 1 (weak solution). We fix that T > 0.p € C°([0,T]; L*(0,1)) The function (8) is
called a weak solution if s € (0, T]the following equation holds for each and each peC*([0,s] x
[0,1])satisfying ¢ (s,x) = 0,Vx € [0,1]and :@(t, 1) = ke(t,0),Vt € [0, s]

s r1 S
[ [ pen@een +2wo)ow0dxde + [ (@ -k)pA0") +d©)o 0)dt
0 Y0 0

+] p(0,x)p(0,x)dx =0

d=0,p" =2 0,p € [1,40) and k € [0, 1]be given. Then, the existence and uniqueness
of the non-negative weak solution of p € C°([0, +); the closed circuit system in equation (8)
L?(0,1)and the non-negative classical solution arein p € C*([0,4+) X% [0,1])[7,10].

Analyze the ISS for the system of equations (8) in the sense of the following definitions . p* >
Olt is also known as global ISS. Note that ISS Lyapunov functions can be defined in a very general
way, and we refer to ([31], Definition 2.11) for such a definition. In the following definition (3), we
introduce the ISS-Lyapunov functions adapted to the system of equations (8).

Definition 2 (Introduction stagnation (ISS)).D > 0 let it be The equilibrium of the closed-loop
system in equation (8) is p* = Othe L?-norm exponential ISS under any perturbation function d (-
) € L”(0,00), [[dl[1(0,c0) < Dif there dare positive constants independent y1,y2,y3of , for each
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initial condition py(x) € L*(0, 1)the closed-loop system in equation L*- changes are introduced. (8)
satisfies the following

lp(t,) —p* llz < v2e ™ lpe —p* Iz + ¥3lld(S)loor), t € [0,+0).(9)

So, the d € D := {d(-)eL®(0.00): [|d||,» < D}ISS is in equilibrium with respect to its
disturbances .p*

Definition 3 (ISS-Lyapunov function). The function L : L2(0,1) —» R,is if

(i) a; > 0and a, > 0if there are positive constants, for all solutions, p € C°([0, ) )it
helps to be the ISS-Lyapunov function for the closed-loop system in equation (8),
L?(0,1)and t € [0,+o0)at

arllp(t,) — p*llz < L(p(t)) < allp(t) — p*lI72,(10)
(i) m> Oand v> 0 are positive constants such that for all solutionsp €

C°([0,0); L2(0,1)); t € [0, +)

= L(p(t) < —n L(p(t,) + vd?(2).

L, we, for example, ([31], Section 2.2). To simplify the definition , we also include the following
function:

(1) L®):= L(p),
whereisp € C°([0,); L2(0,1)) —the solution of equation (8).

Theorem 1 ( p* > Ofor ISS). Anyp* =0, k €[0,1), R > 0,D > 0 and can be plotted on p, = 0(0,
1) any satisfying . p, € L?(0, 1)It can also be assumed

lpo () — p* ”L2(0,1) < R.(12)
has p € CO([O, ); L*(0, 1))an almost everywhere nonnegative weak solution , Agiven by
equation (6).

steady state of the system in equation (8) . is the p*normally exponential I1SS d € {d(-) €
L*(0,): ||d]||,~ < D}with respect to any distortion function , where L* —.
The proof of this theorem is detailed in [1].

3. Numerical study of the asymptotic stability of the scalar conservation law with nonlocal
velocity and measurement error
We divide the field F using an equally spaced grid with cell ] € Nwidth Ax] = 1[0,1] Ax. The

cell centers x; = (j - %) Ax,are denoted by and , and j € {1, ..., J}the field boundary is x,and x;,

respectively. Furthermore, we W (t)discretize

Wm=AxYI_ pl, ne€{12,..}13)
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Values of the solution at the ,0}1 = p(t", x;)node point . Furthermore, we A"define the discrete
values by:

A= AW™) = ——, A>0, B>0,14)
where denotes discrete time, so the time step Atsatisfies t™ = nAt,n € {0,1, ... }the stationarity

condition due to the Courant-Friedrichs-Lévy condition (CFL). This means that the condition Atis
selected as:

0<rm = % <1, vn € {0,1,..}(15)

For alln > 0 A" < §Since , we can choose a probability small but fixed Atsuch that the
precondition (42 ) is true for Atall nand Ax. This selection allows you to get the same mesh in time.
As in the continuous case we have p* > 0. For given initial values §° = (pg, p1, ..., p})7, here p? >

0,j €{0,...,J/}we use the first-order finite volume scheme given by the revealed counterflow
method to discretize the system of equations (8).

PPt =1 —-rMpf +rply, jE{L,..,J} ne{01, ..},
Pt = kpttl 4 (1 — k) 2D 4 kgt ne {0, ...},

An+1

(16)

4. Numerical modeling

In this section, we illustrate the theoretical results of Sections 2 and 3 by presenting numerical
calculations of the ISS scalar conservation law with nonlocal velocity and bounded measurement
error. We apply the discretization introduced in the previous section and A = B = 1, resulting in a
characteristic speed function.

AW®) =——, inthis W(t) = [, p(t, x)dx(17)

1+w ()
As a measurement error, we consider the following:
d(t) = 2.4 x1073sin(t), t € (0,00)(18)
Example 1

In this example x € [0, 1], the p* = Oequilibrium solution for and po(x) =1+
sin(2mx)we consider the initial condition. In the figures below, the CFL condition is equal to 0.5
(respectively 0.9 in Table 1) and the system of equations (8) for the two given conditionsL?
[|6™ — p*|| 2! will show the decay of the discrete error in Here is = a < 1a stronger condition than
CFL (15) and it Atmeans that:

Ty=<a<1,nz0.(19)

CFL < 1 value improves the stability of the circuit due to additional artificial dispersion of
the circuit. Due to artificial diffusion and fluctuation, we Axobserve only approximately excluded
first-order convergence with respect to the wind-driven scheme. Figure 1 shows the convergence of
the weak solution of equation (8) kto equilibrium for different values of . As expected, kwe observe
that the rate of decay of the Lyapunov function decreases as it increases. We also Ax = 10 3see
that no additional error is observed other than below the mesh resolution.

“STABILITY OF THE EQUILIBRIUM STATE FOR THE SCALAR CONSERVATION LAW WITH NONLOCAL CHARACTERISTIC

VELOCITIES”

Page 728



Table 1. ||p" — ,0*”?2 comparing with the values at different J-node points of the grid p* =

0,k=0.3and T=10

(a) CFL = 05.
] 17—l order
100 1.9171 e-05 -
200 1.1899 e-05 0.6881 e+00
400 6.9631 e-06 0.7730 e+00
800 3.7638 e-06 0.8875 e+00
1600 1.5902 e-06 1.2430 e+00
(b) CFL = 0.9.
] 17—l order
100 1.3831 e-05 -
200 8.1304 e-06 0.7665 e+00
400 4.8604 e-06 0.7423 e+00
800 2.8262 e-06 0.7822 e+00
1600 1.1624 e-06 1.2818 e+00
0.5 ! I I T
— k — 0‘3
{] - e . k — Dn} n
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Figure 1.||p" — p*é]| |Lﬁx comparing the logarithmic scale with Courant-Friedrichs-Levy

(CFL)=0.75 and p* = 0 condition.

SUMMARY AND FUTURE PLANS

The input data consistency condition (ISS) for
a scalar conservation law with nonlocal
velocity and bounded measurement error. The
ISS-Lyapunov function is used to test the ISS
stability conditions for a scalar conservation
law with nonlocal velocity and measurement
error. The numerical solution of the error
decay of the ISS-Lyapunov function was
analyzed. Finally, numerical simulations show
theoretical results.

An extension that can also be considered is the
ISS with respect to the L2 norm in time in the
continuous and discrete case .

The drawback of Theorem 1 is that the system
may not have an a priori solution. As noted in
Note 1, for the presented problem, time and It
may be possible to extend the results of [13-
15] to obtain a continuous solution on the L ?-
norm-This is the subject of future work.
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